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a b s t r a c t 

We solve the Ostrovsky equation in the absence of the rotation effect using the Hirota bilinear method 

and symbolic calculation. Some unique interaction phenomena have been obtained between lump so- 

lution, breather wave, periodic wave, kink soliton, and two-wave solutions. All the obtained solutions 

are validated by putting them into the original problem using the Wolfram Mathematica 12. The physical 

characteristics of the solutions have been visually represented to shed additional light on the acquired re- 

sults. Furthermore, using the novel conservation theory, the conserved vectors of the governing equation 

have been generated. The discovered results are helpful in understanding particular physical phenomena 

in fluid dynamics as well as the dynamics of nonlinear higher dimensional wave fields in computational 

physics and ocean engineering and related disciplines. 

© 2021 Shanghai Jiaotong University. Published by Elsevier B.V. 
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. Introduction 

Lump solitons are utilized in a wide range of applied disci- 

lines, including mathematics, chemistry, communication, biology, 

nd, in particular, all aspects of engineering and physics [1–3] . Al- 

hough some researchers used numerical simulation or analytical 

ethods to research the output of such structures, the theoretical 

nalysis for such systems needs to be further explored [4–6] . Rogue 

ave (RW) is an instinctive ocean waves that has based increas- 

ngly on the theoretical and experimental aspects [7] . In the sim- 

lest form, nonlinear Schrodinger equation’s RW was proposed in 

8] . It is of worth noting that, wave phenomena in different areas, 

uch as Bose-Einstein condensates, plasmas, nonlinear mechanics, 

iophysics and finance can be depicted [9–11] . 

In order to create a new mix of functions using the Hirota bi- 

inear apprach, several writers used lump solutions and their in- 

eraction phenomena to get some novel solutions. Literature has 

enerated several important works on lump solutions. A number 

f lump techniques have been presented from various perspectives, 

ncluding Zakharov [12] , lump wave solution [13] , and lump solu- 
∗ Corresponding author. 

E-mail address: sulaiman.tukur@fud.edu.ng (T.A. Sulaiman). 

t

[

h

ttps://doi.org/10.1016/j.joes.2021.09.006 

468-0133/© 2021 Shanghai Jiaotong University. Published by Elsevier B.V. This is an open

 http://creativecommons.org/licenses/by/4.0/ ) 

Please cite this article as: A. Yusuf, T.A. Sulaiman, E. Hincal et al., Lump

mathematical model, Journal of Ocean Engineering and Science, https:/
ion using the Hirota bilinear method [14–17] . When several im- 

ortant features of lump solutions are considered, it can be ob- 

erved that solitons’ forms, amplitudes, and speeds are retained af- 

er collision with another soliton, which is the elastic property of 

ollision. The interaction between the kink solitary wave and the 

ouge wave solution was also described in [18] . And many more 

19–52] . 

For every given partial differential equation, symmetries are 

ransformations that make the whole space of the problem’s so- 

utions invariant. Symmetries can be utilized to produce reduc- 

ions and precise group-invariant solutions. Other analytical fea- 

ures, such as asymptotic and blow-up behavior, rely heavily on 

nvariant solutions. Furthermore, explicit solutions may be uti- 

ized to verify the correctness and reliability of numerical solu- 

ion methods. The Lie technique may be used to identify all ac- 

eptable Lie symmetries for a particular PDE. Furthermore, the 

onservation law of a particular equation of evolution is a con- 

inuity equation that gives basic values preserved for all solu- 

ions. Among other important uses, they allow the detection and 

onstruction of mappings to linear equations of nonlinear evolu- 

ion equations. In addition, they can be used to test integrability 

53–60] . 

The interaction between internal waves and ocean topography 

as been an active field of research for long. Driving mechanism 
access article under the CC BY license 
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a

f waves solutions impacts the propagation of surface and inter- 

al gravity waves. These waves are quite common in oceans, lakes 

nd the atmosphere, the mechanism of their derivation could play 

 significant part in ocean engineering. When waves enter areas of 

hallow water, they are influenced by the ocean floor. The water’s 

ree orbital motion is interrupted, and water particles in orbital 

otion are no longer able to return to their original position. The 

well gets bigger and steeper as the water gets shallower, even- 

ually taking on the typical sharp-crested wave shape. After the 

ave breaks, it transforms into a tidal wave [61] . The model equa- 

ion for the unidirectional propagation of weakly nonlinear long 

urface and internal waves of small amplitude in a rotating fluid is 

nown as the Ostrovsky equation [62] and is given by 

χt − βχxxx + (χ2 ) x 
)

x = γχ, (1) 

here χ denotes the free surface of the in-compressible and in- 

iscid liquid and the parameter γ measures the effect of rotation. 

hen γ = 0 , Eq 1 changes to 

χt − βχxxx + (χ2 ) x 
)

x = 0 . (2) 

ere, we employ the Hirota bilinear technique [63] to establish 

ome RW, lump solutions and their interaction for the Ostrovsky 

quation appearing in Eq 2 . In addition, we will investigate its Lie 

ymmetry, symmetry reduction, and conservation laws. Placing the 

oleHopf transformation 

(x, t) = −6 β
(

ln f (x, t) 
)

xx (3) 

nto Eq 2 , we get the following bilinear form: 

 β
(

3 β f 2 xx − f f xt + f x ( f t − 4 β f xxx ) + β f xxxx 

)
= 0 . (4)

sing Eq 4 , we reach the lump, lump-soliton, lump-kink, lump- 

eriodic, breather wave and other interaction phenomena to 

q 2 that will be discussed in the next section. 

