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In this paper, the Bogoyavlenskii-Kadomtsev—Petviashvili (BKP) equation is taken into consideration by means
of Lie symmetry analysis. Infinitesimal generators are computed under the invariance criteria of Lie groups
and symmetry group for each generator is reported. Henceforth, conjugacy classes of abelian algebra are used
to find the similarity reductions, which convert the considered equation into ordinary differential equations
(ODEs). Further, these ODEs are taken into consideration, and travelling wave structures are computed by
applying different techniques. Moreover, the discussed model is discussed by means of nonlinear selfadjointness

and conservation laws are derived for each Lie symmetry generator. For specific values of the physical
parameters of the equation under discussion, the graphical behaviour of some solutions is depicted.

1. Introduction

In this article, we will discuss the Bogoyavlenskii-Kadomtsev—
Petviashvili (BKP) equation [1,2] of the following form;

Ogor + Qogoor + 12009 Q¢ + 809 0gor + 40099 Qr = Opye» @

where Q(0, ¢, 7) is an real field and shows the amplitude of the relevant
waves, 7 is the temporal component and 6, ¢ are the spatial compo-
nents. Eq. (1) is used to construct the propagation of dispersive waves,
where nonlinear wave envelope is described by Q. It is important to
mention that after ignoring the scattering impact term Q,,,, the Eq. (1)
converts into the Calogero-Bogoyavlenskii-Schiff (CBS) equation [3]
which explains the connection of a Riemann wave proliferating along
the y-axis with a long wave to the x-axis. Eq. (1) is an extension of the
Bogoyavlenskii-Schiff (BS) equation and Kadomtsev-Petviashvili (KP)
equation [4,5].

Differential equations (DEs) have frequently been used in literature
to model [6] many physical phenomena. In economics and biology,
the behaviour of complex systems can be examined by using DEs.
Solutions of nonlinear DEs play a significant role in mathematics,
physics, and engineering [7]. The investigation of travelling wave
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solutions of nonlinear equations has an important role in mathematics
and other nonlinear science. Nonlinear problems are more difficult
to solve than linear problems. Different techniques and their applica-
tions are accessible in literature for the calculation of accurate results
of various classes of DEs emerge in many branches of science, few
techniques are given in [8-15]. Some famous techniques which have
been developed to study the nonlinear differential equations are Lie
symmetry approach [16,17], the Hirota’s bilinear method [18], and
Bécklund transformation [19], etc.

The fundamental enquiry in the theory of nonlinear partial differ-
ential equations (NLPDEs) is to investigate the existence of solutions to
considered NLPDEs. For example, real-world physical problems have
been described by dispersive wave equations [20]. Notably, it is amaz-
ingly hard to find the exact solution even for integrable systems.
Hypothetically, it is additionally fascinating to figure out what sort
of NLPDEs can be especially intriguing given solutions, for example,
solitons and lumps [21,22]. In recent decades, plasma physics [23]
has grown quickly in the worldwide environment, astronomical envi-
ronment, and particularly in the electromagnetic spread. The constant
improvement of the exploration of fractional PDEs [24] is one of
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the basic wave processes in plasmas. Countless hypothetical and trial
examine have been conducted on n ion-acoustic waves for a long time.
(for details see [25,26]).

The symmetry analysis technique [27,28] plays an essential role in
finding the solutions of nonlinear evolution equations that appear in
mathematical physics, which can explain a lot of complicated physical
phenomena, such as optics, plasma physics, and fluid mechanics, etc.
It is well known that investigating the exact solutions of nonlinear
evolution equations is always one of the central themes in mathematical
physics.

Noether discovers the other important aspect of Lie symmetry in
1918. She found a relationship between symmetry and conserved quan-
tities. Conservation laws have their significance in the theory of DEs.
Literature is full of the contributions made by many researchers in
developing the different techniques to construct conservation laws.
Some of them are given in [29-33]. In the recent past, a lot of efforts
have been put in the theory of self-adjointness [34,35], author extends
the results given in [36].

The considered equation has been described by many means in
literature due to its significance in different branches of science. In
the past literature, general higher-order lump-type soliton and higher-
order blend solution comprising of the kink soliton and lump-type
soliton solutions and Gramian determinant solutions are constructed
in [1,2], and their dynamical behaviours are discussed in mention
papers. According to our knowledge, Lie analysis and conservation
laws of the discussed model are not reported before and examined
here. The format of the paper is as follows. In Section 2, preliminaries
are presented. Lie analysis of Eq. (1) and travelling wave structures
are presented in Section 3. Nonlinear self-adjointness and conservation
laws are discussed in Section 4. In the end, the conclusion is stated.

2. Nonlinear selfadjointness

Consider a nth order partial differential equation:

F@©6.0.0;.....0,) =0, (2)

where Q is a dependent variable and 0 = (9',62, ..., ™) represents inde-
pendent variables while Q; and Q, show first and nth order derivatives
of O with respect 0, respectively.

The formal Lagrangian £ = vF is assumed so the adjoint form of
Eq. (2) becomes:

F* = @(UF):O, 3
where

6 d

%" Z< VPP 55— @

is called Euler—Lagrange operator, while D; are called total derivative
operators which can be defined as:

D=2 102

i 26! laQ +0; o ()

ij 0Q

Definition 2.1. Eq. (2) is called strictly self-adjoint If the equation
gained from its adjoint equation by using the transformation v = Q, for
some k € D, such that

F*|,_o = k(6.0...)F. (6
Definition 2.2. Eq. (2) is called the quasi self-adjoint if the equation

acquired to its adjoint equation by using the transformation v = ¥(6) #
0 such that:
F*| opg) = k6,0, .. )F, o

where k € D.
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Definition 2.3. If the equation gained from its adjoint equation then
Eq. (2) is called the weak self-adjoint by using the transformation
v="¥(0,0) # 0 for a some function ¥ such that ¥, # 0 and ¥y # 0 for
some @' such that:

F*| —po.0) = k6,0, ..)F, ®
where k € D.

