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Abstract
The main aim of this paper is to study distance spaces, to provide some useful remarks
with examples regarding distance spaces, and to establish multiple fixed point results
for a C-distance space in the presence of different contractive conditions. This
concept allows us to reduce the multidimensional case to a one-dimensional case.

MSC: 47H10; 54H25

Keywords: Multiple fixed point; Distance spaces; Contractive conditions; Inequality

1 Introduction
We start a survey with a coupled fixed point for the conviction of multidimensional fixed
point because its notion emerged naturally from coupled fixed point. Opoitsev [12–15]
introduced coupled fixed point and published a number of papers in the period 1975–
1986. In 2011, the concept of tripled fixed point was introduced by Berinde and Borcut [1],
which included three variables. Samet and Vetro [16] generalized this concept to a fixed
point of m-order in 2010. In 2012, quadruple fixed point was studied by Karapinar and
Berinde [5] for nonlinear contractions in the presence of partially ordered metric spaces.
After this beginning, a number of articles were devoted to the study of tripled, quadruple,
and also multiple fixed points (also known as “a multidimensional fixed point” or “an m-
tuplet fixed point”).

In 2016, Choban [2] generalized metric spaces as distance spaces. In 2017, Choban and
Berinde [3, 4] established multidimensional fixed point results for distance spaces in the
presence of certain contractive condition. In this paper we provide some useful remarks
with examples regarding distance spaces and establish multidimensional fixed point re-
sults for C-distance spaces with generalized contractive conditions. This point of view
allows us to reduce the multiple case of fixed point theorems to a one-dimensional case.
In the last section of this article an application of our results is added, which provides a
unique solution to a specified class of integral equations.

2 Preliminaries
Let us recall some fundamental concepts regarding distance spaces, which can be found
in [2] and [4].
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Definition 2.1 Let M be a nonempty set and σ : M × M → R, then σ is a distance on
M, if

1. σ (ξ ,η) ≥ 0 for all ξ ,η ∈M;
2. if σ (ξ ,η) + σ (η, ξ ) = 0, then ξ = η for all ξ ,η ∈M;
3. if ξ = η, then σ (ξ ,η) = 0 for all ξ ,η ∈M.

Let σ be a distance on M and the open ball with center ξ and radius r > 0 is denoted
and defined as B(ξ ,σ , r) = {η ∈M : σ (ξ ,η) < r}.

Consider a distance space (M,σ ) and a sequence {ξϑ : ϑ ∈ N} in M and ξ ∈ M. Then
{ξϑ : ϑ ∈N}:

1. converges to ξ if and only if limϑ→∞ σ (ξ , ξϑ ) = 0;
2. is Cauchy if limr,ϑ→∞ σ (ξϑ , ξr) = 0.
If every Cauchy sequence in the distance space M converges to some ξ in M, then

(M,σ ) is called complete distance space.
Note: Every metric space is a distance space but converse is not true in general.

Example 2.1 Let M = N, define

σ (r,ϑ) = r – ϑ for all r,ϑ ∈N, where r ≥ ϑ ,

σ (ϑ , r) = ϑ–1 – r–1.

Clearly, r – ϑ ≥ 0 and ϑ–1 – r–1 = r–ϑ
rϑ ≥ 0. Then

σ (r,ϑ) + σ (ϑ , r) = 0 ⇔ r – ϑ +
r – ϑ

rϑ
= 0

⇔ r – ϑ = 0 and
r – ϑ

rϑ
= 0

⇔ r = ϑ .

Hence σ is a distance on M but it is not a metric on M.

Now we include some important remarks with examples.

Remark In general, distance σ is not a continuous function.

Example 2.2 Let M = {β–ϑ : ϑ ∈N} ∪ {0}, and for all ξ ∈M, β ≥ 1, define

σ (ξ ,η) =

⎧
⎪⎪⎨

⎪⎪⎩

0, ξ = η,

β–ϑ , ξ = β–ϑ and η = 0,

1, otherwise.

Clearly, in all cases σ (ξ ,η) ≥ 0 and σ (ξ ,η) + σ (η, ξ ) = 0 if and only if ξ = η. Thus σ is a
distance on M. Let {ξϑ : ϑ ∈N} be a null sequence, i.e., (ξϑ )ϑ∈N = (β–ϑ ) → 0 and (ηϑ )ϑ∈N =
(0, 0, 0, . . .) → 0. Then

σ (ξϑ ,ηϑ ) = σ
(
β–ϑ , 0

)
= 1, σ (ξ ,η) = σ (0, 0) = 0.
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Consider

∣
∣σ (ξϑ ,ηϑ ) – σ (ξ ,η)

∣
∣ = |1 – 0| = 1 ≮ ε.

So σ is not a continuous function.

Remark A convergent sequence need not be Cauchy in a distance space.

Example 2.3 If we consider the distance space in Example 2.2, then clearly the sequence
{β–ϑ : ϑ ∈N} is a convergent sequence that converges to 0, but it is not Cauchy because

lim
ϑ ,r→∞σ

(
β–ϑ ,β–r) = 1 ≮ ε for all r,ϑ ∈N.

Remark Convergent sequence in a distance space may not have a unique limit.

Example 2.4 Let

M =
{
ϑ–1 : ϑ ∈N

} ∪ {0, a}, where a ≥ 1.

Now we define

σ
(
ϑ–1, r–1) =

∣
∣ϑ–1 – r–1∣∣ for all ϑ , r ∈N,

σ
(
0,ϑ–1) = ϑ–1, σ (0, a) = 2, σ (a, 0) = 3,

σ
(
a,ϑ–1) =

1
ϑa2 , σ

(
ϑ–1, a

)
=

1
ϑ2a

, σ
(
ϑ–1, 0

)
= 2ϑ–1.

Then

lim
ϑ→∞σ

(
0,ϑ–1) = lim

ϑ→∞ϑ–1 = 0 = lim
ϑ→∞σ

(
ϑ–1, 0

)
= lim

ϑ→∞ 2ϑ–1.