. Lump and its interaction phenomena 

This section presents the lump and its interaction solutions to 

he Ostrovsky equation given in Eq 2 . 

.1. Lump solution 

The lump solution to Eq 2 will be reported in this portion. Sup- 

ose that the positive quadratic solutions to Eq 4 to be 

= a 2 t + a 1 x + a 3 , ζ = a 5 t + a 4 x + a 6 , f = a 7 + η2 + ζ 2 . (5)

ubstituting Eq 5 into Eq 4 , provides a polynomial in x and t . Col-

ecting the coefficients of the same power, and equating each col- 

ection to zero, gives a system of equations. The values of the pa- 

ameter are obtained by solving the obtained system of equations. 

nserting the obtained values of the coefficients into Eq 3 , gives 

or 

 4 = −ia 1 , a 5 = −a 2 a 4 
a 1 

, a 7 = 0 , i = 

√ 

−1 , 

ne reaches 

f (x, t) = ( a 2 t + a 1 x + a 3 ) 
2 + ( ia 2 t − ia 1 x + a 6 ) 

2 . (6) 

hus, 

(x, t) = 

6 β( 2 a 1 ( a 2 t + a 1 x + a 3 ) − 2 ia 1 ( ia 2 t − ia 1 x + a 6 ) ) 
2 (

2 2 
)

2 
. (7) 

(x, t) = −
6 β

(
a 2 7 sinh ( φ2 ) 

(
a 10 − φ2 

1 + φ2 
3 + sinh ( φ2 ) 

)
− ( 2 a 1 φ1 (

a 10 − φ2 
1 

+ φ2 
3 

+ sinh ( φ2 ) 
)

2

( a 2 t + a 1 x + a 3 ) + ( ia 2 t − ia 1 x + a 6 ) 

2 
.2. Lump-soliton solution 

Herein, the lump-soliton to Eq 2 is reported. Consider the hy- 

erbolic test function to be the solution of 

f (x, t) = η2 + ζ 2 + sinh ( ξ ) + a 10 , (8) 

q 4 

here η = a 2 t + a 1 x + a 3 , ζ = a 5 t + a 4 x + a 6 , ξ = a 8 t + a 7 x + a 9 .

ubstituting Eq 8 into Eq 4 , we generates a polynomial in x , t and

yperbolic sine function. Collecting the same power coefficients, 

nd equating each collection to zero, gives a system of equations. 

he values of the parameter are attained by solving the obtained 

ystem of equations. Inserting the obtained values into Eq 3 , gives 

or 

 2 = 3 a 1 a 
2 
7 β, a 4 = −ia 1 , a 5 = 3 a 4 a 

2 
7 β, 

 6 = 

2 a 1 a 3 a 4 −
√ 

4 a 2 
3 
a 4 

1 
+ 4 a 2 

3 
a 2 

4 
a 2 

1 
− a 2 

7 
a 2 

1 

2 a 2 
1 

, 

 8 = a 3 
7 
β, i = 

√ −1 , one attains 

f (x, t) = a 10 − φ2 
1 + φ2 

2 + sinh ( φ2 ) . (9) 

hus, 

 1 φ3 + a 7 cosh ( φ2 ) ) 
2 
)
, (10) 

here φ1 = −3 a 1 a 
2 
7 
βt − a 1 x + 

−2 a 3 a 
2 
1 
−a 7 a 1 

2 a 2 
1 

, φ2 = a 3 
7 
βt + a 7 x + a 9 ,

3 = 3 a 1 a 
2 
7 
βt + a 1 x + a 3 . 

.3. Lump-kink solution 

Herein, the lump-kink solution to Eq 2 is provided. Taking into 

ccount the exponential test function as a solution to 

f (x, t) = (a 1 x + a 2 t + a 3 ) 
2 + (a 4 x + a 5 t + a 6 ) 

2 + e a 7 x + a 8 t+ a 9 + a 10 . 

(11) 

ubstituting Eq 11 into Eq 4 , produces a polynomial in x , t and

xponential function. Collecting the same power coefficients, and 

quating each collection to zero, gives a system of equations. The 

alues of the parameter are obtained by solving the obtained sys- 

em of equations. Inserting the obtained values into Eq 3 , gives: 

or 

 2 = 3 a 1 a 
2 
7 β, a 4 = −ia 1 , a 5 = 

a 2 a 4 
a 1 

, a 6 = 

−
√ 

a 2 
2 
a 2 

3 
+a 2 

5 
a 2 

3 
−a 2 a 3 

a 5 
, 

 8 = a 3 7 β, 

e obtain 

f (x, t) = e a 
3 
7 βt+ a 7 x + a 9 + a 10 . (12) 

hus, 

(x, t) = −
6 β

(
a 2 7 e 

a 3 7 βt+ a 7 x + a 9 
(
e a 

3 
7 βt+ a 7 x + a 9 +a 10 

)
−a 2 7 e 

2 a 3 7 βt+2 a 7 x +2 a 9 
)(

e a 
3 
7 
βt+ a 7 x + a 9 + a 10 

)
2 

.