Definition 2.4. If the equation acquired from its adjoint equation
then Eq. (1) is called the nonlinearly self-adjoint by the transformation
v = ¥(0,0), with a some function such that for ¥(0,0) # 0, Eq. (1)
fulfils the following condition:

F*|,opo.0) = k0,0, .. F, ©)
where k € D.

The vector space of all functions of finite order which can be
differentials are represented by D in above definitions. It is important
to mention here that the concept of equations mentioned in Def.(1), (2)
and (4) are reported in [37,38], while Def.(3) is taken from [39].

Theorem 2.1. Assume Lie point, Lie-Bdcklund or non-local symmetry of
Egq. (2) of the form

9

00’

with a standard Lagrangian L (
Eq. (2) can be taken as:

P= 5’69, n

= 0) then the conserved vectors for

P oL oL oL oL
CV =L+ W|—=-D,—+D +D;(W -D
5 dQ J 0Q Jkx 374 aQi_]k ( ) aQ,j k aQijk
+ D;D(W)
‘ oQ,,k

(10)
where W is called the Lie characteristic function, it can be obtained from
W=¢-¢0;, (1n
while D,T% = 0.

3. Lie analysis of Eq. (1)

In this section, we will compute infinitesimal generators [40-42] of
Eq. (1). For this, let us assume Lie algebra of infinitesimal generators
for Eq. (1) is spanned by vector field:

P=£10.05.02 + 80,0, Q)% +EOLTOZ 400,87, Q)% .

12)
The invariance condition for Eq. (1) with P becomes:
pb <Qﬁﬁr + Qgogor + 1204900, + 80y Qygr + 40O — Qggg) leq. ) =0,
13)
where PP is the fifth prolongation of P and defined as:
d 2] 0 7] 7] d
PO =P 4y’ — +¢° ot 1% —— 7" —— g ——
g 00, 4 200, n” 00y, 1 00y, ! 9Qygp 1 900;¢¢
0 00 o000c O
+ 1% + 7% —— + —_—
aQQﬁ'f aQF)QQ’ aQHHHF)C
a4

Eq. (13) leads to the following five dimensional Lie algebra of Eq. (1):

In Table 2, e < 1 is a group parameter.
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Table 1

Commutator table.
[P P,) P, P, P, P, P,
P, 0 0 0 0 4P
P, 0 0 0 0 P,
Py 0 0 0 0 2P;
P, 0 0 0 0 -P,
Py —4P -P, —2P; P, 0

Table 2

Adjoint representation.
Ad, P, Py Py P, P
Py Py P, Py By Ps—¢eP,
P, P, P, Py P, 2P — P,
P, P, P, P, P, 4P — P
P, P, P, Py P, 4P5 —€P,
Ps Pe:* Pze_gz Pzegs Py Ps

3.1. Symmetry group of (2 + 1)-dimensional BKP equation

In this section, we obtain some new exact solutions from known
ones, for this we compute the Lie symmetry groups from the corre-
sponding symmetries.

The one parameter group is defined as:

H;:0.¢,7,0)= 6,¢,7,0), 16)

which is produced by the generators of infinitesimal transformations P,
for 1 <i <5 after solving the following system of ordinary differential
equations:

d - :_ = T

E(B,C,T,Q) =u0,¢,7,0), with (6,(,7,0)|—o =(0,{,7,0), an
where ¢ is an discretionary real parameter and
H=E'0,+80, +£0, +10. 18)

By using the infinitesimal generators ¢!, £2, £ and 5, we have the
following groups:

Hy :(0.{,7,0) —>(0.,{,7+¢0),

H, :(0,{,7,0) >0 +¢,{,7,0),

H; :(0,.8,7,0) =(0,{ +¢,7,0), 19
Hy @ (0,¢,7,0) =(0,¢,7,06),

Hs @ (0,¢,7,0) —=(6¢°,Le™ 7", 0e™) — A.

It is significant to mention here, that the symmetry group H, is a time
interpretation and H,, H; illustrate the space invariance of Eq. (1).
Further, corresponding new solutions can be obtained by using H,,
1 <i <5. For example, if Q = f(0,¢,7) is a known solution of Eq. (1),
then by utilizing H;, 1 < i < 5 the new solutions Q;, | < i < 5 are
acquired as follow:

Q) =/,0.{,t—e),
Q, =f4(0—¢.0.7),
Q; =/3(0.{ —¢€.7), (20)

0, =e"* f5(0,¢, 1),
Qs =¢ f1(0e™¢, Lo 2, re4),

3.2. Optimal system and similarity reduction of Eq. (1)

It can be seen from Table 1 that P = { P, P, P;, P,} forms an abelian
subalgebra. Thus the one dimensional optimal system for P [43] is:

£, =(P),

£, =(P; +aP,),

£3=(P, +aP, +bPy),
£4,=(P,+aP, +bP; + cPy).

(21
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Next task is to calculate the similarity variables for (21), which are fur-
ther used to compute the all possible similarity reductions for Eq. (1).

321 £,=(P)
In this case, we have
o=1, 0=U(o),

which leads to a constant solution.
3.2.2. £,=(P, +aPy)
In this case, one can obtain
0=Uo), (22)

by putting the similarity variables (22) into Eq. (1) and we get the
following solution:

o=1—ab,

00,¢,7) = %(T — a0)? + ay(7 — ab) + a. (23)
3.2.3. £5=(P, +aP, +bPy)

For this class, one can easily get
0=U(o. @4

By putting the similarity variables (24) into Eq. (1), we get the follow-
ing ODE:

o=7—al—bg,

QU™ = dfpu + 12a3b(U”)2 + 128300 + U =0. (25)

3.24. £,=(P +aP, +bP;+cPy)
For this class, one can easily get

o=b0—-af, 0.{,7)=ct—U(o). (26)

By putting the similarity variables (26) into Eq. (1), we get the follow-
ing ODE:

ab*u"" —12ab’U"* - 12ab°U'U"" - SPU" = 0. @27
3.3. Travelling wave structure of Eq. (1)

In this section, we will compute the travelling wave structures
of Eq. (1) by using Egs. (25) and (27) by practicing two different
techniques.

