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ABSTRACT. In this paper, we establish the Lyapunov-type inequality for bound-
ary value problems involving generalized Caputo fractional derivatives that
unite the Caputo and Caputo-Hadamrad fractional derivatives. An applica-
tion about the zeros of generalized types of Mittag-Leffler functions is given.

1. Introduction. One of the most significant inequalities which play a critical role
in acquiring qualitative properties of differential equation is the Lyapunov inequal-

1ty.
The Russian mathematician A. M. Liapunov [32, 1949] proved the following;:
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Theorem 1.1. If the boundary value problem

(£ i

has a nontrivial solution, where p : [a,b] = R is a continuous function, then

b
[ p@lds> = )

The number 4 in (2) can not be replaced by a larger number. This inequality
was shown to have applications in many areas [36, 10, 12, 35, 40, 41]

Being considered as the generalization of the calculus of integration and differ-
entiation, the fractional calculus is a rapidly progressing field of mathematics that
has been attracting scientists working on different fields for decades because of the
findings achieved when the fractional derivatives/integrals are exploited to model
some phenomena [29, 37, 14]. Recently, there has been a continuous focus on frac-
tional integrals and derivatives with nonsingular kernels. For these operators we
refer to [11, 8, 18, 9, 19, 20, 43, 13, 44, 22].

For the last few years, many authors have tried to find the analogue of the
Lyapunov inequality when dealing with boundary differntial equations involving
fractional derivatives. Ferreirra succeeded to obtain a Lyapunov type ineauali-
ties for boundary value problems involving Riemann-Liouville fractional derivative.
The same author achieved to find a Lyapunov type inequality for boundary value
problems involving Caputo fractional derivative [17] . In [33], the authors found
Lyapunov-type inequalities for boundary value problems in the frame of Hadamard
fractional derivatives. For other generalizations and extensions of the classical Lya-
punov inequality, we refer to [25, 39, 42, 4, 5, 6, 7].

Motivated by what we mentioned above, in this work we discuss a Lyapunov
type inequality for boundary value problems in the frame of a certain generalized
Caputo derivative that involves the Caputo and the Caputo-Hadamarad fractional
derivative in one derivative [24].

The paper is organized as follows. In section 2, we introduce notations and
present the fractional differential operators that will be studied. We recover some
results involving the Caputo fractional derivative in a generalized form investigate
the connection of (Kilbas-Saigo) Mittag-Leffler type functions with the generalized
Caputo fractional integrals and derivatives are investigated. In section 3, we discuss
a Lyapunov-Type inequality for boundary value problems in the frame of generalized
Caputo fractional derivatives. In section 4, we present an application and the last
section is devoted to the conclusion.

2. Fractional calculus and the (Kilbas—Saigo) Mittag-Leffler type func-
tions. In this section, we introduce some notations, definitions and Lemmas of
fractional calculus, (Kilbas—Saigo) Mittag-Leffler type functions and present pre-
liminary results needed later.

The left-sided Riemann-Liouville fractional derivative of order o € (n — 1, n], of
a continuous function f : [0,00) — R is given by [29, 37, 14]

30 0= () [ -9 s az0 @

n—q)
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provided that the right side is pointwise defined on R™, where n = [o] + 1 and [«]
means the maximal integer not exceeding «.The corresponding left-sided Riemann-
Liouville integral operator of order a > 0, of a continuous function f :[0,00) — R
is given by [29, 37, 14]

JeL (1) = ﬁ / (t— )70 £ (s) ds, (4)

provided that the right side is pointwise defined on R*.
In [28], introduced the Hadamard fractional derivatives and their corresponding
integrals were introduced as:

00 0= [(28) 0 w1

n—o s
and .
1 K t\* ds
> )= ——— In - — 0 6
(ja+f>() F(Q)A<n8> f(8)87a> ’ ()

where § = (t4) is the so-called §-derivative.

Generalized fractional integral operator of order for a > 0 and ¢ € (a, oo is given
by [26, 27]

11—«

a, _ P ‘ P pa—1
N 0 = s [ 02— 1)

and the generalized fractional derivative [26, 27]
ds

t
o, p _ P n n—a—1
(1) ()= fomg [ W= @) e Ll (9
where y = (¢! 4).

The relation between these two fractional latter operators is as follows

(Dg‘f ) t) =" (ja”ga’pf) t), a€e(n—1,n]. 9)

The generalized operators (7) and (8) depend on extra paramater p > 0, which

by taking p — 07 reduces to the Hadamard fractional operator and for parameter
p = 1 becomes the Riemann-Liouville fractional operator.