(13) 

.4. Lump-periodic solution 

Herein, the lump-periodic solution to Eq 2 is given. Taking into 

ccount the trigonometric test function as a solution to 

f (x, t) = (a 1 x + a 2 t + a 3 ) 
2 + (a 4 x + a 5 t + a 6 ) 

2 

+ sin (a 7 x + a 8 t + a 9 ) + a 10 . (14) 
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Fig. 1. The (a) 3D profile at β = −6 . 7 (b) 3D profile at β = 6 . 7 of Eq 10 and (c) 3D profile at β = −1 . 5 (d) 3D profile at β = 0 . 4 of Eq 13 . 
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+ 2
q 4 

ubstituting Eq 14 into Eq 4 , produces a polynomial in x , t and

rigonometric function. Collecting coefficients of the same power, 

nd equating each collection to zero, gives a system of algebraic 

quations. The values of the coefficients are obtained by solving 

he obtained system equations. Inserting the obtained values of the 

oefficients into Eq 3 , gives: For 

 2 = −3 a 1 a 
2 
7 β, a 4 = −ia 1 ; a 5 = −3 a 4 a 

2 
7 β, 

(x, t) = −
6 β

(
a 2 7 ( − sin ( φ5 ) ) 

(
a 10 − φ2 

4 + φ2 
6 + sin ( φ5 ) 

)
− ( 2 a 1 φ4(

a 10 − φ2 
4 

+ φ2 
6 

+ sin ( φ5 ) 
)

2 
3 
 6 = 

2 a 1 a 3 a 4 −
√ 

4 a 2 
3 
a 4 

1 
+ 4 a 2 

3 
a 2 

4 
a 2 

1 
− a 2 

7 
a 2 

1 

2 a 2 
1 

, 

 8 = a 3 
7 
(−β) , we have 

f (x, t) = a 10 − φ2 
4 + φ2 

6 + sin ( φ5 ) . (15) 

hus, 

 a 1 φ6 + a 7 cos ( φ5 ) ) 
2 
)
, (16) 
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Fig. 2. The (a) 3D profile at β = −2 (b) 3D profile at β = 9 . 02 (c) density profile at β = −2 (d) density profile at β = 9 . 02 of Eq 16 . 
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v

here φ4 = 3 a 1 a 
2 
7 
βt − a 1 x − 2 a 3 a 

2 
1 
+ a 7 a 1 

2 a 2 
1 

, φ5 = a 3 
7 
β(−t) + a 7 x +

 9 , φ6 = −3 a 1 a 
2 
7 
βt + a 1 x + a 3 . 

.5. Breather wave solutions 

Herein, the breather wave solutions to Eq 2 is reported. Con- 

ider the following test function to be a trial solution to Eq 4 : 

f (x, t) = e −p 1 ( a 0 t+ x ) + m 1 cos (p 0 ( b 0 t + x ) ) + m 2 e 
p 1 ( a 0 t+ x ) . (17) 
4 
ubstituting Eq 17 into Eq 4 , produces a polynomial in x , t expo- 

ential and trigonometric functions. Collecting the coefficients of 

he same power, and equating each collection to zero, gives a sys- 

em of equations. The values of the coefficients are obtained by 

olving the obtained system of equations. Inserting the obtained 

alues of the coefficients into Eq 3 , gives: Case-1: For 

a 0 = βp 2 1 − 3 βp 2 0 , b 0 = −a 0 − 4 βp 2 0 + 4 βp 2 1 , 
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Fig. 3. The (a) 3D profile at β = −1 . 2 (b) 3D profile at β = −0 . 3 (c) density profile at β = −1 . 2 (d) density profile at β = −0 . 3 of Eq 19 . 

m

w

T

χ

 2 = 

m 

2 
1 

(
a 0 p 

2 
1 + 3 βp 4 0 + 6 βp 2 1 p 

2 
0 − βp 4 1 

)
4 p 2 

1 

(
a 0 − 4 βp 2 

1 

) , 

e get 

f (x, t) = m 1 cos ( φ9 ) + 

φ7 

4 p 2 
+ φ8 . (18) 
1 

5 
hus, 

(x, t) = −
6 β

(
ψ 

(
m 1 cos ( φ9 ) + φ7 

4 p 2 
1 

+ φ8 

)
−
(

m 1 p 0 ( − sin ( φ9 ) ) + φ7 
4 p 1 

−p 1 φ8 

)
2 

)
(

m 1 cos ( φ9 ) + φ7 

4 p 2 
1 

+ φ8 

)
2 

, 

(19) 
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Fig. 4. The (a) 3D profile at β = −4 . 3 (b) 3D profile at β = −0 . 5 (c) density profile at β = −4 . 3 (d) density profile at β = −0 . 5 of Eq 21 . 

