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Abstract
This paper aims to investigate the notion of p-convex functions on fractal sets Rα̂ (0 < α̂ ≤ 1).
Based on these novel ideas, we derived an auxiliary result depend on a three-step quadratic
kernel by employing generalized p-convexity. Take into account the local fractal identity, we
established novel Newton’s type variants for the local differentiable functions. Several special
cases are apprehended in the light of generalized convex functions and generalized harmonically
convex functions. This novel strategy captures several existing results in the relative literature.
Application is obtained in cumulative distribution function and generalized special weighted
means to confirm the relevance and computational effectiveness of the considered method.
Finally, we supposed that the consequences of this paper can stimulate those who are interested
in fractal analysis.

Keywords : Generalized Convex Function; Generalized Harmonically Convex Function; Gener-
alized p-Convex Functions; Newton’s Type Inequality; Fractal Sets.

1. INTRODUCTION

The fractal sets in science have introduced some
fascinating complex graphs and picture compres-
sions to computer graphics. Fractal is a Latin word,
derived from the word “Fractus” which signifies
“Broken.” The expression “fractal” was first uti-
lized by a young mathematician, Julia1 when he was
considering Cayley’s problem identified with the
conduct of Newton’s method in a complex plane.
Fractal is frequently utilized in real-world involv-
ing: fractal antennas, fractal transistors, and frac-
tal heat exchangers. It has applications in the music
industry, the creation of photography, soil mechan-
ics, small-angle scattering theory, and many more.
It is to be emphasized that fractal theory assumes
an essential job in the improvement of picturesque
of fractal sets. The utilizations of fractal sets are
in cryptography and other useful areas of research
have increased the interest of researchers to broaden
the utilization in mathematical inequalities. Frac-
tals are the elite, arbitrary examples abandoned by
the erratic developments of the disorderly world at
work. The most significant utilization of fractals in
software engineering is the fractal picture compres-
sion. This sort of compression utilizes the way that
this present reality is very much portrayed by frac-
tal geometry.2–4 Interestingly, authors5 investigated
the local fractional functions on fractal space delib-
erately, which comprises of local fractional calculus
and the monotonicity of functions. Numerous ana-
lysts contemplated the characteristics of functions

on fractal space and built numerous sorts of frac-
tional calculus by utilizing various strategies.6–14

Mathematical inequalities15–33 assume a significant
job in engineering and applied sciences. An enor-
mous heft of fractional differential problems and
partial differential equations can be converted into
problems of comprehending some estimated inte-
gral equations, see Refs. 34–38. Nevertheless, some
underlying differential equations are fractal images,
which are continuous and nowhere differentiable. In
this phenomenon, an important tool can be utilized
to cope with fractal and fractal-based problems with
continuity and nondifferentiable.

The Newton’s type identity is famous for its
distinguished nature known as error estimation or
Simpson’s second formula, stated as follows:

Theorem 1. Let Ω ⊆ R be an interval and let
χ : Ω = [g, h] → R be a four times continuously
differentiable function on Ω◦ (Ω◦ is the interior of
Ω) and ‖χ(4)‖∞ = supu∈[g,h] |χ(4)| < ∞, then

∣∣∣∣18
[
χ(g) + 3χ

(
2g + h

3

)
+ 3χ

(
g + 2h

3

)
+ χ(h)

]

− 1
h − g

∫ h

g
χ(u)du

∣∣∣∣ ≤ 1
6480

‖χ(4)‖∞(h − g)5.

(1)
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Many important results have been obtained for
the investigation of the inequality (1) on fractional
calculus theory and in the classical sense. Specifi-
cally, several researchers paid their interest in devel-
oping the novel versions depends on a two-step
quadratic kernel and Simpson’s second type results
based on three-step quadratic kernel via differ-
ent classes of functions, for some specific formu-
lation, modifications, and innovative speculations,
see Refs. 39–46. It is also worth pointing out that
the concepts of fractal fractional calculus are also
modified and further developed to adapt to the new
requirements of theory and practice. Up to now,
there exist several definitions of the convexity the-
ory in the frame of local fractional integration in
the literature, each being constructed to satisfy var-
ious modifications and to be consistent with physi-
cal background and applications, among which the
most popular one is the p-convex functions. Inspired
by the above phenomena, we intend to establish the
novel version of Newton’s type identity in the frame
of local fractional integration by proposing general-
ized p-convexity property and to check the effective-
ness, we provide the generalized variants in proba-
bility density functions and α̂-type weighted special
means.

Additionally, integral inequalities in the con-
text of local fractional calculus have a significant
role in all fields of pure and applied mathemat-
ics. For example, Chen,47 derived a novel version
of Hölder inequality on fractals. In Ref. 14, Mo
et al. established the fractal version of Hermite–
Hadamard inequality by the use of generalized con-
vex functions. Du et al. contemplated the novel
generalizations for Simpson’s, Hermite–Hadamard
and Hermite–Hadamard-Fejér type inequalities for
generalized m-convex functions concerning to local
fractional calculus. In addition to these results,
Luo et al.,48 deduced several new Fejér–Hermite–
Hadamard inequalities for a class of h-convex func-
tions with applications. For some useful and recent
studies on fractional calculus and its applications in
different fields of mathematics, see Refs. 49–53.

Owing to the above phenomena, the key aim of
this research is to introduce a new auxiliary result
depending on the three-step quadratic kernel on
local fractal sets will be given. With the aid of
novel identity, we derived numerous novel general-
izations of Newton’s type for mappings whose pow-
ers contain local fractional derivatives in modulus
are generalized p-convex. The main impetus of this
study is to capture new estimates for generalized

convex functions and generalized harmonically con-
vex functions. In addition, the application of the
proved results in probability density functions and
the generalized weighted special mean formula is
also presented. We hope that the new strategy for-
mulated in this paper is more invigorating than the
accessible one.

2. PRELIMINARIES

Now, we mention the preliminaries from the theory
of local fractional calculus. These ideas and impor-
tant consequences associated with the local frac-
tional derivative and local fractional integral are
mainly due to Yang.5

Let ωα̂
1 , ωα̂

2 and ωα̂
3 belong to the set R

α̂ (0 < α̂ ≤
1), then

(1) ωα̂
1 + ωα̂

2 and ωα̂
1 ωα̂

2 belongs to the set R
α̂;

(2) ωα̂
1 + ωα̂

2 = ωα̂
2 + ωα̂

1 = (ω1 + ω2)α̂ = (ω2 + ω1)α̂;
(3) ωα̂

1 + (ωα̂
2 + ωα̂

3 ) = (ωα̂
1 + ωα̂

2 ) + ωα̂
3 ;

(4) ωα̂
1 ωα̂

2 = ωα̂
2 ωα̂

1 = (ω1ω2)α̂ = (ω2ω1)α̂;
(5) ωα̂

1 (ωα̂
2 ωα̂

3 ) = (ωα̂
1 ωα̂

2 )ωα̂
3 ;

(6) ωα̂
1 (ωα̂

2 + ωα̂
3 ) = ωα̂

1 ωα̂
2 + ωα̂

1 ωα̂
3 ;

(7) ωα̂
1 + 0α̂ = 0α̂ + ωα̂

1 = ωα̂
1 and ωα̂

1 1α̂ = 1α̂ωα̂
1

= ωα̂
1 .