Also

lim
ϑ→∞σ

(
a,ϑ–1) = lim

ϑ→∞
1

ϑa2 = 0 = lim
ϑ→∞σ

(
ϑ–1, a

)
= lim

ϑ→∞
1

ϑ2a
.

The sequence (ϑ–1)ϑ∈N converges to 0 and a which belong to M, which implies that 0
and a both are the limits of the sequence (ϑ–1)ϑ∈N. Hence the convergent sequence in a
distance space may not have a unique limit point.

Definition 2.2 Let M �= φ and σ be a distance on M. Then (M,σ ) is called symmetric
space if σ (ξ ,η) = σ (η, ξ ) for all ξ ,η ∈M.

Definition 2.3 A distance space (M,σ ) is called C-distance space if any Cauchy sequence
that converges has a unique limit point.

Definition 2.4 The function 	 : [0,∞) → [0,∞) is called altering distance function if it
is semicontinuous, nondecreasing and 	(0) = 0.
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Defining distance on the Cartesian product of distance spaces

Consider (M,σ ) as a distance space, r ∈N = {1, 2, . . .}. On Mr define σ r as

σ r((ξ1, . . . , ξr), (η1, . . . ,ηr)
)

= sup
{
σ (ξı́ ,ηı́) : ı́ ≤ r

}
.

Obviously, (Mr ,σ r) is also a distance space.

Proposition 1 The distance space (Mr ,σ r) inherits the properties of the distance space
(M,σ ).

Fix r ∈N and 
 = (
1, . . . ,
r) a collection of mappings

{

ı́ : {1, 2, . . . , r} → {1, 2, . . . , r} : 1 ≤ ı́ ≤ r

}
.

Consider a distance space (M,σ ) and a mapping G : Mr →M. The operator 
G : Mr →
Mr , which is a composition of G and 
, is defined as


G(ξ1, . . . , ξr) = (η1, . . . ,ηr),

where

ηı́ = G(ξ
ı́ (1), . . . , ξ
ı́ (r))

for any point (ξ1, . . . , ξr) ∈ Mr and ı́ ∈ {1, 2, . . . , r}. A point κ = (κ1, . . . ,κr) ∈ Mr is called

-multiple fixed point of G if it is a fixed point of 
G [4], i.e., if κ = 
G(κ) then

κı́ = G(κ
ı́ (1), . . . ,κ
ı́ (r)) for any ı́ ∈ {1, 2, . . . , r}.

Consider (M,σ ) as a distance space, r ∈ N, with mapping G : Mr → M, let 
 = {
ı́ :
{1, 2, . . . , r} → {1, 2, . . . , r} : 1 ≤ ı́ ≤ r} be a collection of mappings. For anyκ = (κ1, . . . ,κr) ∈
Mr , κ(1) = 
G(κ) and κ(ϑ + 1) = 
G(κ(ϑ)) for each ϑ ∈N. Then O(G,
,κ) = {κ(ϑ) : ϑ ∈
N} is a Picard sequence.

Proposition 2 Consider (M,σ ) as a C-distance space. Then:
1. σ (ξ ,η) = 0 if and only if ξ = η;
2. If, for κ ∈Mr , the Picard sequence O(G,
,κ) = {κ(ϑ) : ϑ ∈N} is convergent Cauchy

and its limit is a multiple fixed point of G with respect to the mappings 
, i.e.,

ωı́ = G(ω
ı́ (1), . . . ,ω
ı́ (r)) for each ı́ ∈ {1, 2, . . . , r}.

We define contractive conditions which are similar to Kannan and Chatterjea contrac-
tions. The mapping G is called:

• 
-Kannan type contraction if there exists δ ∈ [0, 1
2 ) such that

σ
(
G(ϑ1, . . . ,ϑr), G(ω1, . . . ,ωr)

)

≤ δ
[
sup
ı́≤r

{
σ
(
ϑı́ , G(ϑ1, . . . ,ϑr)

)}
+ sup

ı́≤r

{
σ
(
ωı́ , G(ω1, . . . ,ωr)

)}]

for all (ϑ1, . . . ,ϑr), (ω1, . . . ,ωr) ∈Mr and 1 ≤ ı́ ≤ r.
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• 
-Chatterjea type contraction if there exists δ ∈ [0, 1
2 ) such that

σ
(
G(ϑ1, . . . ,ϑr), G(ω1, . . . ,ωr)

)

≤ δ
[
sup
ı́≤r

{
σ
(
ϑı́ , G(ω1, . . . ,ωr)

)}
+ sup

ı́≤r

{
σ
(
ωı́ , G(ϑ1, . . . ,ϑr)

)}]

for all (ϑ1, . . . ,ϑr), (ω1, . . . ,ωr) ∈Mr and 1 ≤ ı́ ≤ r.

3 Main results
Proposition 3 Consider (M,σ ) as a distance space, r ∈ N , with a mapping G : Mr →
M, and let 
 = {
ı́ : {1, 2, . . . , r} → {1, 2, . . . , r} : 1 ≤ ı́ ≤ r} be a collection of mappings,
ϑ = (ϑ1, . . . ,ϑr) ∈Mr , ω = (ω1,ω2, . . . ,ωr) ∈Mr . If there exists δ ∈ [0, 1

2 ) such that

σ
(
G(ϑ
ı́ (1), . . . ,ϑ
ı́ (r)), G(ω
ı́ (1), . . . ,ω
ı́ (r))

)

≤ δ
[
sup
ı́≤r

{
σ
(
ϑı́ , G(ϑ
ı́ (1), . . . ,ϑ
ı́ (r))

)}
+ sup

ı́≤r

{
σ
(
ωı́ , G(ω
ı́ (1), . . . ,ω
ı́ (r))

)}]

for each 1 ≤ ı́ ≤ r, then

σ r(
G(ϑ),
G(ω)
) ≤ δ

[
σ r(ϑ ,
G(ϑ)

)
+ σ r(ω,
G(ω)

)]
.