w

φ

m

w

+

T

here φ7 = 

m 

2 
1 ( 3 βp 4 

0 
+6 βp 2 

1 
p 2 

0 
−βp 4 

1 
+ p 2 

1 ( βp 2 
1 
−3 βp 2 

0 ) ) e 
p 1 ( t ( βp 2 

1 
−3 βp 2 

0 ) + x ) 

−3 βp 2 
0 
−3 βp 2 

1 

, 

8 = e −p 1 ( t ( βp 2 
1 
−3 βp 2 

0 ) + x ) , φ9 = p 0 
(
t 
(
3 βp 2 

1 
− βp 2 

0 

)
+ x 

)
, ψ = 

 1 p 
2 
0 ( − cos ( φ9 ) ) + p 2 1 φ8 + 

φ7 
4 . 

Case-2: When 

p 1 = −
√ 

3 b 0 − a 0 

2 

√ 

2 

√ 

β
, p 0 = −

√ 

b 0 − 3 a 0 

2 

√ 

2 

√ 

β
, m 2 = 

b 0 m 

2 
1 − 3 a 0 m 

2 
1 

4 ( a 0 − 3 b 0 ) 
, 
6 
e have 

f (x, t) = 

( b 0 m 

2 
1 −3 a 0 m 

2 
1 ) e 

−
√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β

4 ( a 0 −3 b 0 ) 
+ m 1 cos 

(√ 

b 0 −3 a 0 ( b 0 t+ x ) 
2 
√ 

2 
√ 

β

)
 e 

√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β . 

(20) 

hus, 



A. Yusuf, T.A. Sulaiman, E. Hincal et al. Journal of Ocean Engineering and Science xxx (xxxx) xxx 

ARTICLE IN PRESS 

JID: JOES [m5G; September 27, 2021;14:30 ] 

χ

w

, 

φ

2

s

P

h

t

s

s

v

b

b

T

χ

w

φ

φ

b

b

b

b

T

χ

w

φ

b

b

b

w

T

χ

w

c2 37 1 
(x, t) = − 6 β( ( φ11 + φ18 ) ( φ12 + φ13 −φ17 ) −( −φ10 + φ14 −φ16 ) 
2 ) ⎛ 

⎝ e 

√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β + m 1 cos ( φ15 ) + φ11 

⎞ 

⎠ 

2 

, 
(21) 

here φ10 = 

√ 

3 b 0 −a 0 ( b 0 m 

2 
1 
−3 a 0 m 

2 
1 ) e 

−
√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β

8 
√ 

2 
√ 

β( a 0 −3 b 0 ) 
, φ11 = 

( b 0 m 

2 
1 
−3 a 0 m 

2 
1 ) e 

−
√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β

4 ( a 0 −3 b 0 ) 
, φ12 = 

( 3 b 0 −a 0 ) ( b 0 m 

2 
1 
−3 a 0 m 

2 
1 ) e 

−
√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β

32 β( a 0 −3 b 0 ) 

13 = 

( 3 b 0 −a 0 ) e 

√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β

8 β
, φ14 = 

√ 

3 b 0 −a 0 e 

√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β

2 
√ 

2 
√ 

β
, φ15 = 

√ 

b 0 −3 a 0 ( b 0 t+ x ) 
2 
√ 

2 
√ 

β
, φ16 = 

m 1 

√ 

b 0 −3 a 0 sin ( φ15 ) 

2 
√ 

2 
√ 

β
, φ17 = 

m 1 ( b 0 −3 a 0 ) cos ( φ15 ) 
8 β

, φ18 = e 

√ 

3 b 0 −a 0 ( a 0 t+ x ) 
2 
√ 

2 
√ 

β + m 1 cos ( φ15 ) . 

.6. Some new interaction solutions 

Here, we report some new interaction solutions to Eq 2 . Con- 

ider the following test function to be a trial solution to Eq 4 : 

f (x, t) = c 1 e 
( b 2 t+ b 1 x ) + c 2 e 

( −(b 2 t+ b 1 x ) ) + c 3 sin ( b 4 t + b 3 x ) 

+ c 4 sinh ( b 6 t + b 5 x ) , (22) 