Definition 2. A nondifferentiable mapping χ :
R → R

α̂, θ → χ(ε) is said to be local fractional con-
tinuous at ε◦, if for any ε > 0, there exists κ > 0,
satisfying that

|χ(ε) − χ(ε◦)| < εα̂,

holds for |ε − ε◦| < κ. If χ(ε) is local continuous on
(g, h), then we denote it by χ(ε) ∈ Cα̂(g, h).

Definition 3. The local fractional derivative of
χ(ε) of order α̂ at ε = ε◦ is defined by the expression

χ(α̂)(ε◦) = ε◦Dα̂
ε χ(ε) =

dα̂χ(ε)
dεα̂

∣∣∣∣
ε=ε◦

= lim
ε→ε◦

Δα̂(χ(ε) − χ(ε◦))
(ε − ε◦)α̂

,

where Δα̂(χ(ε) − χ(ε◦)) = Γ(α̂ + 1)(χ(ε) − χ(ε◦)).
Let χ(α̂)(ε) = Dα̂

ε χ(ε). If there exists χ(k+1)α̂(ε) =
(k+1) times︷ ︸︸ ︷
Dα̂

ε . . .Dα̂
ε χ(ε) for any ε ∈ Ω ⊆ R, then it is denoted

by χ ∈ D(k+1)α̂(I), where k = 0, 1, 2, . . . .

Definition 4. Let χ(ε) ∈ Cα̂[g, h], and let Δ =
{η0, η1, . . . , ηN}, (N ∈ N) be a partition of [g, h]
which satisfies g = η0 < η1 < · · · < ηN = h. Then
the local fractional integral of χ on [g, h] of order α̂
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is defined as follows:

gI(α̂)
h χ(ε) =

1
Γ(1 + α̂)

∫ h

g
χ(η)(dη)α̂

:=
1

Γ(1 + α̂)
lim

δη→0

N−1∑
j=0

×χ(ηj)(Δηj),

where δη := max{Δη1,Δη2, . . . ,ΔηN−1} and
Δηj := ηj+1 − ηj, j = 0, . . . , N − 1.

Here, it follows that gI(α̂)
h χ(ε) = 0 if g = h

and gI(α̂)
h χ(ε) = −hI(α̂)

g χ(ε) if g < h. For any
ε ∈ [g, h], if there exists gI(α̂)

h χ(ε), then it is denoted
by χ(ε) ∈ I α̂

ε [g, h].

Lemma 5 (Ref. 5). (1) Suppose that χ(u) =
G(α̂)(u) ∈ Cα̂[g, h], then

gI(α̂)
h χ(u) = G(h) − G(g).

(2) Suppose that χ(u),G(u) ∈ Dα̂[g, h], and χ(α̂)(u),
G(α̂)(u) ∈ Cα̂[g, h], then

gI(α̂)
h χ(u)G(α̂)(u)

= χ(u)G(u)|hg −g I(α̂)
h χ(α̂)(u)G(u).

Lemma 6 (Ref. 5). For k > 0, the following
results hold true:

dα̂ukα̂

duα̂
=

Γ(1 + kα̂)
Γ(1 + (k − 1)α̂)

u(k−1)α̂,

1
Γ(1 + α̂)

∫ h

g
ukα̂(du)α̂

=
Γ(1 + kα̂)

Γ(1 + (k + 1)α̂)

× (h(k+1)α̂ − g(k+1)α̂
)
.

Lemma 7 (Ref. 47, Generalized Hölder’s
inequality). For s, q > 1 with s−1 + q−1 = 1, and
let χ,G ∈ Cα̂[g, h], then

1
Γ(1 + α̂)

∫ h

g
|χ(u)G(u)|(du)α̂

≤
(

1
Γ(1 + α̂)

∫ h

g
|χ(u)|s(du)α̂

) 1
s

×
(

1
Γ(1 + α̂)

∫ h

g
|G(u)|q(du)α̂

)1
q

.

3. MAIN RESULTS

This section dedicated to an auxiliary result asso-
ciated with the local fractional integral and then
by employing the said result we derive a novel ver-
sion of Newton’s type inequalities considering sev-
eral new and existing generalized classes of convex
functions.

We now present the concept of generalized
p-convex functions on fractal space as follows.

Definition 8. Let p ∈ R\{0}. Then χ : Ω =
[g, h] → R

α̂ is said to be generalized p-convex, if

χ
([

ζxp + (1 − ζ)yp
] 1

p
)

≤ ζ α̂χ(x) + (1 − ζ)α̂χ(y), (2)

holds for x, y ∈ Ω, and ζ ∈ [0, 1].

Remark 9. In Definition 8:

(1) If we take α = 1, then we get a definition in
Ref. 54.

(2) If we take p = 1, then we get a definition in
Ref. 14.

(3) If we take p = −1, then we get definition in
Ref. 52.

(4) If we take p = −1 and α̂ = 1, then we get defi-
nition in Ref. 55.

(5) If we take p = 1 with α̂ = 1, then we get classi-
cal convex functions.

It is worth mentioning that generalized p-convex
functions collapses to generalized convex, general-
ized harmonically convex functions, harmonically
convex functions and classical convex functions as
special cases. This shows that outcomes derived in
this paper continue to hold for these classes of con-
vex functions and their variant forms.

Example 10. Let χ : Ω = [g, h] → R
α̂, χ1(u) =

uα̂p, p �= 0 and χ2 : Ω → R
α̂, χ2(u) = cα̂, cα̂ ∈ R

α̂,
then χ1 and χ2 are both generalized p-convex and
generalized p-concave functions, respectively.

Lemma 11. For p ∈ R\{0} and let there is a func-
tion χ : Ω◦ ⊂ R → R

α̂ such that χ ∈ Dα̂(Ω◦) (Ω◦ is
the interior of Ω) and χ(α̂) ∈ Cα̂[g, h]. Then, for all
μ ∈ [g, h], we have(

1
8

)α̂[
χ(g) + 3α̂χ

([
gp + 2hp

3

] 1
p
)

+ 3α̂χ

([
2gp + hp

3

] 1
p
)

+ χ(h)
]

2140018-4
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−
(

p

hp − gp

)α̂

Γ(1 + α̂) gI(α̂)
h

× χ(u)
uα̂(1−p)

=
(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 1

0

μ(η)[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂,

(3)

where

μ(η) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
η − 1

8

)α̂

, η ∈
[
0,

1
3

)
,

(
η − 1

2

)α̂

, η ∈
[
1
3
,
2
3

)
,

(
η − 7

8

)α̂

, η ∈
[
2
3
, 1
]
.