3.3.1. Travelling wave solutions from Eq. (25)

In this section, we will compute the travelling wave structures of
Eq. (1) from Eq. (25) with the help of new extended direct algebraic
method. Equating the linear term U and nonlinear term U’'U"
in Eq. (25), gives the solution of the following form (for details see
Appendix A section)

U(o) = ap + a,8(0). (28)
Let us suppose g(o) is the solution of the following equation
g'(0) = In(9)(a +6g(0) + 78*(0)), 29

putting Egs. (28) and (29) into Eq. (25) and comparing the coefficients
of powers of g(o), we get a system of algebraic equations. After solving
the obtained system with the help of Maple for g, a; and a, we get the
following sets of solutions:

1
(4c2b41n2(9) — 16ayb*In2(9))2 — 1
8aybIn(9) — 2¢2bIn’(9)

ay=my, a =yln@a, a= J

(30)

where m, is an real constant.
Following the routine calculation as mentioned in preliminaries, we
obtain the following travelling wave solutions of BKP equation:
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Case 1. When 4 <0 and y # 0, then

0,(8,¢,7) = my + aln(@)[—¢ + \/—Atans(@g)],

0,(0.8.1) = my + Laln®)l-¢ - V=Acoty(X o),

05(0,¢,7) = my + 3aIn()[—¢ +V/—Altany(vV=40) £ \/rs secy (V- 40))],
04(0,¢,7) = my + 2aIn(9)[—¢ — V= Alcoty(V=40) x \/rs cscy(V—-40))],
05(60.2.7) = my + Lan®)l-¢ + YA tany (L ) - coty (L o).
Case 2. When 4> 0 and y # 0, then

05(0..7) = my + Laln@)[—¢ - VAtanhy (L),

05(0.¢.) = my + Laln@)[—¢ — VAcothy (L),

03(0.¢.7) = my + 2aIn(®)[—¢ — V/A(tanhy(v/40) = 11/rs sech y(v/40))],
0y(0,¢,7) = m; + %aln(é))[—g— VA(cothy(v/40) + /rs csch y(VAo)),
Q9(0,8, 1) =m + aln(&)[ ¢ — £(tanhs( fp) + cothy( fg))]

Case 3. When ya > 0 and ¢ =0, then

010,50 =m + \/y_aa ln(9)tans(\/ﬁo),

012(6,¢,7) = my — \Jyaaln(®) coty(y/yao),

013(0,£,7) = my + \fyaaIn(®)[tany(2,/yao) + \/rs secy(2\/yao)],
014(0,¢,7) = my — \Jraaln(®)[coty(2+/7a0) £ /rs cscy(2y/rao),

0,15(0.¢.7) = my + L \fraaln@)ltany(X g) - coty(LZ o))
Case 4. When ya < 0 and ¢ = 0, then

016(6.£.7) = my — \/~yaaln(9) tanhy(,/~7ao0),

017(6,¢,7) = my — y/—yaaln(¥) cothy(y/=y o),

0i5(0.¢,7) = my — y/—yaaln(@®)[tanhy(2/=yae) + 1\/rs sech,
Q2y/~rao),

019(0.¢.7) = my — y/~yaaln(9)[cothy(2\/~yap) + +/rs cschy
Qy/~rao),

0x0(0.6,7) = m; — L y/=7aaln(@)tanhy (L% ) + cothy (Y=L ).

Case 5. When g = 0 and y = «, then

0,1(0,¢,7) = my + yaln(9) tang(ap),

0,(0.¢,7) = m; — yaln(9) coty(ap),

0,3(0.¢,7) = my + yaln(9)[tang2ap) + \/rs secyao)],
0y4(0,8,7) =m; —yaln(9)[coty(Lao) = \/ﬁcsc‘g(Zag)],
055(6,¢,7) = my + Syain(@)[tany(%0) - cotg(20)].

Case 6. When ¢ =0 and y = —a, then

0y6(0,¢,7) = m —yaln(9) tanhy(ao),

057(0,¢,7) = m —yaln(9) cothy(ao),

03(0,¢,7) = my — yaln(d)[tanhy(2ap) = 1\/ﬁ sech y(2a0)],
019(0.¢.7) = m; — yaIn(®)[cothy(2ao) + /rs csch 4(2a0)],
0300,¢,7)=m; — %yaln(ﬂ)[tanhs(%p) + cothg(%g)].

Case 7. When g2 = 4ya then

0,,0.¢.7) = 2yad(ggzln(19)+2)

Case 8. Wheng—/l a=mi(m#0)and y =0, then
0300.¢,7) =

we get trivial solution.

Case 9. When ¢ =y =0, then
033(0,8,7) =m

we get trivial solution.

Case 10. When ¢ = a =0, then

03,0,¢,1)=m - <.
Case 11. When a =0 and ¢ # 0, then

_ _ r¢aln(9)
)

_ ¢aln(@)[coshy(co)+sinhy(co

Q%(Q ¢n)= [coshg(gg)+bmh,g(gg)+s :
Case 12. When ¢=4 y=mi A(m 0) and a = 0, then
037(0,¢,7) =my +yain(®) —2

3.3.2. Exact explicit solutions from Eq. (27)

In this section, we will compute the exact explicit solutions of
Eq. (1) from Eq. (27) with the help of tanh technique.