lugging Eq 22 into Eq 4 , produces a polynomial in trigonometric, 

yperbolic and exponential functions. Collecting the coefficients of 

he same power, and equating each collection to zero, we reach a 

ystem of equations. The values of the parameter are obtained by 

olving the obtained system of equations. Inserting the obtained 

alues of the coefficients into Eq 3 , gives: Case-1: When 

 4 = 

4 βb 3 b 
3 
1 − 4 βb 3 3 b 1 − b 2 b 3 

b 1 
, 

c 3 = − 2 

√ 

b 1 b 2 c 1 c 2 − 4 βb 4 
1 
c 1 c 2 √ 

−βb 4 
1 

+ 6 βb 2 
3 
b 2 

1 
+ 3 βb 4 

3 
+ b 2 b 1 

, c 4 = 0 

 3 = −
√ 

βb 3 
1 
−b 2 

√ 

3 
√ 

β
√ 

b 1 
, we have 

f (x, t) = 

2 sin ( φ19 ) 
√ 

b 1 b 2 c 1 c 2 − 4 βb 4 
1 
c 1 c 2 √ 

−βb 4 
1 

+ 2 b 1 
(
βb 3 

1 
− b 2 

)
+ 

( βb 3 
1 
−b 2 ) 2 

3 βb 2 
1 

+ b 2 b 1 

+ c 1 e 
b 2 t+ b 1 x + c 2 e 

b 1 (−x ) −b 2 t . (23) 

hus, 

(x, t) = − 6 β( ( φ25 + φ21 sin ( φ19 ) ) ( φ26 −φ22 sin ( φ19 ) ) −( φ24 + φ20 cos ( φ19 ) ) 
2 ) 

( c 1 e b 2 t+ b 1 x + c 2 e b 1 (−x ) −b 2 t + φ23 sin ( φ19 ) ) 2 
, 

(24) 

here φ19 = 

x 

√ 

βb 3 
1 
−b 2 

√ 

3 
√ 

β
√ 

b 1 
−

t 

( 

4 ( βb 3 
1 

−b 2 ) 3 / 2 

3 
√ 

3 
√ 

β
√ 

b 1 

+ 
b 2 

√ 

βb 3 
1 

−b 2 √ 
3 
√ 

β
√ 

b 1 

−
4 
√ 

βb 
5 / 2 
1 

√ 

βb 3 
1 

−b 2 √ 
3 

) 

b 1 
, 

20 = 

2 

√ 

βb 3 
1 
−b 2 

√ 

b 1 b 2 c 1 c 2 −4 βb 4 
1 

c 1 c 2 

√ 

3 
√ 

β
√ 

b 1 

√ 

−βb 4 
1 
+2 b 1 ( βb 3 

1 
−b 2 ) + 

( βb 3 
1 

−b 2 ) 2 

3 βb 2 
1 

+ b 2 b 1 

, φ21 = 

2 

√ 

b 1 b 2 c 1 c 2 −4 βb 4 
1 

c 1 c 2 √ 

−βb 4 
1 
+2 b 1 ( βb 3 

1 
−b 2 ) + 

( βb 3 
1 

−b 2 ) 2 

3 βb 2 
1 

+ b 2 b 1 

, 

22 = 

2 ( βb 3 
1 
−b 2 ) 

√ 

b 1 b 2 c 1 c 2 −4 βb 4 
1 

c 1 c 2 

3 βb 1 

√ 

−βb 4 
1 
+2 b 1 ( βb 3 

1 
−b 2 ) + 

( βb 3 
1 

−b 2 ) 2 

3 βb 2 
1 

+ b 2 b 1 

, φ23 = 

2 

√ 

b 1 b 2 c 1 c 2 −4 βb 4 
1 

c 1 c 2 √ 

−βb 4 
1 
+2 b 1 ( βb 3 

1 
−b 2 ) + 

( βb 3 
1 

−b 2 ) 2 

3 βb 2 
1 

+ b 2 b 1 

, φ24 = b 1 c 1 e 
b 2 t+ b 1 x −
7 
 1 c 2 e 
b 1 (−x ) −b 2 t , φ25 = c 1 e 

b 2 t+ b 1 x + c 2 e 
b 1 (−x ) −b 2 t , φ26 = 

 

2 
1 c 1 e 

b 2 t+ b 1 x + b 2 1 c 2 e 
b 1 (−x ) −b 2 t . 

Case-2: When 

 6 = 

b 5 
(
4 βb 3 1 + 4 βb 2 5 b 1 − b 2 

)
b 1 

, c 3 = 0 , 

c 4 = − 2 

√ 

−b 1 
√ 

c 1 
√ 

c 2 
√ 

b 2 − 4 βb 3 
1 √ 

−βb 4 
1 

− 6 βb 2 
5 
b 2 

1 
+ 3 βb 4 

5 
+ b 2 b 1 

, 

 5 = −
√ 

b 2 −βb 3 
1 √ 

3 
√ 

β
√ 

b 1 
, we have 

f (x, t) = 

2 

√ 

−b 1 
√ 

c 1 
√ 

c 2 
√ 

b 2 − 4 βb 3 
1 

sinh ( φ27 ) √ 

−βb 4 
1 

− 2 b 1 
(
b 2 − βb 3 

1 

)
+ 

( b 2 −βb 3 
1 ) 2 

3 βb 2 
1 

+ b 2 b 1 

+ c 1 e 
b 2 t+ b 1 x + c 2 e 

b 1 (−x ) −b 2 t . (25) 

hus, 

(x, t) = − 6 β( ( φ32 + φ28 sinh ( φ27 ) ) ( φ33 + φ30 sinh ( φ27 ) ) −( φ31 + φ29 cosh ( φ27 ) ) 
2 ) 