Proof. Utilizing the given assumption and it suf-
fices that

I =
(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 1

0

μ(η)[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂

=
(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 1

3

0

(
η − 1

8

)α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂

+
(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 2

3

1
3

(
η − 1

2

)α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂ +

(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 1

2
3

(
η − 7

8

)α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂

= I1 + I2 + I3. (4)

Considering I1 and applying the local fractional
integration by parts, one obtains

I1 =
(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 1

3

0

(
η − 1

8

)α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂

=
(

η − 1
8

)α̂

χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)∣∣ 13

0

− Γ(1 + α̂)
Γ(1 + α̂)

∫ 1
3

0
χ(α̂)

× ([ηgp + (1 − η)hp
] 1

p
)
(dη)α̂

=
(

5
24

)α̂

χ

([
gp + 2hp

3

] 1
p

)
−
(
−1

8

)α̂

χ(h)

− pα̂Γ(1 + α̂)
(hp − gp)α̂

(
[ gp+2hp

3
]
1
p
)I(α̂)

h

χ(u)
uα̂(1−p)

. (5)

Analogously, we have

I2 =
(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 2

3

1
3

(
η − 1

2

)α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂

=
(

1
6

)α̂

χ

([
2gp + hp

3

])

−
(
−1

6

)α̂

χ

([
gp + 2hp

3

])

− pα̂Γ(1 + α̂)
(hp − gp)α̂

(
[ 2gp+hp

3
]
1
p
)I(α̂)(

[ gp+2hp

3
]
1
p

χ(u)
uα̂(1−p)

(6)
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and

I3 =
(hp − gp)α̂

pα̂Γ(1 + α̂)

×
∫ 1

2
3

(
η − 7

8

)α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)
(dη)α̂

=
(

1
8

)α̂

χ(g) −
(−5

24

)α̂

×χ

([
2gp + hp

3

])

− pα̂Γ(1 + α̂)
(hp − gp)α̂ gI(α̂)(

[ 2gp+hp

3
]
1
p

χ(u)
uα̂(1−p)

. (7)

Combining (4)–(6) gives the desired identity (3).
This completes the proof.

Remark 12. In Lemma 11:

(1) If one takes p = −1, then we get result in
Ref. 41.

(2) If one takes p = −1 and α̂ = 1, then we get a
result in Ref. 43.

(3) If one takes p = 1, then we get a results for
generalized convexity and classical convex func-
tions in the literature, respectively.

Theorem 13. For α̂ ∈ (0, 1]) with s−1 + q−1 = 1,
q ≥ 1 let there is a function χ : Ω◦ ⊂ R → R

α̂

such that χ ∈ Dα̂(Ω◦) (Ω◦ is the interior of Ω)
and χ(α̂) ∈ Cα̂[g, h]. If |χ(α̂)|q is generalized p-convex
function on Ω, then

∣∣∣∣
(

1
8

)α̂ [
χ(g) + 3α̂χ

([
gp + 2hp

3

] 1
p

)

+ 3α̂χ

([
2gp + hp

3

] 1
p

)
+ χ(h)

]

−
(

p

hp − gp

)α̂

Γ(1 + α̂) gI(α̂)
h

χ(u)
uα̂(1−p)

∣∣∣∣
≤
(

hp − gp

p

)α̂ [(( 17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

×[Υ(α̂)
1 (p, q; g, h)

∣∣χ(α̂)(g)
∣∣q

+ Υ(α̂)
2 (p, q; g, h)

∣∣χ(α̂)(h)
∣∣q] 1

q

+
((

1
18

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

× [Υ(α̂)
3 (p, q; g, h)

∣∣χ(α̂)(g)
∣∣q

+ Υ(α̂)
4 (p, q; g, h)

∣∣χ(α̂)(h)
∣∣q] 1

q

+
((

17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

× [Υ(α̂)
5 (p, q; g, h)

∣∣χ(α̂)(g)
∣∣q

+ Υ(α̂)
6 (p, q; g, h)

∣∣χ(α̂)(h)
∣∣q] 1

q

]
,

Υ(α̂)
1 (p, q; g, h)

:=
pα̂(8hp)α̂ + (gp + 7hp)α̂

8α̂(hp − gp)3α̂

× (2 − q(p + 1))α̂Γ(1 + α̂)

×
[(

1
hp(q−1)−2

−
(

8
gp + 7hp

)p(q−1)−2/p)α̂

+
((

8
gp + 7hp

)p(q−1)−2/p

−
(

3
gp + 2hp

)α̂]]

− pα̂

(hp − gp)3α̂(2 + p

+ q(1 − p))α̂Γ(1 + α̂)

×
[(

1
hp(q−1)−q−2

−
(

8
gp + 7hp

)(q−1)− q+2
p
)α̂

+
((

8
gp + 7hp

)(q−1)− q+2
p

−
(

3
gp + 2hp

)(q−1)− q+2
p
)α̂]

− pα̂(hp(gp + 7hp))α̂

8α̂(hp − gp)3α̂(1 − p

+ q(1 − p))α̂Γ(1 + α̂)
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×
[(

1
hq(p−1)+p−2

−
(

8
gp + 7hp

)(q+1)− q+2
p
)α̂

+
(hp(gp + 7hp))α̂

(1 − p + q(1 − p))α̂Γ(1 + α̂)

×
((

8
gp + 7hp

)(q+1)− q+2
p

−
(

3
gp + 2hp

)(q+1)− q+2
p
)α̂]

, (8)

Υ(α̂)
2 (p, q; g, h)

:=
pα̂

(hp − gp)3α̂Γ(1 + α̂)

× (2 + q + p(3 − q))α̂

×
[(

1
hp(q−3)−(q+2)

−
(

3
gp + 2hp

)(q−3)− q+2
p
)α̂

+
((

3
gp + 2hp

)(q−3)− q+2
p
)α̂

−
(

8
gp + 7hp

)(q−3)− q+2
p
)α̂]

− pα̂
(
(8gp)α̂ + (gp + 7hp)α̂

)α̂
8α̂(hp − gp)3α̂Γ

× (1 + α̂)(q + p(2 − q))α̂

×
[(

1
hp(q−2)−q

−
(

3
gp + 2hp

)(2−q)− q
p
)α̂

+
((

3
gp + 2hp

)(2−q)− q
p
)α̂

−
(

8
gp + 7hp

)(2−q)− q
p
)α̂]

+
pα̂(gp(gp + 7hp))

8α̂(hp − gp)3α̂Γ

× (1 + α̂)(q + p(1 − q))α̂

×
[(

1
hp(1−q)+q

−
(

3
gp + 2hp

)(q−1)− q
p
)α̂

+
((

3
gp + 2hp

)(q−1)− q
p
)α̂

−
(

8
gp + 7hp

)(q−1)− q
p
)α̂]

, (9)

Υ(α̂)
3 (p, q; g, h)

