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Abstract The ongoing study deals with various forms of solutions for the biological population

model with a novel beta-time derivative operators. This model is very conducive to explain the

enlargement of viruses, parasites and diseases. This configuration of the aforesaid classical scheme

is scouted for its new solutions especially in soliton shape via two of the well known analytical

strategies, namely: the extended Sinh-Gordon equation expansion method (EShGEEM) and the

Expa function method. These soliton solutions suggest that these methods have widened the scope

for generating solitary waves and other solutions of fractional differential equations. Different types

of soliton solutions will be gained such as dark, bright and singular solitons solutions with certain

conditions. Furthermore, the obtained results can also be used in describing the biological popula-

tion model in some better way. The numerical solution for the model is obtained using the finite

difference method. The numerical simulations of some selected results are also given through their

physical explanations. To the best of our knowledge, No previous literature discussed this model

through the application of the EShGEEM and the Expa function method and supported their
dulaziz

an).
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new obtained results by numerical analysis.

� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

In this world, human life affected due to the changes occur on

the earth. World with its medley from smooth to persuasive is
adequate of interactions. Many natural phenomenon are
occurring in this universe [1–4]. To understand these phe-

nomenon soliton theory is very helpful in various fields. Likely,
soliton theory is used in the field of applied physics. Regarding
this issue, many researchers investigated their works by solving
a variety of nonlinear partial differential equations (NLPDEs).

Different analytical schemes are constructed to deal with
these NLPDEs. In [5], two kinds of bright solitons have been
found for the perturbed Gerdjikov-Ivanov (PGI) model by

applying the semi-inverse variational technique. Various soli-
tons of new coupled evolution equation are explained [6].
The unified, the generalized unified and the Hirota methods

are used to find single wave and multi-wave solutions for dif-
ferent models in many branches of science [7–12]. Periodic soli-
ton solutions are discussed by accomplishing the variational

principle algorithm for the Kundu-Mukherjee-Naskar model
in the 2D form [13]. Riccati equation method is used to inves-
tigate some optical soliton solutions in the fiber communica-
tion system [14]. For more, see [15–34].

The objective of this work is to determine the solutions of
the degraded parabolic model appearing in the 3D diffusion
of biological populations:

@

@t
qðx; y; tÞ ¼ @2

@x2
ðq2ðx; y; tÞÞ þ @2

@y2
ðq2ðx; y; tÞÞ þ Fðqðx; y; tÞÞ;

t P 0; x; y 2 R: ð1Þ

Biologists consider that enlargement or desertion perform a
basic aspect in the reorganization of population of some sorts.
The pervasion of this model in a certain domain X is explained

by the following functions in position and time [35]:
qðI; tÞ, the population density,
FðI; tÞ, population accumulation, where I ¼ Iðx; yÞ.
qðI; tÞ represents the individuals number in its arguments

while the total population of K at t is represented by its integral
over any sub-region K. The population flux from position to

other is defined by the diffusion velocity tðI; tÞ. In [35], a cer-
tain transformation is investigated to reduce Eq. (1) to another
one that existed in the porous media theory. Thus, it verified

the theorems of existence and uniqueness for the initial-value
problem in one-dimensional besides the solution for an initial
point source. According to the law of population balance, for
any regular sub-region K of X and time t, the fields q; t and F

are constants:

d

dt

Z
K
qdVþ

Z
@K

qv:ndA ¼
Z
K
FdV; ð2Þ

n here represents unit normal outwards from the boundary @K
to K. Eq. (2) indicates that the sum of the rate of change of
population of K and the rate at which individuals leave K
through its boundary is equivalent to the rate at which individ-

uals are accumulated directly to K.
Gurtin and Maccamy in [35] exhibited that by deciding the

hypothesis

F ¼ FðqÞ; t ¼ �fðqÞrq; ð3Þ
where fðqÞ > 0 for q > 0. So, we get:

qt ¼ PðqÞxx þ PðqÞyy þ FðqÞ; t P 0; x; y 2 R; ð4Þ
where P ¼ PðqÞ is a function in q and some particular cases of

it are investigated by Gurney and Nisbet [36]. They discussed it
in the animals population. The motions are made mostly either
by young animals reaching maturity and evacuating out of
their parental region to settle down nurturing territory of their

own, or by mature animals expelled out by invaders. In the
previous statuses, they will be directed toward nearby unoccu-
pied territory. Herein, movement will appear almost down the

population density gradient, and it will be more active at
higher densities of population. In an endeavor to paradigm
this condition, they needed a walk through a rectangular grid

in which an animal can either remain at its current position or
go out in the direction of lowest population density. The prob-
ability distribution in these two situations is determined by the

magnitude of the gradient of the population density at the

appropriate grid location. When PðqÞ ¼ q2, our model can

be written as

qt ¼ q2xx þ q2yy þ FðqÞ; ð5Þ
where q ¼ qðx; y; tÞ shows the population density function and
FðqÞ indicates the population accumulation due to births and

deaths. Few characteristics of the above Eq. (5) like Hölder
measurements of its solutions are explained in [38]. FðqÞ has
different forms with different meanings given as follow:

The Malthusian law FðqÞ ¼ lq here l is constant.