On the other hand, the left-sided generalized Caputo fractional derivatives of f
of order « is defined by [24]

(‘DILSf) () = TP (" f) (1), a€ (n—1,n]. (10)
Note that generalized Caputo derivative in (10) reduces to the Caputo-Hadamard

fractional derivative introduced in [23] by taking p — 0T and becomes the Caputo
fractional derivative when p = 1.

ds
sl=p

(7)

a—n+1

Lemma 2.1. [24] Let o« € (n —1,n], p > 0.
(i) If f € ACZ [a,b] or CZ [a,b], then

n—1 k a P _qf
T HO=50-3 0 Q( : (t o

k=0
(i) If f € ACY [a,b] or CZ [a,b], then

n—1 k a b gp
TE(DI) O =F1) - (v Q( ) (t -

k=0

k
) , fort e (a,b]. (11)

k
) , fort € (a,b]. (12)
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Remark 1. Let p > 0, a > 0.
(i) Let @ > 0,8 > 0, and n € N then

B (Sp;ap)ﬁ@) = F(f;f—gi)l) (tp;apyn.

(ii) Let 8 >n—1, n=[a] + 1 then

emap |87 —aP P _ I(p+1) tr—ar\?
D‘”p( p )(t)_F(5a+l>< p ) ’

(iii) Let n = [a] then
P — aPf

;
ot (o) =0 jez oz
P
(iv) Let 8 >n—1, n=[a] + 1 then
/t tr—sP\* [sP —ar\’ ds _Tla+)T(B+1) (1P —a? otpt
s p p st=r— T(a+p5+2) p '
Recently, Mittag-Leffler functions show its close relation to fractional calculus
and especially to fractional problems which come from applications. This new era
of research attract many scientists from different point of view (see, for example,
[29, 37, 14, 17, 4, 5, 6, 7]).

In 1903, the Swedish mathematician G. Mittag-Leffler [34] introduced the one
parametric Mittag-Leffler function E, (z) defined as

sP —af

p

a—j
) (t)=0, j e N",

o]
Zk:

EQ(Z):kzzom,a>O7 zeC. (13)

A first generalization of this function was proposed in 1905 by Wiman who defined

the generalized function as
Eaﬁ(z):kz_:om,a>07ﬁeR,ze(C. (14)

When «, 8 > 0 the series is convergent. Later, this function was rediscovered and
intensively studied by R. P. Agarwal and others, This generalization is referred to
as two-parameter Mittag-Leffler function. Particularly important is the case when
B = 1. In this case we use notation E, 1 (2) = E, (2).

An interesting generalization of (13) is recently introduced by Kilbas and Saigo
in [31, 1995], the three parametric Mittag-Leffler function defined as

Z‘” " Tla(m+8)+1)
_ k _ _
Famp (2) = A b= J-I:IO FaGgm+g+n+ny Y

where an empty product is to be interpreted as unity; a, 5 € C are complex numbers
and m € R. When R(a) >0,m > 0,a(jm+8) ¢Z~, j=0,1,..., and for m =1
the above defined function reduces to a constant multiple of the Mittag-Leffler
function (14), namely

Eo1p(2) =T (aB+1) Eqap+1(2) (16)

and if further 5 =0, Eq 1,0 (2) = Eq (%) . Certain properties of this function associ-
ated with Riemann-Liouville fractional integrals and derivatives were obtained and
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exact solutions of certain integral equations of Abel-Volterra type are derived by
their applications (Kilbas and Saigo, 1995, 1996).

Another generalization of the Mittag-Leffler function (13) can be found in the
contemporary monographs of R. Gorenflo et al. [21, 2014].

Relations connecting the function defined by (15) and the generalized fractional
integrals and the generalized Caputo derivatives are given in the form of Lemmas
and Remarks.

The first statement in this paper shows the effect of J&* on Eq m g (2).

Lemma 2.2. Let p > 0, > 0,8 > —1,m > 0 and A € R*. Then, the following
relation s valid

g2 [(£522)" B (1 (552)™) 0 -

)T s (A () o

Proof. In accordance with (7) and (15) we have

e e
= ron [ (55) [ s () )5
- / (tp v ) [iw (er) (“p“)a(m“m] &=

k=0

where (ey) is defined in (15).
Interchanging the integration and summation and evaluating the inner integral,
we find

1 = k1 trpp s \OTL L gp — gp\ O g
I=—> (- s
I'(a) =) (ek)/ ( P > P si=r’

k=0 a

by Remark 1-(iii), we have

o k
) a(mk+pB+1)

B k41 T(a(jm+B8)+1) tP—a”

I = Z(*A) T(a(m+BA+1)+1) ( P )
k=0 Jj=0

—a a(f—m+1) = k —a amk

= (59)7 TR e e (45
k=1

- () (257 1)

where, the interchanging is guaranteed by the fact that all integrals converge from
the conditions of the Lemma. O

Remark 2. for m =1, a >0, 5 > 0 and X # 0, there hold the formula

0 [(25) e (a5 0

) e () ]
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In view of (16), we know that (18) can be written as

g |(52) Bus (2 (55))
(57 s (0 (55)') w

- In particular, when 8 = 1, (18) takes the form

0 [ (3 (52 )]0 (59) B (2 (5)). e

The application of “D$* to Eq m g (2) is given by the following statement.