:=
pα̂
(
(2hp)α̂ + (gp + hp)α̂

)
2α̂(hp − gp)3α̂

× (q + p(2 − q))α̂Γ(1 + α̂)

×
[((

3
gp + 2hp

)q−2− q
p

−
(

3
2gp + hp

)q−2− q
p
)α̂

−
((

3
2gp + hp

)q−2− q
p

−
(

2
gp + hp

)q−2− q
p
)α̂]

− pα̂

(hp − gp)3α̂(q + p(3 − q))α̂

×Γ(1 + α̂)

×
[((

3
gp + 2hp

)q−3− q
p

−
(

3
2gp + hp

)q−3− q
p
)α̂

−
((

3
2gp + hp

)q−3− q
p

−
(

2
gp + hp

)q−3− q
p
)α̂]

− pα̂(hp(gp + hp))α̂

2α̂(hp − gp)3α̂(q + p(1 − q))α̂

×Γ(1 + α̂)

×
[((

3
gp + 2hp

)q−1− q
p

−
(

3
2gp + hp

)q−1− q
p
)α̂

−
((

3
2gp + hp

)q−1− q
p
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−
(

2
gp + hp

)q−1− q
p
)α̂]

, (10)

Υ(α̂)
4 (p, q; g, h)

:=
pα̂

(hp − gp)3α̂(q + p(3 − q))α̂

×Γ(1 + α̂)

×
[((

3
gp + 2hp

)q−3− q
p

−
(

3
2gp + hp

)q−3− q
p
)α̂

−
((

3
2gp + hp

)q−3− q
p

−
(

2
gp + hp

)q−3− q
p
)α̂]

− pα̂
(
(2gp)α̂ + (gp + hp)α̂

)
2α̂(hp − gp)3α̂(q + p(2 − q))α̂

×Γ(1 + α̂)

×
[((

3
gp + 2hp

)q−2− q
p

−
(

3
2gp + hp

)q−2− q
p
)α̂

−
((

3
2gp + hp

)q−2− q
p

−
(

2
gp + hp

)q−2− q
p
)α̂]

+
pα̂(gp(gp + hp))α̂

2α̂(hp − gp)3α̂(q + p(1 − q))α̂

×Γ(1 + α̂)

×
[((

3
gp + 2hp

)q−1− q
p

−
(

3
2gp + hp

)q−1− q
p
)α̂

−
((

3
2gp + hp

)q−1− q
p

−
(

2
gp + hp

)q−1− q
p
)α̂]

, (11)

Υ(α̂)
5 (p, q; g, h)

:=
pα̂
(
(8hp)α̂ + (7gp + hp)α̂

)
8α̂(hp − gp)3α̂

× (q + p(2 − q))α̂Γ(1 + α̂)

×
[((

3
2gp + hp

)q−2− q
p

−
(

8
7gp + hp

)q−2− q
p
)α̂

−
((

8
7gp + hp

)q−2− q
p

− 1

gq−2− q
p

)α̂]

− pα̂

(hp − gp)3α̂(q + p(3 − q))α̂

×Γ(1 + α̂)

×
[((

3
2gp + hp

)q−3− q
p

−
(

8
7gp + hp

)q−3− q
p
)α̂

−
((

8
7gp + hp

)q−3− q
p

− 1

gq−3− q
p

)α̂]

− pα̂(hp(gp + hp))α̂

8α̂(hp − gp)3α̂(q + p(1 − q))α̂

×Γ(1 + α̂)

×
[((

3
2gp + hp

)q−1− q
p

−
(

8
7gp + hp

)q−1− q
p
)α̂

−
((

8
7gp + hp

)q−1− q
p

− 1

g
q−1− q

p

)α̂]
(12)

and

Υ(α̂)
6 (p, q; g, h)

:= − pα̂
(
(8gp)α̂ + (7gp + hp)α̂

)
8α̂(hp − gp)3α̂

× (q + p(2 − q))α̂Γ(1 + α̂)
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×
[((

3
2gp + hp

)q−2− q
p

−
(

8
7gp + hp

)q−2− q
p
)α̂

−
((

8
7gp + hp

)q−2− q
p

− 1

g
q−2− q

p

)α̂]

+
pα̂

(hp − gp)3α̂(q + p(3 − q))α̂

×Γ(1 + α̂)

×
[((

3
2gp + hp

)q−3− q
p

−
(

8
7gp + hp

)q−3− q
p
)α̂

−
((

8
7gp + hp

)q−3− q
p

− 1

gq−3− q
p

)α̂]

+
pα̂(gp(gp + hp))α̂

8α̂(hp − gp)3α̂

× (q + p(1 − q))α̂Γ(1 + α̂)

×
[((

3
2gp + hp

)q−1− q
p

−
(

8
7gp + hp

)q−1− q
p
)α̂

−
((

8
7gp + hp

)q−1− q
p

− 1

gq−1− q
p

)α̂]
.

(13)

Proof. Considering Lemma 11, the generalized
power mean inequality and the generalized p-
convexity of |χ(α̂)|q, one obtains

∣∣∣∣
(

1
8

)α̂[
χ(g) + 3α̂χ

([
gp + 2hp

3

] 1
p
)

+ 3α̂χ

([
2gp + hp

3

] 1
p
)

+ χ(h)
]

−
(

p

hp − gp

)α̂

Γ(1 + α̂) gI(α̂)
h

χ(u)
uα̂(1−p)

∣∣∣∣
≤ (hp − gp)α̂

pα̂Γ(1 + α̂)

∫ 1
3

0

×
∣∣η − 1

8

∣∣α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

× ∣∣χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)∣∣

× (dη)α̂ +
(hp − gp)α̂

pα̂Γ(1 + α̂)

∫ 2
3

1
3

×
∣∣η − 1

2

∣∣α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×∣∣χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)∣∣

× (dη)α̂ +
(hp − gp)α̂

pα̂Γ(1 + α̂)

∫ 1

2
3

×
∣∣η − 7

8

∣∣α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

×∣∣χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)∣∣(dη)α̂

≤ (hp − gp)α̂

pα̂

(
1

Γ(1 + α̂)

∫ 1
3

0

×
∣∣∣∣η − 1

8

∣∣∣∣α̂ (dη)α̂
)1− 1

q

×
(

1
Γ(1 + α̂)

∫ 1
3

0

×
∣∣η − 1

8

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

×[ηα̂
∣∣χ(α̂)(g)

∣∣q + (1 − η)α̂
∣∣

× |χ(α̂)(h)
∣∣q](dη)α̂

) 1
q

+
(hp − gp)α̂

pα̂

(
1

Γ(1 + α̂)

∫ 2
3

1
3

×
∣∣∣∣η − 1

2

∣∣∣∣α̂(dη)α̂
)1− 1

q

×
(

1
Γ(1 + α̂)

∫ 2
3

1
3

×
∣∣η − 1

2

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

2140018-9

Fr
ac

ta
ls

 2
02

1.
29

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 C
A

N
K

A
Y

A
 U

N
IV

E
R

SI
T

Y
 o

n 
07

/0
7/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 13, 2021 18:19 0218-348X 2140018

Y.-M. Li et al.