Proof Let us consider, for any ı́ ≤ r,

uı́ = G(ϑ
ı́ (1), . . . ,ϑ
ı́ (r)) and vı́ = G(ω
ı́ (1), . . . ,ω
ı́ (r)),

then

u = (u1, . . . , ur) = 
G(ϑ), v = (v1, . . . , vr) = 
G(ω).

Now we have

σ r(
G(ϑ),
G(ω)
)

= σ r(u, v) = sup
1≤ı́≤r

{
σ (uı́ , vı́)

}

= sup
1≤ı́≤r

{
σ
(
G(ϑ
ı́ (1), . . . ,ϑ
ı́ (r)), G(ω
ı́ (1), . . . ,ω
ı́ (r))

)}

≤ sup
ı́≤r

{
δ sup

1≤j≤r

{
σ
(
ϑj, G(ϑ
j(1), . . . ,ϑ
j(r))

)}

+ δ sup
1≤j≤r

{
σ
(
ωj, G(ω
j(1), . . . ,ω
j(r))

)}}

= δ sup
1≤ı́≤r

{
σ (ϑı́ , uı́)

}
+ δ sup

1≤ı́≤r

{
σ (ωı́ , vı́)

}

= δσ r(ϑ , u) + δσ r(ω, v)

= δ
[
σ r(ϑ ,
G(ϑ)

)
+ σ r(ω,
G(ω)

)]
. �

Remark Consider a distance space (M,σ ). If G is a 
-Kannan type contraction, then 
G
is a Kannan contraction on the distance space (Mr ,σ r).
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Proposition 4 Consider (M,σ ) as a distance space, r ∈ N, let G : Mr → M be an op-
erator, 
 = {
ı́ : {1, 2, . . . , r} → {1, 2, . . . , r} : 1 ≤ ı́ ≤ r} be a collection of mappings, ϑ =
(ϑ1, . . . ,ϑr) ∈Mr , ω = (ω1,ω2, . . . ,ωr) ∈Mr . If there exists δ ∈ [0, 1

2 ) such that

σ
(
G(ϑ
ı́ (1), . . . ,ϑ
ı́ (r)), G(ω
ı́ (1), . . . ,ω
ı́ (r))

)

≤ δ
[
sup
ı́≤r

{
σ
(
ϑı́ , G(ω
ı́ (1), . . . ,ω
ı́ (r))

)}
+ sup

ı́≤r

{
σ
(
ωı́ , G(ϑ
ı́ (1), . . . ,ϑ
ı́ (r))

)}]

for each 1 ≤ ı́ ≤ r, then

σ r(
G(ϑ),
G(ω)
) ≤ δ

[
σ r(ϑ ,
G(ω)

)
+ σ r(ω,
G(ϑ)

)]
.

Proof The proof is similar to that of the above proposition. �

Remark Consider a distance space (M,σ ). If G is a 
-Chatterjea type contraction, then

G is a Chatterjea contraction on the distance space (Mr ,σ r).

Now we give an example of C-distance space.

Example 3.1 Let M = {β – 1
3ϑ

: ϑ ∈ N} ∪ {β}, where β ≥ 1. For all ξ ,η ∈ Z, where Z =
{β – 1

3ϑ
: ϑ ∈N}, consider

σ (ξ ,β) =
1

ϑ3 + 3β2 , σ (β , ξ ) =
1

3ϑβ3 , σ (ξ ,η) = |ξ – η|.

Define a sequence (ξϑ )ϑ∈N = β – 1
3ϑ

such that

σ (β , ξϑ ) =
1

3ϑβ3 , σ (ξϑ ,β) =
1

ϑ3 + 3β2 , σ (ξϑ , ξl) = |ξϑ – ξl|

for all l,ϑ ∈N. Now to show (ξϑ )ϑ∈N is convergent, consider

σ (β , ξϑ ) + σ (ξϑ ,β) =
1

3ϑβ3 +
1

ϑ3 + 3β2 .

Applying limit ϑ → ∞, we get

lim
ϑ→∞

[
σ (β , ξϑ ) + σ (ξϑ ,β)

]
= 0,

that is,

lim
ϑ→∞σ (β , ξϑ ) → 0, lim

ϑ→∞σ (ξϑ ,β) → 0.

This implies (ξϑ )ϑ∈N converges to β and

lim
l,ϑ→∞

σ (ξϑ , ξl) = lim
l,ϑ→∞

|ξϑ – ξl| = 0

ensures that it is also Cauchy and the limit of a convergent Cauchy sequence is unique.
Hence (M,σ ) is a C-distance space.
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Remark
1. Every metric space is C-distance space but not conversely as already shown in the

above example.
2. In a C-distance space, distance σ is not necessarily a continuous function.
3. In a C-distance space, a convergent sequence need not be Cauchy.

Theorem 3.1 Consider (M,σ ) as a complete C-distance space, with a mapping G : Mr →
M. If G is a 
- Kannan type contraction, then any Picard sequence of a self-mapping 
G
on Mr is Cauchy and G possesses a unique multidimensional fixed point.

Proof Since G is a 
-Kannan type contraction, then 
G is a Kannan contraction on
(Mr ,σ r) and (M,σ ) is a complete C-distance space, so (Mr ,σ r) is also a complete C-
distance space. Let κ ∈Mr and

κ(1) = 
G(κ), . . . , κ(ϑ + 1) = 
G
(
κ(ϑ)

)
.

Firstly, we need to show that (κ(ϑ))ϑ∈N is Cauchy, i.e., limϑ ,l→∞ σ r(κ(ϑ),κ(l)) → 0 and
limϑ ,l→∞ σ r(κ(l),κ(ϑ)) → 0.

For this, consider

σ r(
κ(ϑ – 1),κ(ϑ)

)
= σ r(
G

(
κ(ϑ – 2)

)
,
G

(
κ(ϑ – 1)

))

≤ δ
[
σ r(

κ(ϑ – 2),
G
(
κ(ϑ – 2)

))
+ σ r(

κ(ϑ – 1),
G
(
κ(ϑ – 1)

))]
,

where δ ∈
[

0,
1
2

)

≤ δ
[
σ r(

κ(ϑ – 2),κ(ϑ – 1)
)

+ σ r(
κ(ϑ – 1),κ(ϑ)

)]
.