Lemma 2.3. Let p >0, >0,m > 0,8 >m —1—1/a and A € R* are satisfied.
Then, the following relation holds

D= (o) |(55)" T B (-2 (55)™) | 1)
= () (55) " A (55) o (2 (554) ™).
- If further (8 — m) = —j for some j = 1,2, ..., — [—a]
(220 [(£5)" T B (-0 (252)™)] (0 =
2 (#252) " B (2 (755)™)
Proof. From (10) and (15) we have
D= (o0) [(52)" B (-2 (252)™) 0
= (g [ (52) ™ Bas (41 (552)™)] ) 0
S G [ (o) P () )

k=0

where (ey) is defined in (15). By Remark 1-(i), we have

s) = (Helli=ymznay) (
T \I'(a((k—1)m+pB)+1—n) p

sP—a

n (10 —aP a(mk+pB—m+1) o\ alm(k—1)+B+1)—n
" (457) ( )

Then,

D=3 N e (F(a((k_l)m+ﬂ+1)+1)> t(tfusp)"—a—l<suar))a<m(k—1>+ﬁ+1)—” ds
£ T=a) \T(a(G=Dm+A)F1-n) p ’ sip
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By Remark 1-(iv), we have

oo

a(m(k—1)+8)
D = (—A)k (ex) (F<a((k—1)m+ﬂ+1>+1>) (tﬂ;aﬂ)

I'(a((k—1)m+pB)+1)

=~
Il
<

_ i kH I (a(jm+8)+1) (tp_ap)““”(k*l)*ﬁ)
- TlaGm+B+D)+1) \ »
k=0

— ( (a(B— m+1)+1)) (tpiap)a(ﬁ*m)
I'(a(B—m)+1) o

a(km—+3)
k+1 T(a(jm+B)+1) tP—a”
+ § (A H TlaGm+A+DT1) ( 7 )

(F%‘?&i;f:;lz”) () A (5 B (2 (52)™).

which gives (21) and thus the proof is completed. O

Remark 3. For a > 0 and 8 > «, the following holds

o [(52) 7 B (1 (552)")| 0 -
i (5) T (5 B (A (52)).

If further f — a =0,—1,—2, ..., then

vt |(252) " Bas (-2 (252)) | 0
= A (55) s (A (752)).

For a > 0 t the following is true.
2 [mn (0 (5) N0 = g (59) 78 (A (59,

3. A Lyapunov-type inequality in the frame of generalized Caputo frac-
tional derivatives. In this section, we consider the following fractional boundary
value problem

{Cﬂﬁwﬂ)+Mﬂﬂﬂ:Q
(a)=0=2z(b).

We begin by writing problem (22) in its equivalent integral form.

a>0,te (ab),ac (1,2 (22)

Theorem 3.1. z(t) € C[a,b] is a solution of (22) if and only if

b
f= / G(t, 5)p(s)e(s)ds, (23)
where G(t, s) is the Green’s function given by
G1(t, s), if a<t<s<b,
G(t,s) = =—— w— gP (24)

D) | gy, s) - (= ya-19-1 if a<s<t<b,
p
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P af B — g\ @1
Gi(t,s) = <b/’—z/’> < ps ) sP~L (25)

Proof. By applying Lemma 2.1-(ii), we reduce (22) to the equivalent integral equa-
tion given by

x(t)

with

—(Taip () 2(9) () + o+ (t” . a”)

l1-—a ds

lli(a) /at (t° *Sp)a_lp(S)x(s)Sl_p +co4 e (tp paf’) _

From z (a) = 0, we have ¢g = 0. Consequently the solution of (22) becomes

w(t) = —(IP)as) () +a (tp ’ ap>

- —ﬁg[ﬂﬂ—ff*MQA@ji+q(”“)

Since

and z (b) = 0, one has

(b —a” plt—e b o pa—1 ds
“‘<p>uml(b‘s) he) G

Consequently, the solution of problem (22) is

x(t)=— (jﬁpp(s) x(s)) (t) + (tp — ap) Q/ (b — Sp)a—1p<5> 2(s) ds

b —ar ) T (a) sl=p’
(26)
Conversely, it is easy to verify directly that (23) is the solution of (22). Thus,
the unique solution z (¢) of problem (22) can be written as (23). The proof is
finished. O

Remark 4. If we take p = 1 in Theorem 3.1, then the Green function given by
Theorem 3.1 reduces to the Green’s function obtained in [17].