Suppose the general solution of Eq. (1) is of the form (for details see
Appendix B section)

N
Uo) = ay+ Y a,Y", 3D

n=1

Results in Physics 19 (2020) 103492

Equating the linear term U”"”’ and nonlinear term U'U"" in Eq. (27),
we get N = 1, using in Eq. (31) and we get:

U(p)=ay+a,Y, (32)

After doing routine calculations as mentioned in the description, we get
the following sets of solutions for Eq. (1):
Set 1:
ay=d;, ay=-b, a=2b.
Q(9,¢,7) = et + btanh(bd — 2b*¢) — d,
where d; is an arbitrary constant.
Set 2 :
ay =d,, ay=-b, a=-2b
0(6,¢,7) = ct + btanh(b + 2b%¢) — d,,
where d, is an arbitrary constant.
Set 3 :
ay =dj, ay=dy, a=0.
0(0.¢,7) = et — d, tanh(b0) — d;,
where d; and d, are arbitrary constants.

3.3.3. Graphical interpretation of travelling wave structures

In this section, we will interpret some solutions graphically. By
taking the different values of involving parameters, we have repre-
sented the different 2D and 3D graphical behaviour of travelling wave
solutions. Different graphical behaviour of Q4(0,¢,7) for « = -1, ¢ =
0,y =1,b=-1,m =1, =1,and 9 = e. in Figs. 1(a) and 1(b).
Furthermore, we have represented the different 2D and 3D graphical
behaviour of Q4(0,¢,7) fora =-1,¢=0,y=1,b=-1,m =1, 7=
1, r=-1, s=1, and 9 = e is presented in Figs. 2(a) and 2(b). we have
showed the different 2D and 3D graphical structures of Q,y(0,¢, 7) for
a=-1,¢=0,y=Lb=-1,m=1r=1,r=-l,s=1andd =e
in Figs. 3(a) and 3(b). By choosing the different values of involving
parameters and we represent the 2D and 3D graphical behaviour of the
solution 0;;(8,¢,7)fora=1,y=1l,a=1,b=1,m =1, 7=1,9=e
in Figs. 4(a) and 4(b). Different graphical behaviour of Q,4(0,¢, r) for
a=1,¢=0,y=1,b=-1,m =1,7=1and 9 = ein Figs. 5(a) and 5(b).
In Figs. 6(a) and 6(b), we have showed the graphical representation of
0:;50.c,0)forc=1,d=1,r=05a=1,b=1,m =1, 7=5and
d=e.

We have showed the different 2D and 3D graphical behaviour of
travelling wave solutions. Different graphical structures of Set 1 for
b=1,¢=1,d;, =05 and r = 2 in Figs. 7(a) and 7(b). By taking the
different values of involving parameters and we represent the graphical
behaviour of Set 2 for b=1, ¢ =1, d, = 0.5 and = = 2 in Figs. 8(a) and
8(b) and graphical representation of Set 3 for b=1, ¢ = 1, d3 = 0.5 and
d, = 1. are represented in Figs. 9(a) and 9(b).

4. Nonlinear self-adjointness and conservation laws
4.1. Nonlinear self-adjointness classification

In this section, we will present classification of Eq. (1) via theory of
nonlinear self-adjointness. For this let us suppose formal Lagrangian £
of the form:

L=w,¢, T)<Q€9-r + Opgoor + 12099 Qg + 809 0o + 4009 O — QCCg“)’
(33)

where y(0, ¢, 7) is the new dependent variable based on Eq. (33), now
we define action integral which can be written as:

/0 / / £(0.¢,7,0. 0, O¢. oo Qe Cors Qoo Qoo Qe Qonae 0L d.

(34)
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Fig. 1. Graphical representation of Q4(0,¢,7) for a =-1,c =0,y =1,b=—-1,m; =1,r=1, and I =e.
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Fig. 2. Graphical representation of Q4(6,¢,7) for a=—-1,6=0,y =1,b=-1,m; =l,r=1,r=-1,s=l,and 9 =e.
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Fig. 3. Graphical representation of Q,,(0,¢,7) for a=—-1, ¢=0,y=1,b=-1, m;=1, =1, r=-1,s=1and 9=e.
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Fig. 4. Graphical representation of Q,,(0,¢{,7) fora=1,y=1,a=1,b=1,m =1,7=1,9=e.
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Fig. 5. Graphical representation of Q,(6.¢,7) fora=1,¢=0,y=1,b=-1, m;=1,7=1and 9=e.
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Fig. 6. Graphical representation of Q;5(0,¢,7) for ¢=1,d=1,r=05,a=1,b=1,m =1, r=5and 9=e.
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Fig. 7. Graphical representation of Set 1 for b=1, c=1, d, =0.5 and 7 =2.
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Fig. 8. Graphical representation of Set 2 for b=1, ¢c=1, d, =0.5 and 7 =2.
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Fig. 9. Graphical representation of Set 3 for b=1, c=1, d; =0.5 and d, = 1.
After applying Euler-Lagrange operator on Lagrangian (33), we get: where y = y(0,{,7) and Q = Q(0,{, 7). Further computing Dy, D, and

D, in Eq. (35) and we get
D}y — DyD[w] = D; D, [y]+ 12Dy D, [wQyy] — 8D; D, [wQ,y] + 12D;[wQp, ]

— 4D}l Q, 1 = 8Dy[w Oy ] — 4D [y Qypp] = 0. Woao(1 —40;) — Wogagr — 8WpeQor — 4Wor Qoo — 8Wagr Qo — Wogr = 0.
(35) (36)
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Now by using the Definitions 2.1-2.4 and doing the routine calcu-
lations, we can state the following theorem:

Theorem 4.1. Eq. (1) is neither nonlinear self-adjoint or quasi self-adjoint
nor weak self-adjoint, however Eq. (1) is strictly self-adjoint for v = v,
where y can be taken as:

w(0.,7)=6f(2)+h({, 1), 37

where f(r) and h({,t) are arbitrary functions.

It is important to mention that due to arbitrariness of f(z) and
h(¢,t), Eq. (1) contains infinite many conservation laws, which are
reported in next section.