( c 1 e b 2 t+ b 1 x + c 2 e b 1 (−x ) −b 2 t + φ28 sinh ( φ27 ) ) 2 
, 

(26) 

here φ27 = 

t 
(
4 βb 3 

1 
+ 4 

3 ( b 2 −βb 3 
1 ) −b 2 

)√ 

b 2 −βb 3 
1 √ 

3 
√ 

βb 
3 / 2 
1 

+ 

x 

√ 

b 2 −βb 3 
1 √ 

3 
√ 

β
√ 

b 1 
, 

28 = 

2 
√ 

−b 1 
√ 

c 1 
√ 

c 2 

√ 

b 2 −4 βb 3 
1 √ 

−βb 4 
1 
−2 b 1 ( b 2 −βb 3 

1 ) + 
( b 2 −βb 3 

1 ) 
2 

3 βb 2 
1 

+ b 2 b 1 

, φ29 = 

2 
√ 

−b 1 
√ 

c 1 
√ 

c 2 

√ 

b 2 −4 βb 3 
1 

√ 

b 2 −βb 3 
1 

√ 

3 
√ 

β
√ 

b 1 

√ 

−βb 4 
1 
−2 b 1 ( b 2 −βb 3 

1 ) + 
( b 2 −βb 3 

1 ) 
2 

3 βb 2 
1 

+ b 2 b 1 

, φ30 = 

2 
√ 

−b 1 
√ 

c 1 
√ 

c 2 

√ 

b 2 −4 βb 3 
1 ( b 2 −βb 3 

1 ) 

3 βb 1 

√ 

−βb 4 
1 
−2 b 1 ( b 2 −βb 3 

1 ) + 
( b 2 −βb 3 

1 ) 
2 

3 βb 2 
1 

+ b 2 b 1 

, φ31 = b 1 c 1 e 
b 2 t+ b 1 x −

 1 c 2 e 
b 1 (−x ) −b 2 t , φ32 = c 1 e 

b 2 t+ b 1 x + c 2 e 
b 1 (−x ) −b 2 t , φ33 = 

 

2 
1 
c 1 e 

b 2 t+ b 1 x + b 2 
1 
c 2 e 

b 1 (−x ) −b 2 t . 

Case-3: When 

 1 = −1 

2 

√ 

3 b 2 
3 

−
√ 

17 b 2 
3 
, b 4 = −2 b 1 b 2 

b 3 
, c 3 = −b 4 

√ −c 1 
√ 

c 2 
b 2 

, 

c 4 = 0 , β = 

−3 b 4 c 
2 
3 − 14 b 4 c 1 c 2 

32 b 3 
3 
c 1 c 2 

, 

e have 

f (x, t) = c 1 e 
b 2 t− 1 

2 

√ 

3 b 2 
3 
−

√ 

17 b 2 
3 
x + c 2 e 

1 
2 

√ 

3 b 2 
3 
−

√ 

17 b 2 
3 
x −b 2 t 

−
√ 

3 b 2 
3 

− √ 

17 b 2 
3 

√ −c 1 
√ 

c 2 sin ( φ34 ) 

b 3 
. (27) 

hus, 

(x, t) = 

−3 φ35 ( ( φ37 −φ41 sin ( φ34 ) ) ( φ38 + φ42 sin ( φ34 ) ) −( φ36 −φ40 cos ( φ34 ) ) 
2 ) 

16 b 3 
3 
c 1 c 2 

(
φ39 −

√ 

3 b 2 
3 

−√ 
17 b 2 

3 

√ −c 1 
√ 

c 2 sin ( φ34 ) 
b 3 

)
2 

, 

(28) 

here φ34 = 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

b 2 t 

b 3 
+ b 3 x, φ35 = 

3 b 2 ( 3 b 2 3 
−√ 

17 b 2 
3 ) 

3 / 2 c 1 c 2 

b 3 
3 

−
14 b 2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

c 1 c 2 

b 3 
, φ36 = 

1 
2 

√ 

3 b 2 
3 

−
√ 

17 b 2 
3 
c 2 e 

1 
2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

x −b 2 t −

1 
2 

√ 

3 b 2 
3 

−
√ 

17 b 2 
3 
c 1 e 

b 2 t− 1 
2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

x 
, φ38 = 

1 
4 

(
3 b 2 3 −

√ 

17 b 2 3 

)
c 1 e 

b 2 t− 1 
2 

√ 

3 b 2 
3 
−

√ 

17 b 2 
3 

x + 

1 
4 

(
3 b 2 3 −

√ 

17 b 2 3 

)
 e 

1 
2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

x −b 2 t 
, φ = c e 

b 2 t− 1 
2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

x + 
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C

C

C

 2 e 
1 
2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

x −b 2 t 
, φ39 = c 1 e 

b 2 t− 1 
2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

x + 

 2 e 
1 
2 

√ 

3 b 2 
3 
−√ 

17 b 2 
3 

x −b 2 t 
, φ40 = 

√ 

3 b 2 
3 

−
√ 

17 b 2 
3 

√ −c 1 
√ 

c 2 , φ41 = √ 

3 b 2 
3 
−√ 

17 b 2 
3 

√ −c 1 
√ 

c 2 

b 3 
, φ42 = b 3 

√ 

3 b 2 
3 

−
√ 

17 b 2 
3 

√ −c 1 
√ 

c 2 . 