Lemma 3.2. The function G defined in Theorem 3.1 satisfies the following prop-
erty:
max {|G(t,s)| : a < 5,6t < b} < G(s,8) for all s € [a,b],

and G(s,s) has a unique mazimum Gupnax in [a,b], given by

a—1 _
(L_“p),(bp_L> L, N=0
bP —af P
Gmax = ((1—ap)a® + (2ap—1)b? — M)* L (1 — (a +2) p)a? + (2p — 1) b° + M) N£0
1—p ’

T (@) (b2 —aP) (2N) 7 ((ap — 1) aP + (2p— 1) b2 + M) 7

(27)
for all s € [a,b], where

L:( (p— 1) arby

(2p+1)bp—aﬂ> , N=(a+1)p—1, (28)
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and

Nl=

M = <((ap e+ (2p - 1))’ — 41— (a+1)p)(1 - p) apbp) . (29)

Proof. Let us define the function
P gP
Go(t,s) = Gi(t,s) — (———)*1s#71 a<s <t <b, (30)
where G1(t, s) is defined in (25). We divide the proof into two steps.

Step (I) We start with the function Gj.
In view of the expression for the function G1(¢, s), we easily find that G1(¢,s) >
0, a <t < s <b. Obviously, G; satisfies the following inequalities:

0 < Gi(t,s) <Gi(s,s), a<t<s<b.
Differentiating G1(s, s) on (a,b), we get

pl—asp—Q (bp _ Sp)tx—Q

0:G1(s,s) = " —a7) P(s), (31)
where, P is a polynomial function of one variable defined by
P(s) = As*’ + Bs” + C, (32)

where
A=1-(a+1)p, B=(ap—1)a’+ (2p—1)b” and C = (1 — p) a”V".
We shall now discuss the existence and uniqueness of solutions of (32) in [a, b] as
follows:

When A=0:1ie., p= %ﬂ Thus, we obtain

1
B — _ p _ P~ (P _ o
(()é/) ].) a” + (2/7 1) b 1 ( a” + (1 (X) b ) < 0.

Then,

s

[ (p—1)arbr ]
0T b —ap) + 2000 |

where, s¢ is a root of the linear polynomial (32). This gives

L—af\ (bP—L\*" o1 |
S%%ﬁ]Gl(S’S)SGI(SO’SO): (bP—aP>< 5 ) L7, with L = sg. (33)

When A # 0 : ie., p # %ﬂ’ by a simple variable change, X = s” in (32), the
quadratic polynomial P (X) has discriminant
A=B*—4AC = ((ap—1)a” + (20— 1)b")* —4(1 = (a + 1) p) (1 — p) a”b".
Then, we have
b’ — a”
p

From the fact that 1 < a < 2, it is easy to see that d,A > 0. Furthermore, we
get

0aA = 2pa’ (apa’® +b° —af) =0= a = — <0.

oA = 2p%a% >0, DaA >0, Al _, = ((p—1)a” —(2p —1)b")* >0,
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which yields two distinct real roots of the polynomial (32)

_—B+VA -B-vA

X1 24 24

and Xy =

As consequence, we have

0:G1(s,8) =0<= s € {0,b,s1,52},

where,
1
0 si p=1,
and )
—Da’+(2p—1)b"+M \
fo—lotd siop=1,
with

N=-Aand M = A%,
(I1.1) Firstly, we prove that s; ¢ [a, b]:
(a) In order to prove that

—B+ VA
=— >

bP.
2A

X1

‘We consider the two cases:
(a.1) : When A > 0, we get VA > 240 + B then

If VA > 2Ab° + B > 0, then
(2Ab° + B)? — A = —4p (o — 1) Ab” (b° — a”) < 0.
Thus, the inequality (36) holds.

If VA > 0> 2Ab° + B, then (36) holds obviously.
(a.2) : When A < 0 we get A < 2Ab° + B, we have
(246" + B)? — A = —4p (a — 1) Ab” (b* — a”) > 0.
Thus, (36) holds.
(b) Next, we show that

—B+VA
=——<

p
oA a”.

X1

We consider also the two cases:
(b.1) : If A >0, we get VA > 2Aa” + B, this yields to
(24a” + B)> — A = 4pAa” (b* — a”) > 0.
Thus the inequality (36) holds.
(b.2) : If A <0, then
If VA > 2Aa? + B > 0, it implies that
(24a” + B)®> — A = 4pAa” (b° — a”) < 0.
Thus (36) holds. If VA > 0 > 2Aa” + B, then (36) holds obviously.
From the above cases (a) and (b), we have s; ¢ [a,b].

(35)

(36)
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(I.2) Secondly, we prove that so € [a,b], by similar arguments, we can also obtain
the following

(246" + B)? — A = —4p(a — 1) Ab” (b — a) .