× [ηα̂
∣∣χ(α̂)(g)

∣∣q + (1 − η)α̂
∣∣

× |χ(α̂)(h)
∣∣q](dη)α̂

) 1
q

+
(hp − gp)α̂

pα̂

(
1

Γ(1 + α̂)

∫ 1

2
3

×
∣∣∣∣η − 7

8

∣∣∣∣α̂(dη)α̂
)1− 1

q

×
(

1
Γ(1 + α̂)

∫ 1

2
3

×
∣∣η − 7

8

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

× [ηα̂
∣∣χ(α̂)(g)

∣∣q + (1 − η)α̂
∣∣

× |χ(α̂)(h)
∣∣q](dη)α̂

) 1
q

.

Utilizing Lemma 6 and using the change of the vari-
able, yields

1
Γ(1 + α̂)

∫ 1
3

0

∣∣∣∣η − 1
8

∣∣∣∣α̂(dη)α̂

=
1

Γ(1 + α̂)

∫ 5
24

−1
8

να̂(dν)α̂

=
(

17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

,

× 1
Γ(1 + α̂)

∫ 2
3

1
3

∣∣∣∣η − 1
2

∣∣∣∣α̂(dη)α̂

=
(

1
18

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

,

× 1
Γ(1 + α̂)

∫ 1

2
3

∣∣∣∣η − 7
8

∣∣∣∣α̂(dη)α̂

=
(

17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

. (14)

Now, using Lemma 6 and the change of the variable
technique, it follows that

1
Γ(1 + α̂)

∫ 1
3

0

∣∣η − 1
8

∣∣α̂ηα̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)
(dη)α̂

=
1

Γ(1 + α̂)

∫ 1
8

0

×
(

1
8 − η

)α̂
ηα̂[

ηgp + (1 − η)hp
]qα̂(1− 1

p
)
(dη)α̂

+
1

Γ(1 + α̂)

∫ 1
3

1
8

×
(
η − 1

8

)α̂
ηα̂[

ηgp + (1 − η)hp
]qα̂(1− 1

p
)
(dη)α̂

=
pα̂

8α̂(hp − gp)3α̂

1
Γ(1 + α̂)

×
[ ∫ h

( gp+7hp

8
)1/p

(
(8hp)α̂

να̂(qp−q−1)

− 8α̂

να̂(qp−q−p−1)
− (hp(gp + 7hp))α̂

να̂(qp−q+p−1)

+
(gp + 7hp)α̂

να̂(qp−q−1)

)
(dν)α̂

+
∫ ( gp+7hp

8
)1/p

( gp+2hp

3
)
1
p

(
(8hp)α̂

να̂(qp−q−1)

− 8α̂

να̂(qp−q−p−1)
− (hp(gp + 7hp))α̂

να̂(qp−q+p−1)

+
(gp + 7hp)α̂

να̂(qp−q−1)

)
(dν)α̂

]
. (15)

Now, applying the change of variable 1
νqp−p−2 = τ

and from 1
να̂(qp−p−1) (du)α̂ = (dτ)α̂

(2−q(p+1))α̂ , we get

(8hp)α̂ + (gp + 7hp)α̂

Γ(1 + α̂)

∫ h

( gp+7hp

8
)1/p

(dν)α̂

νqp−p−1

=
(8hp)α̂ + (gp + 7hp)α̂

(2 − q(p + 1))α̂Γ(1 + α̂)

×
∫ 1

hp(q−1)−2

( 8
gp+7hp )

p(q−1)−2
p

(dτ)α̂

=
(8hp)α̂ + (gp + 7hp)α̂

(2 − q(p + 1))α̂Γ(1 + α̂)

×
(

1
hp(q−1)−2

−
(

8
gp + 7hp

) p(q−1)−2
p

)α̂

(16)
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and

(8hp)α̂ + (gp + 7hp)α̂

Γ(1 + α̂)

∫ ( gp+7hp

8
)1/p

( gp+2hp

3
)1/p

× (dν)α̂

νqp−p−1

=
(8hp)α̂ + (gp + 7hp)α̂

(2 − q(p + 1))α̂Γ(1 + α̂)

×
∫ ( 8

gp+7hp )
p(q−1)−2

p

( 3
gp+2hp )

p(q−1)−2
p

(dτ)α̂

=
(8hp)α̂ + (gp + 7hp)α̂

(2 − q(p + 1))α̂Γ(1 + α̂)

×
((

8
gp + 7hp

) p(q−1)−2
p

−
(

3
gp + 2hp

) p(q−1)−2
p

)α̂

. (17)

Again, applying the change of variable
1

νqp−q−p−2 = τ and from 1
να̂(qp−q−p−1) (du)α̂ = (dτ)α̂,

we get

8α̂

Γ(1 + α̂)

∫ h

( gp+7hp

8
)1/p

(dν)α̂

να̂(qp−q−p−1)

=
8α̂

(2 + p + q(1 − p))α̂Γ(1 + α̂)

×
∫ 1

hp(q−1)−q−2

( 8
gp+7hp )

(q−1)− q+2
p

(dτ)α̂

=
8α̂

(2 + p + q(1 − p))α̂Γ(1 + α̂)

×
(

1
hp(q−1)−q−2

−
(

8
gp + 7hp

)(q−1)− q+2
p
)α̂

(18)

and

8α̂

Γ(1 + α̂)

∫ ( gp+7hp

8
)1/p

( gp+2hp

3
)1/p

(dν)α̂

να̂(qp−q−p−1)

=
8α̂

(2 + p + q(1 − p))α̂Γ(1 + α̂)

×
∫ ( 8

gp+7hp )
(q−1)− q+2

p

( 3
gp+2hp )

(q−1)− q+2
p

(dτ)α̂

=
8α̂

(2 + p + q(1 − p))α̂Γ(1 + α̂)

×
((

8
gp + 7hp

)(q−1)− q+2
p

−
(

3
gp + 2hp

)(q−1)− q+2
p
)α̂

.