. Symmetry analysis 

Here we report the symmetry analysis, nonlinear self- 

djointness and conservation laws for Eq 2 . For Eq 2 we have the

ector fields as 

 = η1 (x, t, χ) ∂ 
∂x 

+ η2 (x, t, χ) ∂ 
∂t 

+ η3 (x, t, χ) ∂ 
∂χ

. (29) 

q. Eq 2 admits the followings infinitesimals: 

η1 = 

xc 1 
2 

+ F 1 (t) , 

η2 = − 3 tc 1 
2 

+ c 2 , 

η3 = χc 1 + 

F ′ 1 

2 
, 

(30) 

here F 1 (t) is an arbitrary function of t . And the symmetries are 

X 1 = ∂ t , 
X 2 = ∂ χ + 2 F ′ 1 (t) ∂ x, 

X 3 = 

(
−3 t∂ t + 2 χ∂ χ

)
− x∂ x . 

(31) 

.1. Adjoint system and conditions for nonlinear self-adjointness 

heorem 3.1. A symmetry such as Lie point, Lie-Bäcklund, nonlocal 

ymmetry etc is given by 

 = ξi 

∂ 

∂ ̄x i 
+ ηᾱ

∂ 

∂ χ̄ ᾱ
, (32) 

f a nonlinear partial differential equations 

 ᾱ ( ̄x , χ, . . . , χs ) = 0 , ᾱ = 1 , 2 , . . . , m̄ , (33)

ith an m dependent variables will have an adjoint equation 

 

∗
ᾱ ( ̄x , χ, . . . , χs ) = 

δ(υβ̄F β̄ ) 

δχᾱ
, ᾱ = 1 , 2 , . . . , m̄ , (34)

nd Lagrangian given by 

 = υβ̄F β̄ ( ̄x , χ, χ(1) . . . , χ(s ) ) , (35) 

ith υ = υ( ̄x , t) depicting a nonlocal dependent variables. 

Considering Eq 2 , the formal Lagrangian can be given by 

L = υ(x, t) 
(
−βχxxxx + 2 χ2 

x + χxt + 2 χχxx 

)
, (36) 

here υ is the new-dependent variables called the nonlocal vari- 

bles. The adjoint system can be obtained using 

 

∗ = 

δL 

δχ
= 0 , (37) 

here 

δL 
δχ

= 

∂L 
∂u 

− D t 
∂L 
∂u t 

− D x 
∂L 
∂u x 

+ (D x ) 2 
∂L 
∂u xx 

− (D xxx ) 3 
∂L 

∂u xxx 
+ (D x ) 4 

∂L 
∂u xxxx 

. 

(38) 

n the basis of Lagrangian reported in Eq 28 , one can get the ad-

oint equation as 

 

∗ = υxt + 2 χυxx − βυxxxx = 0 . (39) 

ow, we want establish a differential substitution of the form 

= �(x, t, χ) , (40) 

o that (2) will become nonlinear self-adjointness. To this aim, we 

nsert Eq 40 into Eq 39 and by expressing χxt from (2) we reach 

t �xu + �xt + 2 χ�xx + χx 

(
χt �χχ − 4 βχxxx �χχ + �tχ
8 
−12 βχxx �xχχ − 4 β�xxxχ

)
= βχ4 

x �χχχχ + 4 βχ3 
x �xχχχ

+2 χ2 
x 

(
�u − χ�χχ + 3 β(χxx �χχχ + �xxχχ ) 

)
+ β

(
3 χ2 

xx �χχ + 4 χxxx �xχ + 6 χxx �xxχ + �xxxx 

)
. (41) 

y equating to zero the coefficients of the derivatives 

t , χx , χxx , χxxx , we attain 

χχ = 0 , −4 β�χχ = 0 , −3 β�χχ = 0 , −6 β�χχχ , 

−β�χχχ,χ = 0 , 

�xχ = 0 , −4 β�xχ = 0 , −12 β�xχχ = 0 , −4 β�xχχχ = 0 , 

−6 β�x,x,χ = 0 

−2�χ + 2 χ�χχ − 6 β�x,xχχ = 0 , �t,χ + 4 χ�t,χ

−4 β�x,x,x,χ = 0 , �x,t + 2 χ�x,x − β�x,x,x,x = 0 . (42) 

nd the corresponding solution becomes 

= xc 1 + F 1 (t) , (43) 

here c 1 and F 1 (t) are arbitrary constant and function of t , respec- 

ively. 

.2. Conservation laws 

The fact that Eq 2 is a nonlinear self-adjointness, with the help 

f its point symmetries, we use the Noether operator N [29] –[31] 

o get (C 1 , C 2 ) . The conserved vectors will satisfy 

 i 

(
C i 

)| (25)=0 = 0 , (44) 

here 

 

i = ξi L + W 

ᾱ

[
∂L 
∂u ̄α

i 

− D j 

(
∂L 
∂u ̄α

i j 

)
+ D j D k 

(
∂L 

∂u ̄α
i jk 

)
− . . . 