As a consequence, we have Xo = % € [a”,b”]. Then
P (ap—1Da*+2p—-1)0P+ M ’
= 92 — IN )

because, if s = 0 or s = b, then x = 0 is a trivial solution, and observe that
0sG1(s, s) has a unique zero in [a, b], attained at the point sy. This gives

max, Gi(s,s) < Gi(s2,52), (40)
s€|a,
where

_(1—ap)a® + Rap— ) — M)* (1= (a+2) p)a” + (2p— 1) b" + M)
Gi(s2,82) = )

N 1-p
o

F'(a) (b7 — a7) @N) ¥ ((ap — 1) 0 + (2 — 1) b + M)
(41)
with M and N are given by (35). Hence, we have
Gl(SO,So) if N = 0,

Gmax = Gl(g’ 5) - { G1(82,82) if N 75 0. (42)

Step (II) Now, we turn our attention to the function Gs.
We start by differentiation G (¢, s) with respect to ¢ for every fixed s € [a, b), we
can get

tp—lsp—po—a

Ga(t,s) = T —a) [(bp — Sﬂ)afl —(a—1) (¥ —a’) (t* — Sp)afﬂ . (43)
We obtain
_ * P (bp — Sp)ail =
OWGa(t,s) =0<=t; = s’ + ((a—l) (bP—aP)> . (44)

We proceed with the following two cases.
(II-1) When t* € [s,b] then ti* < b?, i.e., as long as

s<se=((a—1)a +(2—a)b")7. (45)
We can easily see that

<0 for t<t},
>0 for t>tX.

0:Ga(t, s) {

This together with the fact that Gy (b, s) = 0 imply that Ga (t%,s) < 0. By (25),
we know

max |Ga(t, s)| < max {max {Ga (t,s): s <t <b}:s€[a,s},

which means

max {|Gz (t,s)] : s <t <b} < max{ max]GQ (s,8), n[lax] |G2 (t:,s)|} . (46)
s€la,s« s€|a,s«
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II-1-a: Firstly, in an entirely similar manner to Step (I), we deduce that

G2(5,5) = G1(5,5) if 5€[a,s.],
sé?c?i{*]G?(S '8 = { G2 (84, Sx) if 5¢la,s., 47)
where
Ga (50,50) = (@ = 2) p' =2 (0 —a”) (@ = 1))* " ((a = 1) a” — (@ = 2)b") 7
(48)

II-1-b: Secondly, by fixing an arbitrary t € [a,b) and differentiating Gs (¢, s)
with respect to s we get

85G2(t, 5) = pl_asp_l [(ap - 1) @(t, S) + (1 - p) \I/(t’ 5)] ’ (49)
where we denote
O(t,s) = s” [p(t,s) — ¥(t,s)] and U(t,s) = [tPp(t, s) — (L, s)]. (50)
with
o(t,s) = and ¥(t,s) = (t? — a) (51)

(tp _ Sp)27a

From (51) we observe that

(b = ar) (br = 57"

0 <(t,s) < p(t,s).

Combining the above, we get Gs
s € [a, s«]. Then Gy (t7s*) (or G (t
It is now obvious that

t,s) is a strictly monotonic function for all
,a)) be the maximal (or minimal) respectiely.

max {|Ga (t,s)] ra < s <s,} < max{ m[a)g) |G2 (t,54)] , m[ax) |Gz (1, a)|} . (52)
tela b

(II-1-b-1) We consider the maximum of |G3 (¢, s.)|. If we differentiate G (¢, s.)
on [a,b], we get

PO P G Gy i R
Gy (t,8:) =0<=ts, = |2+ ((a Y - aP)> . (53)

Then, it follows from the fact that Ga (b, s.) = 0 that

<0 for t<t,,
>0 for t>t,,

8tG2 (t, S*) {

Hence, G5 (t, s.) has maximum at point ts,. Since t € (a,b], we get

max |Ga(t, s.)| < |Gz (s, s4)| (54)
t€la,b]

3

where
_ th — sk
GQ (ts*; *) Gl( 5*38*)_(

)
(II-1-b-2) Now, we consider the maximum of |Gz (¢, s)| which is obtained at
s = a For this purpose, we consider the function G (t,a),

st (53)

D=

1

9, |Ga(t,a)| = 0 = T, = [a”+(b”—ap) (a—1)7=]", (56)
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also we observe that
<0 for t<t,,
>0 for t>t,.