(19)

Further, applying the change of variable 1
νqp−q+p−2 =

τ and from 1
να̂(qp−q−p−1) (du)α̂ = (dτ)α̂, we get

(hp(gp + 7hp))α̂

Γ(1 + α̂)

∫ h

( gp+7hp

8
)1/p

(dν)α̂

να̂(qp−q+p−1)

=
(hp(gp + 7hp))α̂

(2 − p + q(1 − p))α̂Γ(1 + α̂)

×
∫ 1

hq(p−1)+p−2

( 8
gp+7hp )

(q+1)− q+2
p

(dτ)α̂

=
(hp(gp + 7hp))α̂

(2 − p + q(1 − p))α̂Γ(1 + α̂)

×
(

1
hq(p−1)+p−2

−
(

8
gp + 7hp

)(q+1)− q+2
p
)α̂

(20)

and

(hp(gp + 7hp))α̂

Γ(1 + α̂)

∫ ( gp+7hp

8
)1/p

( gp+2hp

3
)1/p

(dν)α̂

να̂(qp−q−p−1)

=
(hp(gp + 7hp))α̂

(1 − p + q(1 − p))α̂Γ(1 + α̂)

×
∫ ( 8

gp+7hp )
(q+1)− q+2

p

( 3
gp+2hp )

(q+1)− q+2
p

(dτ)α̂

=
(hp(gp + 7hp))α̂

(1 − p + q(1 − p))α̂Γ(1 + α̂)

×
((

8
gp + 7hp

)(q+1)− q+2
p

−
(

3
gp + 2hp

)(q+1)− q+2
p

)α̂

. (21)
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A combination of (16)–(21) yields

1
Γ(1 + α̂)

∫ 1
3

0

∣∣η − 1
8

∣∣α̂ηα̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

× (dη)α̂

:= Υ(α̂)
1 (p, q; g, h).

Adopting the aforementioned procedure, and after
substituting the computed identities (14) in (14),
we get immediate consequence (8). This completes
the proof.

Remark 14. In Theorem 13:

(1) If one takes p = −1, then we get result in
Ref. 41.

(2) If one takes p = −1 and α̂ = 1, then we get a
result in Ref. 43.

(3) If one takes p = 1, then we get results for gener-
alized convexity and classical convex functions
in the literature, respectively.

Theorem 15. For p ∈ R\{0} with s−1 + q−1 = 1,
s > 1 let there is a function χ : Ω◦ ⊂ R → R

α̂

such that χ ∈ Dα̂(Ω◦) (Ω◦ is the interior of Ω)
and χ(α̂) ∈ Cα̂[g, h]. If |χ(α̂)|q is generalized p-convex
function on Ω, then

∣∣∣∣
(

1
8

)α̂[
χ(g) + 3α̂χ

([
gp + 2hp

3

] 1
p
)

+ 3α̂χ

([
2gp + hp

3

] 1
p
)

+ χ(h)
]

−
(

p

hp − gp

)α̂

Γ(1 + α̂) gI(α̂)
h

χ(u)
uα̂(1−p)

∣∣∣∣
≤ (hp − gp)α̂

pα̂

[(
Υ(α̂)

8 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

× [|χ(α̂)(g)|q + |χ(α̂)(h)|q]
+
(
Υ(α̂)

7 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

× [|χ(α̂)(g)|q + |χ(α̂)(h)|q]
+
(
Υ(α̂)

9 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

×[|χ(α̂)(g)|q + |χ(α̂)(h)|q]].
(22)

Proof. Considering Lemma 11, the generalized
power mean inequality and the generalized p-
convexity of |χ(α̂)|q, one obtains

∣∣∣∣
(

1
8

)α̂[
χ(g) + 3α̂χ

([
gp + 2hp

3

] 1
p
)

+ 3α̂χ

([
2gp + hp

3

] 1
p
)

+ χ(h)
]

−
(

p

hp − gp

)α̂

Γ(1 + α̂) gI(α̂)
h

χ(u)
uα̂(1−p)

∣∣∣∣
≤ (hp − gp)α̂

pα̂Γ(1 + α̂)

∫ 1
3

0

×
∣∣η − 1

8

∣∣α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

× ∣∣χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)∣∣

× (dη)α̂ +
(hp − gp)α̂

pα̂Γ(1 + α̂)

∫ 2
3

1
3

×
∣∣η − 1

2

∣∣α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

× ∣∣χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)∣∣

× (dη)α̂ +
(hp − gp)α̂

pα̂Γ(1 + α̂)

∫ 1

2
3
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×
∣∣η − 7

8

∣∣α̂[
ηgp + (1 − η)hp

]α̂(1− 1
p
)

× ∣∣χ(α̂)
([

ηgp + (1 − η)hp
] 1

p
)∣∣(dη)α̂

≤ (hp − gp)α̂

pα̂

(
1

Γ(1 + α̂)

∫ 1
3

0

×
∣∣η − 1

8

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

× (dη)α̂
) 1

s
(

1
Γ(1 + α̂)

∫ 1
3

0

×
∣∣∣∣η − 1

8

∣∣∣∣α̂[ηα̂
∣∣χ(α̂)(g)

∣∣q
+ (1 − η)α̂

∣∣|χ(α̂)(h)
∣∣q](dη)α̂

) 1
q

+
(hp − gp)α̂

pα̂

(
1

Γ(1 + α̂)

∫ 2
3

1
3

×
∣∣η − 1

2

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

× (dη)α̂
) 1

s
(

1
Γ(1 + α̂)

∫ 2
3

1
3

×
∣∣∣∣η − 1

2

∣∣∣∣α̂[ηα̂
∣∣χ(α̂)(g)

∣∣q
+ (1 − η)α̂

∣∣|χ(α̂)(h)
∣∣q](dη)α̂

) 1
q

+
(hp − gp)α̂

pα̂

(
1

Γ(1 + α̂)

∫ 1

2
3

×
∣∣η − 7

8

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

× (dη)α̂
) 1

s
(

1
Γ(1 + α̂)

∫ 1

2
3

×
∣∣∣∣η − 7

8

∣∣∣∣α̂[ηα̂
∣∣χ(α̂)(g)

∣∣q
+ (1 − η)α̂

∣∣|χ(α̂)(h)
∣∣q](dη)α̂

) 1
q

.

(23)

From Lemma 6 and simple computations, yields

1
Γ(1 + α̂)

∫ 1
8

0
ηα̂

(
1
8
− η

)α̂

(dη)α̂

=
(

1
512

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

−
(

1
512

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

,

× 1
Γ(1 + α̂)

∫ 1
3

1
8

ηα̂

(
η − 1

8

)α̂

(dη)α̂

=
(

485
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

−
(

165
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

,

× 1
Γ(1 + α̂)

∫ 1
2

1
3

ηα̂

(
1
2
− η

)α̂

(dη)α̂

=
(

15
216

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

−
(

19
216

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

,

× 1
Γ(1 + α̂)

∫ 7
8

2
3

ηα̂

(
7
8
− η

)α̂

(dη)α̂

=
(

3885
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

−
(

5165
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

,
1

Γ(1 + α̂)

∫ 1

7
8

ηα̂

×
(

η − 7
8

)α̂

(dη)α̂

=
(

4563
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

−
(

2835
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

,

× 1
Γ(1 + α̂)

∫ 2
3

1
2

ηα̂

(
η − 1

2

)α̂

(dη)α̂

=
(

37
216

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

−
(

21
216

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

.