4.2. Conservation laws

In this portion, we are represent the conserved vectors for Eq. (1)
which fulfils the following condition

[D,(C™)+ Dy(C?) + D (CH]g, (1) =0. (38)

where C?, C? and C¢ are the conserved vectors. Now supposing, the
case if 6, ¢ and 7 are independent variables and Q(9, ¢, r) is dependent
variable, then we have

P+D, (ENI+Dg(EHI+D (8] = 24D (C)+Dy(C+D,(CY), (39)

5Q

where [ is identity operator and 5~ 1s EL-generator, C*, C? and C¢ are
the conserved vectors.

P is written as

7] d 7] a a d
P= 51 +§2 +§—+f1—+f1—+n§ + 1% —— + % +
90 """ 90, " o0, T 90, " 90,
d 0 a 7]
00t 00, (444 e
n +n +n +n —_—,
aQﬂQ‘r 0Q99§ aQC{C 0Q9090§
(40)

and W is the Lie characteristic function which can be written as
W=n-¢&u -80,-¢0,.

In this case, C' for three independent variables 6, ¢ and 7 can be written

as

i _ oL oL\ _ . or

"5£+W[agw Dj<aQa>+D,D <6sz> +D,(Wa)[dQ;1j

oL
-D +- ]+DD(W)[ ]+
<a(21!k> ‘ 1/k
(41)

where
=g, =2 &= and a=1,2,3....

For the operators P,(i = 1,2...,5) in (12), the corresponding character-
istic functions have the following form

Wi=-2-00,-00,- 50, Wy = -0, Wy = 0. Wy = 0. Ws = 1.
(42)
Putting (33) and (42) into (41), one can obtain
C" =L + W;|DyD, (0 697) + D, (W)) [_De ﬁ] + Dy(W)) [—DT 0?2;T]
+ D,,DT(VV,.)[ (agi . where Pi=1,2,3,45.
(43)
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or 5

L
———)+ D, D(
6t

9Q0909;

)

)] +D.(W))

oL
+ Dy(W)) [
00r T 004

+DyD -D
’ 0Qaar ¢ éV(aQeeeeg) 2 )
- Da(

>] +D, (W) [ =

(44)

990

- D —_
9(Q) (Q)]

L
+ Dy Dy (W;)
0~¢ i aQQG(

+ DM(W«)[%] + D§D¢<W,->[—

oL
304g00¢ |’
where i=1,2,3,4,5.

+ D;DNV,-)[

o
20,

L 3
- D,(—)+ D, D,
C(aQeg 0 §(
oL 2, 0L
DyDy(——) + Di(———
+DyD (o) + gV(aQH)

or
Dy(W;) | -D2D
+ 9( ,)[ (( Q ) ¢ 0Q99§
or ]
00¢¢¢

oL
9Q¢000¢

Ct =L+ W, )

)

L

_Dc(W

) ] +D2(W>[

oL
900,

] + D3D¢<W,->[

+ DQD,;(W)[ + DD (W)

oL
00 g00¢

+ Dg(VV,»)[ (

x [_DQ oL ]

00 gg00¢
oL oL

- or
904,

o
— Dy(=——) — D(
70040 4 00

)|»
aQeeeeg

(45)
where i=1,2,3,4,5.

Case:1 For P, we have W =
values in Eqs. (43)-(45), we find

—Q, and &7 = 1. Substituting these

C" =L -0y, + QW+ Qpe¥: + Qo ¥:
== Q. [—4Qppc v + Wor + Wopor — 4QooW; +8QpWo; + 4wy Q1+ Oy
= Q[ 13wy, —w, =8y Qy — 12y Qy, — 4y O, ]
= O [4wQpy — 8wy Qy — 8wy Qoor + 3Woo Qoser + 3w Qosso: + WoQossoor)]
= wQy. — 8w QyQy;, —
C¢ == 0, [4050w — 1200y — 120 Qg + Wygo; + 8Qppw; + 80,0y + 80y, Wy
+ wOQpor — Wee] — Qocl—Wopr — 8w Qg — 8w Qp + w1 — Oy [ -
+ 1200y — 8w Qg — 8wy Oy + w1 — 8w 0Oy,

where y(6,¢,7) = 0f(z) + h(, 7).
Case:2 For P,, we have W =

4wy O Opy: + Wy Qoorr — WoQo00c: »

Yoo0

W WeQeegf - V/Q(mgr >

-0, and &% = 1, we find

C" =205y, + Qg Wy — QoWo: + Qop:¥:
C? =L = Qy[=4Qyo ¥ + Wy, + Wogor = 4QopW; +8CyWy; + 4o Q; 1+ Qp.wy
- Qea[l3vfag -y, - SWng - IZWQeg - 4W9Q§]
= Qg [4wQpy — By Qy — B(wygg Quor + 3Wo9 Qosor + 3WeQoasoc + WoQossoor)]
= wQyy, — 8‘I/Q9Q99§ - 4‘I/Q4Q999 + W9Q999§ - V/Q0999§ ,
Ct == Qy[4Qpppw — 12, Qgy — 120 Qg + Wopgr + 8Qppw; + 80,y Qp; + 8Qp Wy
+ wQpor — weel — Qppl—woor — 8w Qpr — 8w Qp + w1 — Qo[ — Wiygo
+ 1200y — 8w Qg — 8wy O + w1 — 8w QO — Wer — Wy Qooor — ¥ Copoor »

where y(0,¢{,7) = 0f(7) + h({, 7).
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Case:3 For P;, we have W = -0, and & = 1, we find

C" =0 Yy + Qg ¥,
cl=- O [—4Q0poc W + Wor + Wopor — 4Qpew; +8Qgwor + 4w Q1+ Oy
= Q[13yy; —y, = 8y Qp — 12 Qy, — 4y, O, ]
= O (4w Qys — 8y 0y
= WOy —8wQyQpr — 4wQ: Qyor + wyQooce — ¥ Qosoc¢ -
CE =L — O, [4Qgp0w — 12y, Ogy — 129 Qg + Wypee + 8Qgpw; +8QyQp; + 804y
+ v Qg
+ 12y Qyy — 8w Qgy — 8wy Qp + w1 — 8wQyQprr — Wy,
where y(0,¢,7) = 0f (1) + h(, 7).
Note: Here we have calculated the conservation laws for W, W,

and W;. The conservation laws for other W, and Ws can also be
calculated, which have been excluded here.