This implies

σ r(
κ(ϑ – 1),κ(ϑ)

) ≤ δ

1 – δ
σ r(

κ(ϑ – 2),κ(ϑ – 1)
)

=
δ

1 – δ
σ r(
G

(
κ(ϑ – 3)

)
,
G

(
κ(ϑ – 2)

))

≤ δ × δ

1 – δ

[
σ r(κ(ϑ – 3),
G

(
κ(ϑ – 3)

)

+ σ r(
κ(ϑ – 2),
G

(
κ(ϑ – 2)

))]

≤
(

δ

1 – δ

)2

σ r(
κ(ϑ – 3),κ(ϑ – 2)

)

...

≤
(

δ

1 – δ

)ϑ–2

σ r(
κ(1),κ(2)

)
.

Applying limit ϑ → ∞, we get

lim
ϑ→∞σ r(

κ(ϑ – 1),κ(ϑ)
)

= 0.
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Similarly, we can show that

lim
ϑ→∞σ r(

κ(ϑ),κ(ϑ – 1)
)

= 0.

For ϑ > l, consider

σ r(
κ(ϑ),κ(l)

)
+ σ r(

κ(l),κ(ϑ)
)

= σ r(
G
(
κ(ϑ – 1)

)
,
G

(
κ(l – 1)

))
+ σ r(
G

(
κ(l – 1)

)
,
G

(
κ(ϑ – 1)

))

≤ δ
[
σ r(κ(ϑ – 1),
G

(
κ(ϑ – 1)

)
+ σ r(

κ(l – 1),
G
(
κ(l – 1)

))]

+ δ
[
σ r(

κ(l – 1),
G
(
κ(l – 1)

))
+ σ r(

κ(ϑ – 1),
G
(
κ(ϑ – 1)

))]

≤ δ
[
σ r(

κ(ϑ – 1),κ(ϑ)
)

+ σ r(
κ(l – 1),κ(l)

)]

+ δ
[
σ r(

κ(l – 1),κ(l)
)

+ σ r(
κ(ϑ – 1),κ(ϑ)

)]
.

Applying limit l,ϑ → ∞ over the above expression, we get

lim
ϑ ,l→∞

[
σ r(

κ(ϑ),κ(l)
)

+ σ r(
κ(l),κ(ϑ)

)]
= 0,

which implies (κ(ϑ))ϑ∈N is Cauchy. Since (Mr ,σ r) is complete, so a Cauchy sequence will
converge and the limit of that sequence in a C-distance space is the multidimensional fixed
point of G. Since that limit is unique, so a fixed point of the operator G will be unique. �

Example 3.2 Let M = { 1
ϑ

: ϑ ∈N} ∪ {0}. Define, for all ϑ , l ∈N,

σ

(

0,
1
ϑ

)

=
1

3ϑ
, σ

(
1
ϑ

, 0
)

=
1

4ϑ
, σ (ξϑ , ξl) = |ξϑ – ξl|,

then (M,σ ) is a C-distance space. Now

M×M =
{

(ξ ,η) : ξ ,η ∈M
}

and

σ 2(ξ ,η) = sup
ı́≤2

{
σ (ξı́ ,ηı́)

}
,

then (M2,σ 2) is also a C-distance space.
Now define a mapping G : M2 →M such that

G(ξ1, ξ2) =
ξ1

3
for all (ξ1, ξ2) ∈M2,

and a mapping 
 : M→M2 such that


(ξ ) =
(

1(ξ ),
2(ξ )

)
,
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where 
ı́ : {1, 2} → {1, 2} are defined as

(

1(1) 
1(2)

2(1) 
2(2)

)

=

(
1 2
2 1

)

.

The mapping 
G : M2 →M2, which is the composition of G and 
, is defined as follows:


G(ξ1, ξ2) =
(
G(ξ
1(1), ξ
2(2)), G(ξ
2(1), ξ
2(2))

)
=

(
ξ1

3
,
ξ2

3

)

.

Consider

σ
(
G(ξ1, ξ2), G(η1,η2)

)
= σ

(
ξ1

3
,
η1

3

)

.

We need to show that

σ
(
G(ξ1, ξ2), G(η1,η2)

) ≤ δ
[
sup
ı́≤2

{
σ
(
ξı́ , G(ξ1, ξ2)

)}
+ sup

ı́≤2

{
σ
(
ηı́ , G(η1,η2)

)}]
, (A)

where δ ∈ [0, 1
2 ).

If ξ = (0, 1
ϑ1

) and η = ( 1
ϑ2

, 0), then

σ

(

G
(

0,
1
ϑ1

)

, G
(

1
ϑ2

, 0
))

= σ

(

0,
1

3ϑ2

)

=
1

9ϑ2
. (1)

Now consider

sup
ı́≤2

{
σ
(
ξı́ , G(ξ1, ξ2)

)}
+ sup

ı́≤2

{
σ
(
ηı́ , G(η1,η2)

)}

= sup
ı́≤2

{

σ

(

ξı́ ,
ξ1

3

)}

+ sup
ı́≤2

{

σ

(

ηı́ ,
η1

3

)}

= sup

{

σ

(

ξ1,
ξ1

3

)

,σ
(

ξ2,
ξ1

3

)}

+ sup

{

σ

(

η1,
η1

3

)

,σ
(

η2,
η1

3

)}

= sup

{

σ (0, 0),σ
(

1
ϑ1

, 0
)}

+ sup

{

σ

(
1
ϑ2

,
1

3ϑ2

)

,σ
(

0,
1

3ϑ2

)}

= sup

{

0,
1

4ϑ1

}

+ sup

{
2

3ϑ2
,

1
9ϑ2

}

=
1

4ϑ1
+

2
3ϑ2

. (2)

From (1) and (2) we get

1
9ϑ2

<
1
3

(
1

4ϑ1
+

2
3ϑ2

)

,

that is,

σ

(

G
(

0,
1
ϑ1

)

, G
(

1
ϑ2

, 0
))

<
1
3

[

sup
ı́≤2

{

σ

(

ξı́ , G
(

0,
1
ϑ1

))}

+ sup
ı́≤2

{

σ

(

ηı́ , G
(

1
ϑ2

, 0
))}]

.
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Similarly, for other values of ξ and η, condition (A) is easily verified, so G is a 
-Kannan
type contraction. Then the mapping 
G is Kannan contraction and it has a fixed point.