(24)
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Analogously, we have

1
Γ(1 + α̂)

∫ 1
8

0
(1 − η)α̂

(
1
8
− η

)α̂

(dη)α̂

=
(

4563
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

−
(

2835
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

,

× 1
Γ(1 + α̂)

∫ 1
3

1
8

(1 − η)α̂
(

η − 1
8

)α̂

(dη)α̂

=
(

3885
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

−
(

5165
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

,

× 1
Γ(1 + α̂)

∫ 1
2

1
3

(1 − η)α̂

×
(

1
2
− η

)α̂

(dη)α̂

=
(

37
216

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

−
(

21
216

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

,

× 1
Γ(1 + α̂)

∫ 2
3

1
2

(1 − η)α̂

×
(

η − 1
2

)α̂

(dη)α̂

=
(

15
216

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

−
(

19
216

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

,

× 1
Γ(1 + α̂)

∫ 7
8

2
3

(1 − η)α̂

×
(

7
8
− η

)α̂

(dη)α̂

=
(

485
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

−
(

165
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

,

× 1
Γ(1 + α̂)

∫ 1

7
8

(1 − η)α̂
(

η − 7
8

)α̂

(dη)α̂

=
(

1
512

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

−
(

1
512

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

.

(25)

Again, utilizing Lemma 6 and the change of variable
technique, we have

Υ7(q, p; g, h)

=
1

Γ(1 + α̂)

∫ 1
3

0

×
∣∣η − 1

8

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)
(dη)α̂

=
1

Γ(1 + α̂)

∫ 1
8

0

(
1
8 − η

)α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

× (dη)α̂ +
1

Γ(1 + α̂)

∫ 1
3

1
8

×
(
η − 1

8

)α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)
(dη)α̂

=
1

Γ(1 + α̂)

[(
p

(hp − gp)2(q + p(2 − q))

)α̂

×
(

1

gq−2− q
p

−
(

8
gp + 7hp

)q−2− q
p
)α̂

−
(

p(gp + 7hp)
8(hp − gp)2(q + p(1 − q))

)α̂

×
(

1

gq−1− q
p

−
(

8
gp + 7hp

)q−1− q
p
)α̂

+
(

p(gp + 7hp)
8(hp − gp)2(q + p(1 − q))

)α̂

×
((

8
gp + 7hp

)q−1− q
p

−
(

3
gp + 2hp

)q−1− q
p
)α̂

−
(

p

(hp − gp)2(q + p(2 − q))

)α̂
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×
((

8
gp + 7hp

)q−2− q
p

−
(

3
gp + 2hp

)q−2− q
p
)α̂]

,

(26)
Υ8(q, p; g, h)

=
1

Γ(1 + α̂)

∫ 2
3

1
3

×
∣∣1
2 − η

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)
(dη)α̂

=
1

Γ(1 + α̂)

∫ 1
2

1
3

×
(

1
2 − η

)α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)
(dη)α̂

+
1

Γ(1 + α̂)

∫ 2
3

1
2

×
(
η − 1

2

)α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

=
1

Γ(1 + α̂)

⎡
⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎝

pα̂

(hp − gp)2α̂

× (q + p(2 − p))α̂

⎞
⎟⎟⎟⎟⎠

α̂

×
{((

3
gp + 2hp

)q−2− q
p

−
(

2
gp + hp

)q−2− q
p
)α̂

−
((

2
gp + hp

)q−2− q
p

−
(

3
2gp + hp

)q−2− q
p
)α̂}

−

⎛
⎜⎜⎜⎜⎝

pα̂(gp + hp)α̂

2α̂(hp − gp)2α̂

× (q + p(1 − q))α̂

⎞
⎟⎟⎟⎟⎠

α̂

×
{((

3
gp + 2hp

)q−1− q
p

−
(

2
gp + hp

)q−1− q
p
)α̂

−
((

2
gp + hp

)q−1− q
p

−
(

3
2gp + hp

)q−1− q
p
)α̂}

⎤
⎥⎥⎥⎥⎦

(27)

and

Υ9(q, p; g, h)

=
1

Γ(1 + α̂)

∫ 1

2
3

×
∣∣7
8 − η

∣∣α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)
(dη)α̂

=
1

Γ(1 + α̂)

∫ 7
8

2
3

(
7
8 − η

)α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)

× (dη)α̂ +
1

Γ(1 + α̂)

∫ 1

7
8

×
(
η − 7

8

)α̂[
ηgp + (1 − η)hp

]qα̂(1− 1
p
)
(dη)α̂

=
1

Γ(1 + α̂)

[(
p

(hp − gp)(q + p(2 − q))

)α̂

×
{((

3
2gp + hp

)q−2− q
p

−
(

8
7gp + hp

)q−2− q
p
)α̂

−
((

8
7gp + hp

)q−2− q
p

− 1

g
q−2− q

p

)α̂}

−
(

p(hp + 7gp)
(hp − gp)(q + p(1 − q))

)α̂

×
{((

3
2gp + hp

)q−1− q
p
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−
(

8
7gp + hp

)q−1− q
p
)α̂

−
((

8
7gp + hp

)q−1− q
p

− 1

gq−1− q
p

)α̂}]
.

(28)

Substituting (24)–(28) in (23) gives the desired
inequality (22). This completes the proof.

Remark 16. In Theorem 15:

(1) If one takes p = −1, then we get result in
Ref. 41.

(2) If one takes p = −1 and α̂ = 1, then we get a
result in Ref. 43.

(3) If one takes p = 1, then we get results for gener-
alized convexity and classical convex functions
in the literature, respectively.

4. APPLICATIONS

4.1. Probability Density Functions

Consider a random variable X whose generalized
probability density function is p : [g, h] → [0α̂, 1α̂],
which is generalized convex having cumulative dis-
tribution function Fα̂ is stated as

Pα̂(X ≤ x) = Fα̂(u)

:=
1

Γ(1 + α̂)

∫ u

g
p(ζ)(dζ)α̂.

Moreover, the generalized expectation can be
expressed as

Eα̂ =
1

Γ(1 + α̂)

∫ h

g
ζ α̂p(ζ)(dζ)α̂.

For more information related to probability density
function, see Ref. 50.

Clearly, we see that

Eα̂(u) =
1

Γ(1 + α̂)

∫ x

g
ζ α̂dFα̂ζ

= hα̂ − 1
Γ(1 + α̂)

∫ h

g
Fα̂(ζ)(dζ)α̂.

The following results are associated with Sec. 4 and
obtained as follows.