- lellyr + Qg,gllfr B

= 8Wapo Qoor + 3Wa9Qosar + 3WoCosaor + WoQooss0:)]

—Weel = Opel—woor — 8WQyr = 8y Oy + w1 = Op [ = Wogy

—~¥pQoorc — ¥ Qpoocc »

5. Conclusions

In this article, BKP equation was discussed by means of Lie analysis.
Lie point symmetries were computed, and one-dimensional conjugacy
classes were reported for the abelian algebra of the Lie group. These
classes were further utilized to find the reductions of the discussed
model via similarity variables. The reduced differential equations were
solved by using different techniques to find the new solitary wave
solutions and exact explicit solutions of the BKP equation. Different
kinds of explicit exact solutions were calculated, which contain trigono-
metric, rational and hyperbolic functions. The considered equation was
classified by using nonlinear-selfadjointness theory, and conservation
laws were computed.
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Appendix A

A.1. Description of methods

A.1.1. The new extended direct algebraic method

In this section, the general procedure of the new extended direct
algebraic method [44,45] is discussed. We will follow given below steps
to practice the said methods.
Stepl : By using the substitution

000.¢,.71)=U(o)

where ¢ is a linear combination of independent variables, Eq. (2) can
be converted into following nonlinear ODE of the form:

ew,u',u",...)=0. (A1)
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Step 2 : Assuming the general solution of Eq. (A.1) is of the form:

N

Ulo) = ), a:8'(0), (A.2)
i=0

where ;(0 < i < n) are the coefficients which can be decided later and

g(o) is the solution of the following equation:

g'(0) = In(9)(a + cglo) + 7g*(0)), (A.3)

where 9 # 0,1 and «, ¢, y are the constants.

After assuming 4 = ¢? — 4ya, the solutions of Eq. (A.3) can be taken
as:
1:If A< O and y # 0, then

g10)=—5 + W tang(@@),
&0)=—-5 - %cotg(@o),

i
2y
g0 =—% + Z—;aans(\/—_Ao)i Vs secy(V/=40)),
£4(0) = £ — Y24 cot (v~ A0) £ /s escy(V=2o)),
g5(0) = —£ W(ta%( Y= 5) — coty (Y.
2): IfA>Oandy;é0 then
860 = £ — ¥2 tanhy(L2o),
gr(0) =~ ,f - iy cothy (Lo,
85(0) = £ — Y2 (tanh,(v/20) = 1175 sech o(v/30),
_< £
2y

(cothg(\/_o)+ \/rs esch y(v/40)),

$100) = —% ~ —(mnhg(*fo) + cothy(L o).
3): If ya > 0 ancf ¢=0, then

8(0) =

g1(0) = \/;tans(\/ﬁo),
£12(0) = =% coty(yrao),

£13(0) = | /T tany 2 frwo) + /s secy(2y/rao)),
£15(0) = | [T~ coty(2/7a0) & /s esey 2 frao)),
8150 = 3y /Z(tany (o) - coty (L o).

@): If ya <0 and ¢ =0, then

816(0) = —4 /—f tanhy(1/=yao),
g17(0) = — /—f cothy(y/—yap),
g13(0) = — —%(tanhg(Z\/—rao) £ 11/rs sech 4(24/=7a0)),

- /—%(cothg(Z\/—yao) +1/rs csch 4(24/~ra0)),

820(0) = =3 \/ —%(tanhs(@g) + cothﬁ,(@g))

(5): If ¢ =0 and y = a, then
£1(0) = tang(ao),

82(0) = —coty(ao),

£23(0) = tang(2ap) + +/rs secy(2a0),

819(0) =

8r4(0) = Tcot‘g(Zao) + \/r_scsclg(Zao),
825(0) = z(tang(%()) - COtl«)(%O»'
6): If ¢ =0 and y = —a, then
86(0) = —tanhy(ao),
827(0) = —cothy(ap),
£23(0) = — tanhy(2ap) + 1/rs sech y(2a0),
8r9(0) = —cothy(2ap) + \/ﬁ csch y(2ap),
230(0) = —3 (tanhy(£ 0) + cothy(% 0)).
(7): If ¢2 = 4ya, then

—2a(coIn(9)+2)
g31(0) = ~ome)
@®):If¢=4, a=piAp#0)and y =0, then
gnlo) = 94 — p-

9): If ¢ =y =0, then

833(0) = aoIn(9).

(10): If ¢ = a = 0, then
834(0) = ——=

A1): If a = 0 and g ;é 0, then

835(0) = ~ e Slnhs(€0)+r)
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(0) = — ¢(sinhg(go)+coshy(50))
83610) = = iy (Coyteoshy (co)ts)
(12): Ifg=/}, y = pA(p #0) and a = 0, then
940
837(0) = S_rpw-
Here we define the hyperbolic and trigonometric functions as follows:

. 0 _g9—0 0 —0
sinhy (o) = %’ coshy(p) = 9045970
_ r9%—s97° _ r9%4s97°
tanh&(g) - n9"+2vv9’9 ’ COth&(O) T rge—s9=e’
oschy(0) = —5— > sechp(0) = s
. r9'e—s9~ie r9€ 459710
sing(0) = ———, cosy(o) = —%—,
rQlo_g9-to r9+s9~10

tan,g(o) = —lm, COts(p) = lm,

2
cscy(0) = o= sech (o) = —o—0p,
where r and s are constants and also called the deformation parameters.
Step 3 : Where N can be determined by equating the highest order
linear term in Eq. (A.1) with the nonlinear terms of highest order.
Step 4 : After substituting Egs. (A.3) and (B.1) into Eq. (A.1) and
comparing all coefficients of g(¢), an algebraic system of equations is
obtained. Obtained system can be further solved by using Maple.