Now ξϑ = 
G(ξϑ–1) for ξ ∈M2. Choose ξ = (ξ 0
1 , ξ 0

2 )

(
ξ 1

1 , ξ 1
2
)

= 
G
(
ξ 0

1 , ξ 0
2
)

=
(

ξ 0
1
3

,
ξ 0

2
3

)

,

(
ξ 2

1 , ξ 2
2
)

= 
G
(
ξ 1

1 , ξ 1
2
)

=
(

ξ 0
1

32 ,
ξ 0

2
32

)

,

...

(
ξϑ

1 , ξϑ
2
)

= 
G
(
ξϑ–1

1 , ξϑ–1
2

)
=

(
ξ 0

1
3ϑ

,
ξ 0

2
3ϑ

)

.

Applying limit ϑ → ∞, we get

lim
ϑ→∞

(
ξϑ

1 , ξϑ
2
)

= (0, 0) = (O1, O2),

which is a unique fixed point for 
G and a unique multidimensional fixed point for G, i.e.,

Oı́ = G(O
ı́ (1), O
ı́ (2)).

Theorem 3.2 The mapping 
G on a complete symmetric C-distance space (M,σ ) satisfies
generalized contraction if

σ r(
G(ξ ),
G(η)
) ≤ q max

{
σ r(ξ ,η),σ r(ξ ,
G(ξ )

)
,σ r(η,
G(η)

)}

for all ξ ,η ∈Mr , 0 < q < 1,

then any Picard sequence of a self-mapping 
G on Mr is Cauchy and G possesses a unique
multiple fixed point.

Proof Let κ ∈Mr , κ(1) = 
G(κ), κ(ϑ + 1) = 
G(κ(ϑ)). Consider

σ r(
κ(ϑ),κ(ϑ + 1)

)
= σ r(
G

(
κ(ϑ – 1)

)
,
G

(
κ(ϑ)

))

≤ q max
{
σ r(

κ(ϑ – 1)
)
,κ(ϑ)),σ r(κ(ϑ – 1),
G

(
κ(ϑ – 1)

)
,

σ r(κ(ϑ),
G
(
κ(ϑ)

)}
, where q ∈ (0, 1)

≤ q max
{
σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(ϑ),κ(ϑ + 1)
)}

.

If

max
{
σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(ϑ),κ(ϑ + 1)
)}

= σ r(
κ(ϑ),κ(ϑ + 1)

)
,

then

σ r(
κ(ϑ),κ(ϑ + 1)

) ≤ qσ r(
κ(ϑ),κ(ϑ + 1)

)
< σ r(

κ(ϑ),κ(ϑ + 1)
)
,
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which is not possible, so

max
{
σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(ϑ),κ(ϑ + 1)
)}

= σ r(
κ(ϑ – 1),κ(ϑ)

)
.

Thus

σ r(
κ(ϑ),κ(ϑ + 1)

) ≤ qσ r(
κ(ϑ – 1),κ(ϑ)

)
.

≤ q2σ r(
κ(ϑ – 2),κ(ϑ – 1)

)
.

...

≤ qϑ–1σ r(
κ(1),κ(2)

)
.

Hence

lim
ϑ→∞σ r(

κ(ϑ),κ(ϑ + 1)
)

= 0. (3)

Similarly, we can prove that

lim
ϑ→∞σ r(

κ(ϑ + 1),κ(ϑ)
)

= 0. (4)

Now, to show (κ(ϑ))ϑ∈N is a Cauchy sequence, for l > ϑ , consider

σ r(
κ(ϑ),κ(l)

)

= σ r(
G
(
κ(ϑ – 1)

)
,
G

(
κ(l – 1)

))

≤ q max
{
σ r(

κ(ϑ – 1),κ(l – 1)
)
,σ r(

κ(ϑ – 1),
G
(
κ(ϑ – 1)

))
,

σ r(
κ(l – 1),
G

(
κ(l – 1)

))}
, where q ∈ (0, 1)

≤ q max
{
σ r(

κ(ϑ – 1),κ(l – 1)
)
,σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(l – 1),κ(l)
)}

. (5)

Now we consider the following cases.
Case 1: If

max
{
σ r(

κ(ϑ – 1),κ(l – 1)
)
,σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(l – 1),κ(l)
)}

= σ r(
κ(ϑ – 1),κ(ϑ)

)
,

then inequality (5) gives

σ r(
κ(ϑ),κ(l)

) ≤ qσ r(
κ(ϑ – 1),κ(ϑ)

)
.

Apply limit l,ϑ → ∞ over the above expression and using (3), we get

lim
l,ϑ→∞

σ r(
κ(ϑ),κ(l)

)
= 0.
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Case 2: If

max
{
σ r(

κ(ϑ – 1),κ(l – 1)
)
,σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(l – 1),κ(l)
)}

= σ r(
κ(l – 1),κ(l)

)
,

then inequality (5) implies

σ r(
κ(ϑ),κ(l)

) ≤ qσ r(
κ(l – 1),κ(l)

)
.

Again applying limit l,ϑ → ∞ over the above expression and using (3), we get

lim
l,ϑ→∞

σ r(
κ(ϑ),κ(l)

)
= 0.