O |G2(t,a)|{

Hence Ga(t,a) has maximum at the point ¢,. Since ¢, € (a,b], we get
Go(fa,a) = paP™? ((a )T (a— 1)%) B —a?)*"t . (57)
If & = 2 then Ga(t,a) = 0. So we only consider the case that 1 < o < 2. Define
g(@)=(a-17% —(a-1* 0<(@- DT <1
It is easy to see that g (o) <0 and
min{g(a): 1 <a<2}= ((04—1)ﬁ - (a—l)%>,
thus,

min |Gs(t, s)| = |Ga(ta,a)] . (58)
t,s€[a,b]

Consequently, from (54) and (58) it follows that
max {|Ga (t,5)] : a < s < 5.} <max{|Gz (ts,,54+)], |G2(ta,a)|}- (59)
where G (Ts,, s«) and Ga(f,,a) are given by (55) and (57) respectively.
We must make a comparison among Gz (S, S«), |G2(ta,a)| to see which is the
smallest. It is obvious that

G (84, 8+) < Ga(5,5), 1 <a<2. (60)
We now shall prove that

|G2(Ea7a)| S G2 (S*,S*), (61)
Thus from (57) and (48), we arrive at
@ (@-)77 - @- DI ) < @-D -1 (@- D - (@-9¥) T a2

(62)

Hence, we can verify that
((a—1)ﬁ—(a—1)%) —(a-1)% (a—2). (63)

Comparing we get
(=D —(@-DF=) <(@=2(@- D" (2-a) " —a”) T (64)

—1
Now put ¢ = ((2 — «) (b — ap))pT.and 0 = a—1 Then the expression above
becomes
071 < 0%, where 0 <o=a—1<1,

or equivalently

Inoc—oclno —Inc<0.

1—-o0
To prove the above inequality, it suffices to show that
f(o)=0%*Ino—(1—-0)lnc<0. (65)

By differentiations of f with respect to o we have,

Osf(0) =20lnc—oc+1Ine, dssf(0) =2Ino — 3. (66)
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If 0 < Inc < 1, since Oas f (0) < 0 the function 9, f (0) is decreasing. It is easy to
see that

O,f(6) —Inec as 0 —0 0Oyf(c)—lnc—1 as o—1

and there is a unique point g in (0,1) such that d,f (09) = 0 Therefore, the
function f increases from 0 to 1. Moreover, since

f(o)— —lnc as 0 —0 f(o0)—0 as o—1

we know that f (o) remains negative when 0 < o < 1.

If Inc > 1, the function is decreasing. It is easy to see that
Osf(0) — Inc as 0 —0 0yf(0c) —lnc—1 as o—1

Therefore, the function f decreases first from 0 to oy, and then increases from
oo to 1. Moreover, since

fo)— —Inc as 0 —0 f(o)—0 as o—1

we know that f (o) remains negative when 0 < o < 1. Considering the above cases,
we have, inequality (64) is shown to be true.
From (60), (61) and (64), we conclude that

|Ga(ta,a)| < G1(54,84) < G2 (5,5).
As consequence, we have
|Ga (ts,, 54)] < G1(84,84) < G2 (5,3) .
then, we conclude that

Gol(t, )| =
t,?é?ifbﬂ 2(t, 5)|

{ Go(5,5), if 5¢€[a,s.], ©7)

Ga (84,8+) i 3¢ a,s..

(I1-2) When t¥ ¢ [a,b] then s. < s <t < b. Hence, Ga(t, s) is strictly decreasing
as a function of ¢ and, since G2 (b, s) = 0, we conclude that

max |Ga(t, s)| = Ga(s, s) = G1(s, ), s € (S«,b].

t€(s,b]
In summary, for each s € (s, b], we conclude that,
G2(3,3), for 35e€ (s4,
Ga(Ss,8+) for §¢ (s, b

b,
I,
where § and s, are given in step (I) and (45). From the above discussion, thus (27)

holds.
From (67) and (68) we have

max |Gs(t,s)| < |Ga(s,3)|. (69)
t,s€[a,b]

max {Ga(s,8) : s, < s < b} < { (68)

From the steps (I) and (II), the maximum value of G (¢, s) is

max {|G(t,s)] 1 a < s,t <b} < m[a)l()] G (s,8) = Gmax-
s€|a,

This completes the proof of Lemma. O
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Theorem 3.3. If a nontrivial continuous solution of the problem (22) exists, then

b
[ @)lds > G (70)
where Gmax is defined in (27).

Proof. By Lemma 3.2 and from (23), it follows that if z is a nontrivial continuous
solution of the (22), then

b
|z (t)] < / G(t,8)p ()] |2 (s)| ds. (71)

Let B = C'[a, b] be a Banach space endowed a norm
= U],z eB. 72
ol = mac 2 (0)] 2 (72

)

Hence, from (71) and (72), we get

b
ol < max | [ Gt s)p (5)ds| el
tela,b] | Jq
or equivalently,
b
max / Gt $)p ()] ds > 1. (73)
tela,b] /4

Using the properties of Green’s function G(¢, s) particularly, Giax in Lemma 3.2
gives the inequality

GH]B,X ’
called the Lyapunov-type inequality for (22), where Guax is defined in (27). O

b 1
/ 1p(s)|ds > (74)

Particular cases. In the case p = 1 we have

(a—1)a+b

T o

The corresponding maximum Green’s function Gax can be written as
Q@

() ((a=1)(b—a)™ .