]
+ 

 j 

(
W 

ᾱ
)[

∂L 
∂u ̄α

i j 

− D k 

(
∂L 

∂u ̄α
i jk 

)
+ . . . 

]
+ D j D k 

(
W 

ᾱ
)[

∂L 
∂u ̄α

i jk 

+ . . . 

]
, 

(45) 

nd W ̄

α = ηᾱ − ξ j u ̄
α
j 
. To this aim, the non-local variables in the 

quation must be replaced in compliance with Eq 43 . We now 

resent the conserved vectors for each one of the symmetries 

q 31 follows: 

• The symmetry X 1 = ∂ t admits the following conserved vectors: 

 

t 
1 = 

1 

2 

(c 1 χt + (xc 1 + F 1 (t))) 
(
4 χ2 

x + χxt + 4 χχxx − 2 βχxxxx 

)
, 

 

x 
1 = 

1 

2 

(
χt (4 c 1 χ + F ′ 1 − 4(xc 1 + F 1 ) χx ) − 2 βc 1 χxxt 

−(xc 1 + F 1 )(χtt + 4 χχxt − 2 βχxxxt ) ) . 

• The symmetry X 2 = ∂ χ + 2 F ′ 
1 
(t) ∂ x admits the following con-

served vectors: 

 

t 
2 = −1 

2 

c 1 F 
′ 

1 + F 1 ( c 1 χx − (xc 1 + F 1 ) χxx ) , 

 

x 
2 = −1 

2 

F ′ 1 (4 c 1 u + F ′ 1 ) + (xc 1 + F 1 ) 

(
F ′′ 1 

2 

+ F ′ 1 χx + F 1 χxt 

)
+ F 1 

(
4 c 1 χ + F ′ 1 ) χx − 2 βc 1 u xxx 

)
. 

• The symmetry X 3 = 

(
−3 t∂ t + 2 χ∂ χ

)
− x∂ x admits the con- 

served vectors: 

 

t 
3 = 

1 

2 

(
−c 1 (2 χ + 3 tχt + xχx ) + (xc 1 + F 1 )(3 χx − 12 tu 

2 
x − 3 tu xt 

+(x − 12 tχ) χxx + 6 tβχxxxx ) , 
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x 
3 = −1 

2 

(2 χ + 3 tχt + xu x )(4 c 1 χ + F ′ 1 − 4(xc 1 + F 1 ) χx ) 

+ 

1 

2 

(xc 1 + F 1 )(5 χt + 3 tχtt + xχxt ) 

+2 χ(xc 1 + F 1 )(3 χx + 3 tχxt + xχxx ) 

+ βc 1 (4 χxx + 3 tχxxt + xχxxx ) 

−β(xc 1 + F 1 )(5 χxxx + 3 tχxxxt + xχxxxx ) 

−x (xc 1 + F 1 )(2 χ2 
x + χxt + 2 χχxx − βχxxxx ) . 

. Conclusion 

It is a common knowledge that many science and engineering 

spects that may be represented by nonlinear equations have an 

mpirical parameters. Lump solutions therefore allow researchers 

he freedom to design and run experiments in order to decide cer- 

ain parameters by creating convenient or natural conditions. In 

onlinear sciences, therefore, analyzing and obtaining lump solu- 

ions is becoming more desirable. In this work, the Ostrovsky equa- 

ion in the absence of rotational effect has been investigated by 

eans of the Hirota bilinear approach and symbolic calculation. 

strovsky equation is an equation for the unidirectional propaga- 

ion of weakly nonlinear long surface and internal waves of small 

mplitude in a rotating fluid. As a consequence, various novel in- 

eraction phenomena between lump solution with two-wave, pe- 

iodic wave, breather wave, periodic wave and kink solution have 

een acquired. A periodic wave has a wavelength and frequency 

etermined by a repeating continuous pattern. Breathers are pul- 

ating localized structures that have been used to mimic extreme 

aves in a variety of nonlinear dispersive media with a narrow 

anded starting process. Several recent investigations, on the other 

and, imply that breathers can survive in more complex habitats, 

uch as random seas, despite the attributed physical restrictions. 

All the acquired solutions are verified by inserting them into 

he original equation with the help of the Wolfram Mathematica 

2 package. The solution’s physical features were graphically de- 

icted to shed more light on the results obtained (see Fig. 1 , Fig. 2 ,

ig. 3 and Fig. 4 ). In addition, the governing equation’s conserved 

ectors are developed using a new conservation theorem. The re- 

ults obtained are useful in understanding the basic nonlinear sce- 

arios in fluid dynamics as well as the dynamics related to com- 

utational physics and engineering sciences in nonlinear higher di- 

ensional wave fields. Our future study will be on the bifurcation 

nalysis and stochastic fractional solitons to the studied nonlinear 

odel. 
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