Case 3: If

max
{
σ r(

κ(ϑ – 1),κ(l – 1)
)
,σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(l – 1),κ(l)
)}

= σ r(
κ(ϑ – 1),κ(l – 1)

)
,

then

σ r(
κ(ϑ),κ(l)

) ≤ qσ r(
κ(ϑ – 1),κ(l – 1)

)
. (6)

Consider

σ r(
κ(ϑ – 1),κ(l – 1)

)

= σ r(
G
(
κ(ϑ – 2)

)
,
G

(
κ(l – 2)

))

≤ q max
{
σ r(

κ(ϑ – 2),κ(l – 2)
)
,σ r(

κ(ϑ – 2),
G
(
κ(ϑ – 2)

))
,

σ r(
κ(l – 2),
G

(
κ(l – 2)

))}
, where q ∈ (0, 1)

≤ q max
{
σ r(

κ(ϑ – 2),κ(l – 2)
)
,σ r(

κ(ϑ – 2),κ(ϑ – 1)
)
,σ r(

κ(l – 2),κ(l – 1)
)}

. (7)

Now, if

max
{
σ r(

κ(ϑ – 2),κ(l – 2)
)
,σ r(

κ(ϑ – 2),κ(ϑ – 1)
)
,σ r(

κ(l – 2),κ(l – 1)
)}

= σ r(
κ(ϑ – 2),κ(ϑ – 1)

)
,

then inequality (7) implies

σ r(
κ(ϑ – 1),κ(l – 1)

) ≤ qσ r(
κ(ϑ – 2),κ(ϑ – 1)

)
.

Applying lim l,ϑ → ∞ over the above expression and using (5), we get

lim
l,ϑ→∞

σ r(
κ(ϑ – 1),κ(l – 1)

)
= 0.
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If

max
{
σ r(

κ(ϑ – 2),κ(l – 2)
)
,σ r(

κ(ϑ – 2),κ(ϑ – 1)
)
,σ r(

κ(l – 2),κ(l – 1)
)}

= qσ r(
κ(l – 2),κ(l – 1)

)
,

then (7) implies

σ r(
κ(ϑ – 1),κ(l – 1)

) ≤ qσ r(
κ(l – 2),κ(l – 1)

)
.

Applying limit l,ϑ → ∞ over the above expression and using (3), we get

lim
l,ϑ→∞

σ r(
κ(ϑ – 1),κ(l – 1)

)
= 0.

If

max
{
σ r(

κ(ϑ – 2),κ(l – 2)
)
,σ r(

κ(ϑ – 2),κ(ϑ – 1)
)
,σ r(

κ(l – 2),κ(l – 1)
)}

= σ r(
κ(ϑ – 2),κ(l – 2)

)
,

then condition (7) gives

σ r(
κ(ϑ – 1),κ(l – 1)

) ≤ qσ r(
κ(ϑ – 2),κ(l – 2)

)
. (8)

Using (8) in (6) we get

σ r(
κ(ϑ),κ(l)

) ≤ qσ r(
κ(ϑ – 1),κ(l – 1)

)

≤ q2σ r(
κ(ϑ – 2),κ(l – 2)

)

≤ q3σ r(
κ(ϑ – 3),κ(l – 3)

)

...

≤ qϑ–1σ r(
κ(1),κ(l – ϑ – 2)

)
.

Applying limit l,ϑ → ∞, it follows

lim
l,ϑ→∞

σ r(
κ(ϑ),κ(l)

)
= 0.

Similarly, we can show that

lim
l,ϑ→∞

σ r(
κ(l),κ(ϑ)

)
= 0,

which implies (κ(ϑ))ϑ∈N is Cauchy. Because of the completeness of space, a Cauchy se-
quence will converge, and from the proposition, the limit of a convergent Cauchy sequence
in a C-distance space is the multiple fixed point of the operator G. Since the space is C-
distance space, i.e., the limit of a convergent Cauchy sequence is unique, so a fixed point
of the operator G will be unique. �

Assuming 
i as identity maps in the above result, we define the following corollary.
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Corollary 1 If a mapping G on a complete C- distance space (M,σ ) satisfies

σ
(
G(ξ ), G(η)

) ≤ qσ r(ξ ,η) for all ξ ,η ∈Mr , 0 < q < 1,

then G possesses a unique multiple fixed point.

Proof The proof of this result can be easily deduced by using the above theorem. �

Theorem 3.3 If a self-mapping 
G on a complete C-distance space (M,σ ) satisfies

ψ
(
σ r(
G(ξ ),
G(η)

)) ≤ θ (Mξ ,η) – ϕ(Mξ ,η) for all ξ ,η ∈Mr ,

where

Mξ ,η = max
{
σ r(ξ ,η),σ r(ξ ,
G(ξ )

)
,σ r(η,
G(η)

)}
,

ψ is defined in Definition 2.4, θ : [0,∞) → [0,∞) is upper semicontinuous and ϕ : [0,∞) →
[0,∞) is a lower semicontinuous function with θ (0) = ϕ(0) = 0 and

for ξ > 0, ψ(ξ ) > θ (ξ ) – ϕ(ξ ), (9)

then a Picard sequence is Cauchy and G possesses a unique multiple fixed point.

Proof If κ(ϑ) = κ(ϑ + 1), then G has a fixed point. Suppose κ(ϑ) �= κ(ϑ + 1). Let κ ∈Mr ,
κ(1) = 
G(κ), κ(ϑ + 1) = 
G(κ(ϑ)).

To show σ r(κ(ϑ),κ(ϑ + 1)) is a decreasing sequence, consider

ψ
(
σ r(

κ(ϑ),κ(ϑ + 1)
))

= ψ
(
σ r(
G

(
κ(ϑ – 1)

)
,
G

(
κ(ϑ)

)))

≤ θ (Mκ(ϑ–1),κ(ϑ)) – ϕ(Mκ(ϑ–1),κ(ϑ)), (10)

where

Mκ(ϑ–1),κ(ϑ) = max
{
σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(ϑ – 1),
G
(
κ(ϑ – 1)

))
,

σ r(
κ(ϑ),
G

(
κ(ϑ)

))}

= max
{
σ r(

κ(ϑ – 1),κ(ϑ)
)
,σ r(

κ(ϑ),κ(ϑ + 1)
)}

.