The Verhulst law FðqÞ ¼ lq� sq2 where l; s are constants.
Let’s consider the new form of the F as the

FðqÞ ¼ rðq2 � qÞ, which gives

qt ¼ q2xx þ q2yy þ rðq2 � qÞ; ð6Þ

where r and q are the constants.
This biological population model is very helpful to explain

the enlargement of viruses, parasites and diseases. On the basis
of this model, the greatest harvest for farmers can be found.

Biological population model can tread the delicate species
and work and control their devolution.

This model have been solved by different analytical meth-

ods such as: dark traveling wave solution has been determined
by applying the anstaz method [37], different exact soliton
solutions has been determined by implementing the exp-

function scheme [39], hyperbolic and trigonometric type soli-

ton solutions has been found with the use of ðG0=GÞ–Expan-
sion technique [40], by using modified exp-function scheme

explicit solitons of this model has been obtained in [41], vari-
ous exact wave solitons of this model obtained by utilizing

http://creativecommons.org/licenses/by-nc-nd/4.0/
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the Adomian’s decomposition technique [42], exact and other
types of soliton solutions of this model in time fractional form
has been obtained by implementing the modified Exp-function

method [43].
Table 2 gives a comparison between the numerical results an

h ¼ 0:09; t ¼ 0:01; k ¼ 0:2;Dt ¼ 0:001; h ¼ 0:2;x ¼ 1 and y ¼ 1 with

b Numerical solution

0.5 0.244612

0.6 0.244611

0.7 0.244609

0.8 0.244608

0.9 0.244606

Table 1 gives a comparison between the numerical results and

h ¼ 0:09; t ¼ 0:01; k ¼ 0:2;Dt ¼ 0:001; h ¼ 0:2 and y ¼ 1.

x Numerical solution

�2.0 0.244332

�1.4 0.244514

�1.0 0.244601

�0.4 0.244678

0.0 0.244695

0.4 0.244682

1.0 0.244609

1.4 0.244526

2.0 0.244349

Table 3 introduces a comparison between the numerical results an

q ¼ 0:1;r ¼ 0:1; h ¼ 0:3; t ¼ 0:01; k ¼ 0:2;Dt ¼ 0:001; h ¼ 0:2 and y ¼
x Numerical solution

�2.0 0.263168

�1.4 0.239776

�1.0 0.220171

�0.4 0.185347

0.0 0.160528

0.4 0.138198

1.0 0.121754

1.4 0.128496

2.0 0.158505

Table 4 introduces a comparison between the numer

b0 ¼ 0:01; b1 ¼ 0:02; a ¼ 0:1;q ¼ 0:1; r ¼ 0:1; h ¼ 0:3;Dt ¼ 0:001; t ¼
b Numerical solution

0.5 0.125814

0.6 0.124275

0.7 0.123286

0.8 0.122614

0.9 0.122129
There are another two methods named as: the extended
Sinh-Gordon equation expansion method (EShGEEM) and
the Expa function method are applied to investigate the differ-

ent types of wave solutions. Explicit solutions for the
d the analytical solution in (25) when q ¼ 0:05; r ¼ 0:005;

different values of b.

Analytical solution Absolute error

0.244612 1.05792 E-8

0.244611 9.33206 E-9

0.244609 8.61447 E-9

0.244608 8.21829 E-9

0.244606 8.03016 E-9

the analytical solution in (25) when b ¼ 1;q ¼ 0:05; r ¼ 0:005;

Analytical solution Absolute error

0.244332 0.00000

0.244514 7.88298 E-9

0.244601 7.97203 E-9

0.244678 8.05207 E-9

0.244695 8.06876 E-9

0.244682 8.05578 E-9

0.244609 7.98119 E-9

0.244526 7.89604 E-9

0.244349 0.00000

d the analytical solution (44) when b0 ¼ 0:01; b1 ¼ 0:02; a ¼ 0:1;

1. Fig. 9 shows the results in Table 3.

Analytical solution Absolute error

0.263168 0.00000

0.239851 7.65690 E-5

0.220261 9.25751 E-5

0.185458 1.18125 E-4

0.160648 1.34438 E-4

0.138318 1.47989 E-4

0.121836 1.57925 E-4

0.128536 1.55148 E-4

0.158505 0.00000

ical results and the analytical solution (44) when

0:01, k ¼ 0:2; h ¼ 0:2;x ¼ 1 and y ¼ 1 with different values of b.

Analytical solution Absolute error

0.125924 2.11285 E-4

0.124372 1.85713 E-4

0.123375 1.71045 E-4

0.122699 1.62929 E-4

0.122212 1.59027 E-4
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Konopelchenko-Dubrovsky (KD) model in higher dimension
have been determined by utilizing EShGEEM [44]. Distinct
kinds of solitons like: dark, singular, bright and other solitons

of conformable space–time fractional Fokas-Lenells equation
have been studied by this method [45].