Thus, our results matches the results of Theorem 1 in [17].
When p=1,a=2

5= M=(a-1)a+b, N=oa.

-«

Gmax =

a+b
g:%, M=a+b N=2
The corresponding maximum Green’s function Gax can be written as
b—a
Gmax - 4 .

Thus, we obtain Theorem 1.1.

4. Applications. This section can be considered as the applied aspect of this pa-
per. Relying on the Lyapunov inequalitie (70), we are going to establish nontrivial
solutions of fractional boundary value problems (22) . Also, considering correspond-
ing fractional eigenvalue problems we find spreading interval of the eigenvalues.
The eigenvalues and eigenfunctions are characterized in terms of the Mittag—Leffler
functions.
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4.1. Lyapunov-type inequality for fractional boundary value prolems. In
this subsection, we obtain a Lyapunov-type inequality for fractional boundary value
prolems having the form

a(l—m)
Sl [ s) | (t) +q(t)y(t) =0,
eoze) ((52)™ 0o ) 0+t -
y(@)=0=y(@®), m>0,te (ab),aec(1,2],p>0,
. o a(l—m)
where y(t) € C, o(1—m) of the functions g (t) € B such that (%) g(t)eB

and ¢ : [a,b] — R is a continuous function.
The fractional boundary value prolems (75) can be reduced to (22) by a change

v = (5 ap)a(ml) (0 and ate) = (22 ‘“’)a(lm) p). (16)

For z (t) and p(t) in (76), Theorem 3.3, yields to the following Corollary.

of

Corollary 1. If a nontrivial continuous solution of the problem (75) exists, then

Iy

where Gax is defined in (27).

ds > Gax, (77)

4.2. The real zeroes of the generalized Mittag—Leffler functions E, ,, 5 (2).
The zeros of E4 m g (z) , which play a significant role in the dynamic solutions, are
of intrinsic interest, we will use Lyapunov-type inequalities (70) to obtain intervals
where certain generalized Mittag-Leffler functions have no real zeros.

Firstly, we present explicit solutions to fractional differential equations

(CD;XJT) ((s/’pap

Theorem 4.1. Let p >0, m > 0,\ € R*.
(i) If o € (0,1] the equation (78) has the solution

)a“*m) y(s)) ) =My (6), a>0, m>0, A£0.  (78)

am—1 mao
y(t) = (%) Eomm—1/a (—A (%) ) , fort>a>0. (79)
(it) If « > 1 and am (i — 1) # 1,2,...,— [—a] — 1, i = 0,1,2,..., the equation
(78) has (— [—a]) linearly independent solutions
—a a(m*ﬁ) —a mao i
Yj (t) = (%) Ea,m,mfj/a <_)\ (%) ) ’ fOT] = 1727 eeey T [—Oé} .
(80)

Proof. Applying the relation (21) and (80) we have

it ((25)" ) 0=

—a a(m*%) —a mao
= ()T Pammssa (A (55) ) = 2w @),
which gives (78), for j =1,2,...,— [—q]. O
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Corollary 2. Let p >0, m > (—[—a] — 1) /a, A € R*, then the equation (78) has
(— [—«]) linearly independent solutions given by (80).

Corollary 3. Letm =1,p > 0, > 0, then the equation (78) has (— [—«]) linearly
independent solutions

b0 =T(—3+1) (25%)" Buasir (-A(252)7), Jori=1.2,...~ [-a].
(s1)

Remark 5. In particular, if we take 1 < a < 2 in Corollary 3, then the equation
(78) has the general solution

p_gp\ 22 P_aP\ & p_gr 1 p_gP\%
y() =2 (Y5)" Baamt (-2 (1520) )+ e (M520) Baw (<A (2522)7).
(82)
where ¢; and co are the constants.
When a = 2 in Corollary 3, the equation (78), has the general solution

v = (<A (52) ) v (52) B (2 (52)).

When p =1 in Corollary 3, the equation (78), has the well-known general solu-
tion

y(t) =c2Ea1 (At —a)®) +c1(t—a)Eya (A (t—a)”). (84)
If A = 0 the general solution (78) degenerates to
yt)=co+eci(t—a). (85)

Secondly, we consider the particular case of the following fractional eigenvalue

problem (75)
5P a(l—m)
(“D5y’) <<p) y(S)) (t) ==y (1),

y(0)=0=y(1), t€[0,1],a € (1,2],m >0, A #0,
Let z € R and consider the real zeros of the generalized Mittag-Leffler functions
Eom.p (2)-
Obviously Ey m g (2) > 0 for all z > 0. Hence, the real zeros of E, ,,, g (z) if they
exist, must be negative real numbers. The values of a,m and g determine if the
function E, ., g (z) has real zeroes.