If

Mκ(ϑ–1),κ(ϑ) = σ r(
κ(ϑ),κ(ϑ + 1)

)
,

then condition (10) implies

ψ
(
σ r(

κ(ϑ),κ(ϑ + 1)
)) ≤ θ

(
σ r(

κ(ϑ),κ(ϑ + 1)
))

– ϕ
(
σ r(

κ(ϑ),κ(ϑ + 1)
))

< ψ
(
σ r(

κ(ϑ),κ(ϑ + 1)
))

,
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which is a contradiction. Thus we get

Mκ(ϑ–1),κ(ϑ) = σ r(
κ(ϑ – 1),κ(ϑ)

)
,

then condition (10) implies

ψ
(
σ r(

κ(ϑ),κ(ϑ + 1)
)) ≤ θ

(
σ r(

κ(ϑ – 1),κ(ϑ)
))

– ϕ
(
σ r(

κ(ϑ – 1),κ(ϑ)
))

< ψ
(
σ r(

κ(ϑ – 1),κ(ϑ)
))

. (11)

Since ψ is increasing

σ r(
κ(ϑ),κ(ϑ + 1)

)
< σ r(

κ(ϑ – 1),κ(ϑ)
)
.

Hence σ r(κ(ϑ),κ(ϑ + 1)) is a decreasing sequence, so there exists r ≥ 0 such that

lim
ϑ→∞σ r(

κ(ϑ),κ(ϑ + 1)
)

= r.

If r > 0 then apply limit ϑ → ∞ in inequality (11)

ψ(r) < ψ(r),

a contradiction, so r = 0. Hence

lim
ϑ→∞σ r(

κ(ϑ),κ(ϑ + 1)
)

= 0.

Similar steps can be followed to prove

lim
ϑ→∞σ r(

κ(ϑ + 1),κ(ϑ)
)

= 0.

Hence

lim
ϑ→∞

[
σ r(

κ(ϑ),κ(ϑ + 1)
)

+ σ r(
κ(ϑ + 1),κ(ϑ)

)]
= 0.

Now, to show

lim
l,ϑ→∞

[
σ r(

κ(ϑ),κ(l)
)

+ σ r(
κ(l),κ(ϑ)

)]
= 0,

suppose that (κ(ϑ))ϑ∈N is not Cauchy. Choose ε > 0 and δ ∈ (0, ε), there exist subsequences
ϑp, lp such that lp > ϑp > p and

σ r(
κ(ϑp),κ(lp)

) ≥ δ. (12)

Let lp be the smallest integer satisfying the above condition, then

σ r(
κ(ϑp),κ(lp – 1)

)
< δ. (13)
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Consider

ψ
(
σ r(

κ(ϑp),κ(lp)
))

= ψ
(
σ r(
G

(
κ(ϑp – 1)

)
,
G

(
κ(lp – 1)

)))

≤ θ (Mκ(ϑp–1),κ(lp–1)) – ϕ(Mκ(ϑp–1),κ(lp–1)),

where

Mκ(ϑp–1),κ(lp–1) = max
{
σ r(

κ(ϑp – 1),κ(lp – 1)
)
,σ r(

κ(ϑp – 1),κ(ϑp)
)
,

σ r(
κ(lp – 1),κ(lp)

)}
.

If

Mκ(ϑp–1),κ(lp–1) = σ r(
κ(ϑp – 1),κ(ϑp)

)
,

then

ψ
(
σ r(

κ(ϑp),κ(lp)
)) ≤ θ

(
σ r(

κ(ϑp – 1),κ(ϑp)
))

– ϕ
(
σ r(

κ(ϑp – 1),κ(ϑp)
))

< ψ
(
σ r(

κ(ϑp – 1),κ(ϑp)
))

.

Since ψ is nondecreasing, so

σ r(
κ(ϑp),κ(lp)

)
< σ r(

κ(ϑp – 1),κ(ϑp)
)
.

Apply limit l,ϑ → ∞, it follows

lim
l,ϑ→∞

σ r(
κ(ϑp),κ(lp)

)
< lim

ϑ→∞σ r(
κ(ϑp – 1),κ(ϑp)

)
= 0,

a contradiction. Now, if

Mκ(ϑp–1),κ(lp–1) = σ r(
κ(lp – 1),κ(lp)

)
,

then a similar argument as above leads to contradiction. Thus

Mκ(ϑp–1),κ(lp–1) = σ r(
κ(ϑp – 1),κ(lp – 1)

)
,

then

ψ
(
σ r(

κ(ϑp),κ(lp)
))

≤ θ
(
σ r(

κ(ϑp – 1),κ(lp – 1)
))

– ϕ
(
σ r(

κ(ϑp – 1),κ(lp – 1)
))

< ψ
(
σ r(

κ(ϑp – 1),κ(lp – 1)
))

.

Consider

ψ
(
σ r(

κ(ϑp – 1),κ(lp – 1)
))

= ψ
(
σ r(
G

(
κ(ϑp – 2)

)
,
G

(
κ(lp – 2)

)))

≤ θ (Mκ(ϑp–2),κ(lp–2)) – ϕ(Mκ(ϑp–2),κ(lp–2)),
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where

Mκ(ϑp–2),κ(lp–2) = max
{
σ r(

κ(ϑp – 2),κ(lp – 2)
)
,σ r(

κ(ϑp – 2),κ(ϑp – 1)
)
,

σ r(
κ(lp – 2),κ(lp – 1)

)}
.

If

Mκ(ϑp–2),κ(lp–2) = σ r(
κ(ϑp – 2),κ(ϑp – 1)

)

or

Mκ(ϑp–2),κ(lp–2) = σ r(
κ(lp – 2),κ(lp – 1)

)
,

both lead to contradiction. The only option we are left with is

Mκ(ϑp–2),κ(lp–2) = σ r(
κ(ϑp – 2),κ(lp – 2)

)
.

It follows that

ψ
(
σ r(

κ(ϑp – 1),κ(lp – 1)
))

≤ θ
(
σ r(

κ(ϑp – 2),κ(lp – 2)
))

– ϕ
(
σ r(

κ(ϑp – 2),κ(lp – 2)
))

< ψ
(
σ r(

κ(ϑp – 2),κ(lp – 2)
))

.