Appendix B

B.1. The tanh method

In this section, the general procedure of the tanh technique [40,46]
is presented below;
Step 1 : Assuming the general solution of Eq. (A.1) is of the form;
N
Ule)=ay+ Y, a,Y",

n=1

(B.1)

where N is an positive integer and computed as defined in previous
method.

Step 2 : Let us take a new independent variable Y = tanh(o) then U’ (o)
and U’ (¢) can be represented as follow:

av _ (1- YZ)Q

do dy’ B.2)
dU 2 dUu 2. d2U ’
= -YH(2v =+ -YH—

de? ( )< ar t o)

similarly we can find other derivatives.
Step3 : After substituting (B.1) and (B.2) in Eq. (A.1) and taking the
coefficients of Y” (n = 0,1,2,...) equal to zero we get system of
algebraic equations which can be further solved by using Maple.
References

[1] Wang C, Fang H. General high-order localized waves to the Bogoyavlenskii-
Kadomtsev-Petviashvili equation. Nonlinear dyn, Springer Nature B.V; 2020.
Wang C, Fang H. various kinds of high-order solitons to the Bogoyavlenskii—
Kadomtsev-Petviashvili equation. Ltd. 95: IOP Publishing; 2020.
Ablowitz MJ, Segur H. On the evolution of packets of water waves. J Fluid Mech
1979;92:691-715.
Estévez PG, Herndez GA. Non-isospectral problem in (2 + 1) dimensions. J Phys
A: Math Gen 2000;33:2131-43.
Yu SJ, Toda K, Fukuyama T. N-soliton solutions to a (2+1)-dimensional
integrable equation. J Phys A: Math Gen 1998;31:10181-6.
Zill DG. A first course in differential equations with modeling applications.
Cengage Learning; 2012.
Chau KT. Applications of differential equations in engineering and mechanics.
CRC Press; 2018.
Abdel-Gawad HI, Tantawy M, Inc M, Yusuf A. On multi-fusion solitons induced
by inelastic collision for quasi-periodic propagation with nonlinear refractive
index and stability analysis. Modern Phys Lett B 2018;32.
Akram G, Mahak N. Traveling wave and exact solutions for the perturbed
nonlinear Shrédinger equation with Kerr law nonlinearity. Eur Phys J Plus
2018;133:212-20.
Biswas A. Optical soliton perturbation with Radhakrishnan-Kundu-Lakshmanan
equation by traveling wave hypothesis. Optik 2018;171:217-20.
Biswas A, Arshed S. Application of semi-inverse variational principle to
cubicquartic optical solitons with kerr and power law nonlinearity. Optik
2018;172:847-50.

[2]

[3]

[4]

[5]

[6]

[71

[8]

[91

[10]

[11]

10

[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]
[26]

[27]
[28]

[29]

[30]
[31]

[32]

[33]
[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

Results in Physics 19 (2020) 103492

Biswas A, Ekici M, Sonmezoglu A, Belic MR. Optical solitons in birefrin-
gent fibers having anti-cubic nonlinearity with extended trial function. Optik
2019;185:456-63.

Biswas A, Ekici M, Sonmezoglu A, Belic MR. Highly dispersive optical solitons
with quadratic-cubic law by exp-function. Optik 2019;186:431-5.

Malfliet W. The tanh method: a tool for solving certain classes of nonlinear
evolution and wave equations. J Comput Appl Math 2004;164:529-41.
Jhangeer A, Hussain A, Tahir S, Sharif S. Solitonic, super nonlinear, periodic,
quasiperiodic, chaotic waves and conservation laws of modified Zakharov-
Kuznetsov equation in a transmission line. Commun Nonlinear Sci Numer Simul
2020;86:105254.

Bluman GW, Cheviakov AF, Anco SC. Applications of symmetry methods to
partial differential equations. Springer; 2000.

Bluman GW, Kumei S. Symmetries and differential equations. Springer; 1989.
Hirota R. Direct methods in soliton theory. Topics in current physics, Springer;
2004.

Rogers C, Schief WK. Bdcklund and darboux transformation geometry and
modern applications in soliton theory. Cambridge University Press; 2002.

Liu Q, Zhang R, Yang L, Song J. A new model equation for nonlinear Rossby
waves and some of its solutions. Phys Lett A 2019;383:514-25.

Ma WX. Lump and interaction solutions to linear PDEs in (2+1) dimensions via
symbolic computation. Modern Phys Lett B 2019;33:1950457.

Ma WX, Zhang L. Lump solutions with higher-order rational dispersion relations.
Pramana J Phys 2020;94:43.

Liu Q, Chen L. Time-space fractional model for complex cylindrical ion-acoustic
waves in ultrarelativistic plasmas. Complexity 2020;9075823.

Bai ZB. The introduction to the fractional differential equation boundary value
problems. Math Model Appl 2017;6:1-10.

Ma WX, Fuchssteiner B. Int J Non-Linear Mech 1996;31:329-38.

Ma WX, Dong HH. Modeling Riemann-Hilbert problems to get soliton solutions.
Math Model Appl 2017;6:16-25.

Olver PJ. Application of lie groups to differential equations. Springer; 1993.
Bluman GW, Cole JD. The general similarity solutions of the heat equations. J
Math Mech 1969;18:1025-42.

Bessel-Hagen E. Uber die Erhaltumgsatzeder Elektrodynamik. Math Ann
1921;84:258-76.

Ibragimov NH. Preprint archives of ALGA 4. 2007, p. 55-60.
Nother E. Invariant variation problems. Gott Nachr 1918;2:235-57;
translation in, Transp Theory Statist Phys 1971;1(3):186-207.
Steudel H. Uber die Zuordnung zwischen invarianzeigenschaften und Erhal-
tungssatzen. Z Naturf a 1962;17:129-32.

Ibragimov NH. A new conservation theorem. J Math Anal Appl 2007;333:311-28.
Sampaio JCS, Freire IL. Nonlinear self-adjoint classification of a Burgers-KdV
family of equations. Abs Appl Anal 2014;2014:804703.