(86)

Theorem 4.2. The fractional eigenvalue problem (86) has an infinite number of
eigenvalues, and they are roots of the generalized Mittag-Leffler type equation

b (3 ()") =0

and the corresponding eigenfunctions are given by

v = (2" B (2 (2)"). 7

Proof. Using Theorem 4.1-ii, the general solution of (86) can be obtained as

0 = (8 B (3 (5)")
P a(m—1) e\
el B (A5,

If A <0 then the problem (86) only has zero solution.
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If A > 0 with y (0) = 0 we have ¢; = 0 and

y(1)=c (%)am_l Eamm-1/a (_)\ (%)ma) =0,

where ¢y is an arbitrary constant, we get

1\™me
Ea,m,m—l/a <*>‘ <;) ) = 0.

The eigenfunctions of the problem (86) then has the form

i am—1 i mo
Y (t) = (?) Ea,m,m—l/oe (7>\ (?) ) ,

where —\ (%) are zeros of the generalized Mittag-Lefller function. O

Corollary 4. In particular, if m = 1, the fractional eigenvalue problem (86) has an
infinite number of eigenvalues, and they are roots of the Mittag-Leffler type equation

Fusscwe (1 (2)) =@ (A ())

and the corresponding eigenfunctions are given by

y (1) = (%)a_l Banioa (-2 (%)), tel0,1].

Finally in this section, inequality (70) can be used to determine intervals for the
real zeros of the Mittag-Leffler function Eq 1, g (2).

Let us consider the fractional eigenvalue problem (22) (with [a,b] = [0,1] and
q(t) = —A) Theorem 3.3, yields to the following Corollary.

Corollary 5. Let X\ be the smallest eigenvalue of (86). Then the eigenvalues A are
indeed real zeros of the generalized Mittag-Leffler function Eq . g (2) provided that

1 a(m-1) (o) (2N)? (M +2p—1) 7"
/ (%) ds > — CNA£0. (88)
0 ’ (2ap—1—M)*"" (M —ap—1)
Equivalently,
F(a)((a+1)p—1) 7
Al > (o) Y ot — (89)
(2p=1) 7 (a—1)
Hence, it follows that for each
(at1)p—1) (at+1)p—1)
am-1) | I'(e)((a+1)p—-1) " L(a)((e+1)p—1) 7
Ae (p) - 2p—1 a1 ) 2p—1 a—1
(20-1) 7 (a—1) (2p=1) 7 (a—1)

A is not an eigenvalue of the fractional eigenvalue problem (75). Also,

(atD)p=1)

a(m—1) F(O‘) ((O‘+1)p71) ’
2p—1
(2 -1 (a-1)"
can be considered as a lower bound for the positive eigenvalues of the eigenvalue
problem (86).

Corollary 6. If (88) is does not hold then the eigenfunctions

()= (2)" B (A (2)™) . tel0.1), (90)

of the eigenvalue problem (86) has no real zeros.

LBeigenvalue = (P)
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Corollary 7. If (83) is does not hold then the the problem (86) has no nontrivial
solutions in the class of real functions.

Corollary 8. The generalized Mittag-Leffler function Eq m g (2) has no real zeros
for

((at1)p—1)
Fla)((a+1)p—-1) "~
2p=1 a—1
(20— 1) (a—1)
Remark 6. When p = 1, the result in (91), coincides with the result found in

[2], where a Lyapunov type inequality was obtained by considering boundary value
problems involving different fractional derivatives.

|2| <

(91)

Remark 7. We stress that, when m = 1 and p = 1, the result stated in Corollary
8 coincides with that of Theorem 2.2 in [17].

I(a)a®

z| < .

(92)

5. Conlusion. In this article, we obtained Lyapunov type inequalities for certain
classes of fractional boundary value problems involving generalized Caputo frac-
tional derivatives. In all cases it was demonstrated that the results previously
obtained in the literature are just special cases of our results. We think it is worth
to mention that because of the complexity to obtain the maximum of the Green’s
functions discussed we were forced to use symbolic manipulation program Maple.
Because of the fact that the fractional integrals considered in this paper combine the
Riemann-Liouville and the Hadamard fractional integrals (derivative), it is appreci-
ated if the researchers consider them, although difficult, to obtain new inequalities
that help in the development of the qualitative properties of the fractional differ-
ential equations that contain these operators. In addition, researchers can use the
newly discovered Atangana-Baleanu fractional operators in order to establish math-
ematical inequalities. This will contribute in pushing the theory of the fractional
calculus in the frame of these operators forward.
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