Continuing this process, it follows that

ψ
(
σ r(

κ(ϑp),κ(lp)
))

< ψ
(
σ r(

κ(1),κ
(
lp – (ϑp – 1)

)))
.

Since ψ is nondecreasing, so

σ r(
κ(ϑp),κ(lp)

)
< σ r(

κ(1),κ
(
lp – (ϑp – 1)

))
.

Applying limit p → ∞ and using (12) and (13) in the above inequality results in

δ ≤ lim
p→∞σ r(

κ(ϑp),κ(lp)
)

< lim
p→∞σ r(

κ(1),κ
(
lp – (ϑp – 1)

))
< δ,

which is a contradiction. So

lim
p→∞σ r(

κ(ϑp),κ(lp)
)

= 0.

Similarly,

lim
p→∞σ r(

κ(lp),κ(ϑp)
)

= 0,

then we have

lim
p→∞

[
σ r(

κ(ϑp),κ(lp)
)

+ σ r(
κ(lp),κ(ϑp)

)]
= 0.
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Hence (κ(ϑ))ϑ∈N is Cauchy, and since the space is complete, there will be some v ∈ Mr

such that

lim
ϑ→∞σ r(

κ(ϑ), v
)

= 0 and lim
ϑ→∞σ r(v,κ(ϑ)

)
= 0.

In a C-distance space, the limit of a convergent Cauchy sequence is a multidimensional
fixed point of G, and the uniqueness of limit ensures that G possesses a unique multiple
fixed point. �

Corollary 2 If a mapping 
G on a complete C-distance space (M,σ ) satisfies

ψ
(
σ r(
G(ξ ),
G(η)

)) ≤ ψ(Mξ ,η) – ϕ(Mξ ,η) for all ξ ,η ∈Mr ,

where

Mξ ,η = max
{
σ r(ξ ,η),σ r(ξ ,
G(ξ )

)
,σ r(η,
G(η)

)}
,

ψ defined in Definition 2.4, ϕ : [0,∞) → [0,∞) a lower semicontinuous function with
ϕ(0) = 0 and

for ξ > 0, ϕ(ξ ) > 0,

then a Picard sequence of a self-mapping 
G on Mr is Cauchy and G possesses a multiple
fixed point, which will be unique.

4 An application
Theory of differential and integral equations is arising with fundamental tools such as
fixed point theory, functional analysis, and topology. Most of the problems of applied
mathematics are reduced to finding fixed points of certain mappings. For solving various
problems of integral calculus, researchers have tried to generalize contractive conditions,
mappings, and metric spaces, see [6–11, 17].

Let a, b ∈R with a < b, and let I = [a, b]. Consider M = C(I), the space of all continuous
real-valued functions defined on I , with the distance

σ (α,β) = max
t∈I

∣
∣α(t) – β(t)

∣
∣p for all α,β ∈M, p > 1,

then (M,σ ) is a complete C-distance space.
Consider the following system of equations:

η1(t) = ω +
∫ t

a
J
(
η1(u),η2(u), . . . ,ηr(u)

)
du,

ηi(t) = ω +
∫ t

a
J
(
ηi(u),ηi+1(u), . . . ,ηr(u),η1(u), . . . ,ηi–1(u)

)
du (14)

for i = 1, 2, . . . , r, where ηis are elements of M, u ∈ I and J : Rr −→ R is a mapping verify-
ing:
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(i) J is continuous;
(ii) for all (x1, x2, . . . , xr), (y1, y2, . . . , yr) ∈R

r ,

∣
∣J(x1, x2, . . . , xr) – J(y1, y2, . . . , yr)

∣
∣ ≤ k

(
max
1≤i≤r

λi|xi – yi|p
) 1

p ,

where k, λ1,λ2, . . . ,λr are real numbers.
Define a mapping G : Mr →M for all η = (η1,η2, . . . ,ηr) in Mr and ω ∈R such that

G(η1,η2, . . . ,ηr)(t) = ω +
∫ t

a
J
(
η1(u),η2(u), . . . ,ηr(u)

)
du.

Clearly, G ∈ C(I). Now, to prove the existence of solution of system (14), we need to prove
that G has a multiple fixed point.

For (η1,η2, . . . ,ηr), (ξ1, ξ2, . . . , ξr) ∈Mr , consider

σ
(
G(η1,η2, . . . ,ηr), G(ξ1, ξ2, . . . , ξr)

)

= max
t∈I

∣
∣G(η1,η2, . . . ,ηr)(t) – G(ξ1, ξ2, . . . , ξr)(t)

∣
∣p

= max
t∈I

∣
∣
∣
∣

(

ω +
∫ t

a
J
(
η1(u),η2(u), . . . ,ηr(u)

)
du

)

–
(

ω +
∫ t

a
J
(
ξ1(u), ξ2(u), . . . , ξr(u)

)
du

)∣
∣
∣
∣

p

= max
t∈I

∣
∣
∣
∣

∫ t

a

(
J
(
η1(u),η2(u), . . . ,ηr(u)

)
– J

(
ξ1(u), ξ2(u), . . . , ξr(u)

))
du

∣
∣
∣
∣

p

≤ max
t∈I

(∫ t

a

∣
∣J

(
η1(u),η2(u), . . . ,ηr(u)

)
– J

(
ξ1(u), ξ2(u), . . . , ξr(u)

)∣
∣du

)p

≤ max
t∈I

(∫ t

a

(
k max

1≤i≤r
λi

(
max
u∈I

∣
∣ηi(u) – ξi(u)

∣
∣p

)) 1
p du

)p

= kλmax
t∈I

(∫ t

a

(
σ (ηi, ξi)

) 1
p du

)p

≤ kλσ (ηi, ξi)(b – a)p

≤ kλ sup
1≤i≤r

σ (ηi, ξi)(b – a)p

≤ kλσ r((η1,η2, . . . ,ηr), (ξ1, ξ2, . . . , ξr)
)
(b – a)p

with λ = max1≤i≤r λi. If kλ(b – a)p < 1, then by Corollary 1 G has a unique multiple fixed
point, which is a solution of system (14).
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