Freire IL. Self-adjoint sub-classes of third and fourth-order evolution equations.
Appl Math Comput 2011;217:9467-73.

Bruzon MS, Gandarias ML, Ibragimov NH. Self-adjoint sub-classes of generalized
thin film equations. J Math Anal Appl 2009;357:307-13.

Du XX, Tian B, Qu QX, Yuan YQ, Zhao XH. Lie Group analysis, solitons, self-
adjointness and conservation laws of the modified Zakharov—Kuznetsov equation
in an electron-positron-ion magnetoplasma. Chaos Solitons Fractals 2020;134.

English

Ibragimov NH, factors Integrating. Integrating factors adjoint equations and
Lagrangians. J Math Anal Appl 2006;318:742-57.

Gandarias ML. Nonlinear self-adjointness through differential substitutions.
Commun Nonlinear Sci Numer Simul 2014;19:3523-8.

Sahoo S, Ray SS. Lie Symmetry analysis and exact solutions of (3+1) dimensional
Yu-Toda-Sasa—Fukuyama equation in mathematical physics. Comput Math Appl
2017;73:253-60.

Kumar D, Kumar S. Some new periodic solitary wave solutions of (3+1)-
dimensional generalized shallow water wave equation by Lie symmetry approach.
Comput Math Appl 2019;78:857-77.

Hussain A, Bano S, Khan I, Baleanu D, Nisar KS. Lie Symmetry analysis, explicit
solutions and conservation laws of a spatially two-dimensional Burgers Huxley
equation. Symmetry 2020;12:170.

Olver PJ. Applications of lie groups to differential equations. Springer; 1986.
Rezazadeh H. New solitons solutions of the complex Ginzburg-Landau equation
with Kerr law nonlinearity. Optik 2018;167:218-27.

Jhangeer A, Seadawy AR, Ali F, Ahmed A. New complex waves of perturbed
Shrédinger equation with Kerr law nonlinearity and Kundu-Mukherjee-Naskar
equation. Results Phys 2020.

Wazwaz AM. The tan h method: solitons and periodic solutions for the Dodd—
Bullough-Mikhailov and the Tzitzeica-Dodd-Bullough equations. Chaos Solitons
Fractals 2005;53-63.


http://refhub.elsevier.com/S2211-3797(20)31946-X/sb1
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb1
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb1
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb2
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb2
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb2
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb3
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb3
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb3
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb4
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb4
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb4
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb5
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb5
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb5
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb6
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb6
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb6
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb7
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb7
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb7
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb8
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb8
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb8
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb8
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb8
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb9
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb9
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb9
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb9
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb9
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb10
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb10
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb10
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb11
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb11
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb11
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb11
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb11
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb12
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb12
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb12
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb12
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb12
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb13
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb13
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb13
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb14
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb14
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb14
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb15
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb15
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb15
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb15
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb15
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb15
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb15
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb16
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb16
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb16
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb17
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb18
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb18
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb18
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb19
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb19
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb19
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb20
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb20
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb20
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb21
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb21
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb21
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb22
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb22
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb22
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb23
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb23
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb23
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb24
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb24
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb24
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb25
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb26
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb26
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb26
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb27
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb28
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb28
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb28
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb29
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb29
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb29
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb30
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb31
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb31
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb31
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb31
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb32
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb32
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb32
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb33
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb34
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb34
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb34
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb35
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb35
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb35
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb36
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb36
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb36
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb37
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb37
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb37
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb37
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb37
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb38
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb38
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb38
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb39
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb39
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb39
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb40
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb40
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb40
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb40
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb40
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb41
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb41
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb41
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb41
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb41
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb42
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb42
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb42
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb42
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb42
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb43
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb44
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb44
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb44
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb45
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb45
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb45
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb45
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb45
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb46
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb46
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb46
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb46
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb46

A. Jhangeer et al.

Further reading

[1] Neirameh A. New exact solitary wave solutions to the TDB and (2 + 1)-DZ
equations. Palest J Math 2015;4:386-90.

[2] Hosseini K, Mayeli P, Ansari R. Modified Kudryashov method for solving the
conformable time-fractional Klein -Gordon equations with quadraticand cubic
nonlinearities. Optik 2017;130:737-42.

11

[3]

[4]

[5]

Results in Physics 19 (2020) 103492

Sampaio JCS, Freire IL. Nonlinear self-adjoint classification of a burgers-KdV family
of equations. Abstract and applied analysis, Hindawi Publishing Corporation; 2014.
Gandarias ML. Weak self-adjoint differential equations. J Phys A Math Theor
2011;44:262001.

Ibragimov NH. Nonlinear self-adjointness and conservation laws. J Phys A Math
Theor 2011;44:432002.


http://refhub.elsevier.com/S2211-3797(20)31946-X/sb47
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb47
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb47
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb48
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb48
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb48
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb48
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb48
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb49
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb49
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb49
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb50
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb50
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb50
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb51
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb51
http://refhub.elsevier.com/S2211-3797(20)31946-X/sb51

	Lie analysis, conservation laws and travelling wave structures of nonlinear Bogoyavlenskii–Kadomtsev–Petviashvili equation
	Introduction
	Nonlinear selfadjointness
	Lie analysis of TeXFolio:eq1 
	Symmetry group of (2+1)-dimensional BKP equation
	Optimal system and similarity reduction of TeXFolio:eq1 
	1=P1 
	2=P1+a P2 
	3=P1+a P2+b P3  
	4=P1+a P2+b P3+c P4  

	Travelling wave structure of Eq. (1) 
	Travelling wave solutions from Eq. 7 
	Exact explicit solutions from Eq. 7a 
	Graphical interpretation of travelling wave structures


	Nonlinear self-adjointness and conservation laws
	Nonlinear self-adjointness classification
	Conservation laws

	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Appendix A
	Description of methods
	The new extended direct algebraic method


	Appendix B
	The tanh method

	References
	Further reading