Proposition 17. In Theorem 13, and p ∈ R\{0},
we have∣∣∣∣

(
1
8

)α̂ [
Pα̂(X ≤ g) + 3α̂Pα̂

×
(
X ≤

[
gp + 2hp

3

] 1
p
)

+ 3α̂Pα̂

(
X ≤

[
2gp + hp

3

] 1
p
)

+ Pα̂(X ≤ h)
)]

− hα̂ − Eα̂(X )
(h − g)α̂

∣∣∣∣
≤
(

hp − gp

p

)α̂

×
[((

17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

× [Υ(α̂)
1 (p, q; g, h)

∣∣p(g)
∣∣q

+ Υ(α̂)
2 (p, q; g, h)

∣∣p(h)
∣∣q] 1

q

+
((

1
18

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

×[Υ(α̂)
3 (p, q; g, h)

∣∣p(g)
∣∣q

+ Υ(α̂)
4 (p, q; g, h)

∣∣p(h)
∣∣q] 1

q

+
((

17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

× [Υ(α̂)
5 (p, q; g, h)

∣∣p(g)
∣∣q

+ Υ(α̂)
6 (p, q; g, h)

∣∣p(h)
∣∣q] 1

q

]
,

where Υ(α̂)
1 (p, q; g, h), Υ(α̂)

2 (p, q; g, h), Υ(α̂)
3 (p, q; g, h),

Υ(α̂)
4 (p, q; g, h), Υ(α̂)

5 (p, q; g, h), and Υ(α̂)
6 (p, q; g, h)

are given in (8)–(13), respectively.

Proposition 18. In Theorem 15, and p ∈ R\{0},
then we have∣∣∣∣

(
1
8

)α̂[
Pα̂(X ≤ g) + 3α̂Pα̂

×
(
X ≤

[
gp + 2hp

3

] 1
p
)
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+ 3α̂Pα̂

(
X ≤

[
2gp + hp

3

] 1
p
)

+ Pα̂(X ≤ h)
)]

− hα̂ − Eα̂(X )
(h − g)α̂

∣∣∣∣
≤ (hp − gp)α̂

pα̂

[(
Υ(α̂)

7 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

× [|p(g)|q + |p(h)|q]
+
(
Υ(α̂)

8 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

× [|p(g)|q + |p(h)|q]
+
(
Υ(α̂)

9 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

× [|p(g)|q + |p(h)|q]],
where Υ(α̂)

7 (p; q, g, h), Υ(α̂)
8 (p; q, g, h) and

Υ(α̂)
9 (p; q, g, h) are given in (26)–(28), respectively.

4.2. Generalized Special Means

Considering the following α̂-type special means.56

For g < h and g, h ∈ R
α̂, we have:

(I) The generalized arithmetic mean:

Aα̂(g, h) :=
(

g + h

2

)α̂

=
gα̂ + hα̂

2α̂
.

(II) The generalized weighted arithmetic mean:

Aα̂(g, h;w1, w2)

:=
wα̂

1 gα̂ + wα̂
2 hα̂

wα̂
1 + wα̂

2

, wα̂
1 , wα̂

2 ∈ R
α.

(III) The generalized logarithmic mean:

Lα̂(g, h)

:=
[

Γ(1 + nα̂)
Γ(1 + (n + 1)α̂)

hα̂+1 − gα̂+1

(h − g)α̂

]
,

n ∈ Z\{−1, 0}; g, h ∈ R with g �= h.

Consider χ(u) = unα̂(u ∈ R : n ∈ Z, |n| ≥ 2)
in Theorems 13 and 15, we obtain the following
inequalities asserted by the Propositions 19 and 20,
respectively.

Proposition 19. Let g, h∈ R with g < h, 0 /∈ [g, h],
and p ∈ R\{0}, and n ∈ N\{1}. Then∣∣∣∣

[
An

α̂

(
g,

(
gp + 2hp

3

) 1
p

,

×
(

2gp + hp

3

) 1
p

, h; 1α̂, 3α̂, 3α̂, 1α̂

)]

− pα̂Γ(1 + α̂)Lα̂(p+(n−1))

∣∣∣∣
≤
(

hp − gp

p

)α̂

×
(

Γ(1 + nα̂)
Γ(1 + (n − 1)α̂)

) 1
q

×
[((

17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

× [Υ(α̂)
1 (p, q; g, h)

∣∣gα̂(n−1)
∣∣q

+ Υ(α̂)
2 (p, q; g, h)

∣∣hα̂(n−1)
∣∣q] 1

q

+
((

1
18

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

× [Υ(α̂)
3 (p, q; g, h)

∣∣gα̂(n−1)
∣∣q

+ Υ(α̂)
4 (p, q; g, h)

∣∣hα̂(n−1)
∣∣q] 1

q

+
((

17
288

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

)1− 1
q

× [Υ(α̂)
5 (p, q; g, h)

∣∣gα̂(n−1)
∣∣q

+ Υ(α̂)
6 (p, q; g, h)

∣∣hα̂(n−1)
∣∣q] 1

q

]
,

where Υ(α̂)
1 (p, q; g, h), Υ(α̂)

2 (p, q; g, h), Υ(α̂)
3 (p, q; g, h),

Υ(α̂)
4 (p, q; g, h), Υ(α̂)

5 (p, q; g, h) and Υ(α̂)
6 (p, q; g, h)

are given in (8)–(13), respectively.
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Proposition 20. Let g, λ2∈ R with g < h, 0 /∈
[g, h], p ∈ R\{0}, and n ∈ N\{1}. Then∣∣∣∣

[
An

α̂

(
g,

(
gp + 2hp

3

) 1
p

,

(
2gp + hp

3

) 1
p

,

h; 1α̂, 3α̂, 3α̂, 1α̂

)]

− pα̂Γ(1 + α̂)Lα̂(p+(n−1))

∣∣∣∣
≤
(

hp − gp

p

)α̂( Γ(1 + nα̂)
Γ(1 + (n − 1)α̂)

) 1
q

×
[(

Υ(α̂)
8 (q, p; g, h)

) 1
s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

×[|gα̂(n−1)|q + |hα̂(n−1)|q]
+
(
Υ(α̂)

7 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

× [|gα̂(n−1)|q + |hα̂(n−1)|q]
+
(
Υ(α̂)

9 (q, p; g, h)
) 1

s

×
([(

528
13,824

)α̂ Γ(1 + α̂)
Γ(1 + 2α̂)

+
(

1008
13,824

)α̂ Γ(1 + 2α̂)
Γ(1 + 3α̂)

]) 1
q

×[|gα̂(n−1)|q + |hα̂(n−1)|q]],
where Υ(α̂)

7 (p; q, g, h), Υ(α̂)
8 (p; q, g, h) and

Υ(α̂)
9 (p; q, g, h) are given in (26)–(28), respectively.

5. CONCLUSIONS

Newton’s type inequalities are obtained for gener-
alized p-convex functions within the local fractional
calculus. They include a large number of particu-
lar cases of generalized convexity of segmental type

and generalized harmonically convex functions. The
techniques used to prove the results in this paper
may generate new results within other classes of
generalized convexity, which are not included in
generalized p-convexity type. These types of results
are useful in all the pure and applied domains of
science and technique when approximation schemes
are involved. Also, the need for error estimation
may often lead to using inequalities of this kind.
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34. S. Rashid, İ. İşcan, D. Baleanu and Y.-M.
Chu, Generation of new fractional inequalities via
n-polynomials s-type convexity with applications,
Adv. Differ. Eqs. 2020 (2020) 264.

35. S. Rashid, F. Jarad, H. Kalsoom and Y.-M. Chu, On
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