On the other hand, the Expa function method is a modern

and simple way to obtain the exact rational solitons. This tech-
nique has been used to establish the exact solitons of combined
KdV–mKdV equations [46]. Explicit exact solitons of two non-

linear Schrödinger equations have investigated through two
different techniques [47].

The main goal for this article is to find the optical solitons
of the beta-time fractional biological population model equa-

tion based on the two different methods, the EShGEEM and
the Expa function method. The numerical solution for this
model will be introduced via the finite difference method.

2. b–time Derivative and it’s properties

Definition: Suppose gð1Þ is a function that is defined for all

non-negative 1. Therefore, the beta-time fractional derivative
can be defined as [48]

Dbðgð1ÞÞ ¼ d1gð1Þ
d1b

¼ lim
�!0

gð1þ �ð1þ 1
CðbÞÞ

1�bÞ � gð1Þ
�

; b 2 ð0; 1�:

The main properties of the Beta-time fractional derivative are
stated in the next theorem [48–53]:
Fig. 1 Graph of set 1 for (25) at
Theorem: Assume fð1Þ and gð1Þ are the b-time differentiable
functions 8 1 > 0 and b 2 ð0; 1�. Then
i: Dbðafð1Þ þ bgð1ÞÞ ¼ aDbðfð1ÞÞ þ bDbðgð1ÞÞ; 8a; b 2 R:

ii: Dbðfð1Þgð1ÞÞ ¼ gð1ÞDbðfð1ÞÞ þ fð1ÞDbðgð1ÞÞ:
iii: Dbðfð1Þ

gð1ÞÞ ¼ gð1ÞDbðfðsÞÞ�fð1ÞDbðgð1ÞÞ
ðgð1ÞÞ2 :

iv: Dbðfð1ÞÞ ¼ ð1þ 1
CðbÞÞ

1�b dfð1Þ
d1 :

3. An analytical review for the non-linear beta-time fractional

biological population model

Assuming the non-linear beta-time fractional biological popu-
lation model equation given as follow:

@bq

@tb
¼ @2

@x2
ðq2Þ þ @2

@y2
ðq2Þ þ rðq2 � qÞ: ð7Þ

Suppose the following wave transformations:

qðx; y; tÞÞ ¼ QðgÞ; g ¼ hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b

; ð8Þ

where h and k are parameters. Plugging Eq. (8) into Eq. (7), we
get

kQ0 þ rQ2 � rq ¼ 0: ð9Þ
q ¼ 0:05;r ¼ 0:005; h ¼ 0:09.
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4. Description of strategies

4.1. Explanation of the EShGEEM

The EShGEEM depends on the following steps:

Step 1: Consider the non-linear PDE:

Yðq; q2qc; qh; qhh; qcc; qch; . . .Þ ¼ 0; ð10Þ
where q ¼ qðc; hÞ. The next relation

qðc; hÞ ¼ QðgÞ; g ¼ c� mh; ð11Þ
transform Eq. (10) to no-linear ODE given as:

FðQ;Q0;Q0;Q00;Q2Q0; . . .Þ ¼ 0; ð12Þ
where F is a polynomial in its arguments.

Set 2: The solution of Eq. (12) has the general form:

QðwÞ ¼
Xm
j¼1

½bj sinhðwÞ þ aj coshðwÞ�j þ a0: ð13Þ

The integer m; m > 0 in (13) can be obtained by the homoge-

neous balance condition on Eq. (12), a0, aj; bj

ðj ¼ 1; 2; 3; . . . ;mÞ are constants, and w is a function deter-

mined by:

dw

dg
¼ sinhðwÞ: ð14Þ
Fig. 2 Graph of set 2 for (29) at
According to the [44], Eq. (14) solves to:

sinhwðgÞ ¼ �cschg or coshwðgÞ ¼ � coth g; ð15Þ
and

sinhwðgÞ ¼ �isechg or coshwðgÞ ¼ � tanh g; i

¼
ffiffiffiffiffiffiffi
�1

p
: ð16Þ

Step 3: Inserting Eqs. (13) and (14) into the Eq. (12)

we gain new expressions in w0kðgÞsinhlwðgÞcoshmwðgÞ
ðk ¼ l ¼ 0; 1;m ¼ 0; 1; 2; . . .Þ. Next, equating the coefficients

of w0kðgÞsinhlwðgÞcoshmwðgÞ to zero, we get different algebraic
equations involving m; a0; aj and bjðj ¼ 1; 2; 3; . . . ;mÞ.

Step 4: By manipulating the above system with the aid of
any computer package, we find the parameters m; a0; aj and bj.

Step 5: Finally, we put back above values obtained in step 4
in Eqs. (15) and (16), we get the solutions of Eq. (12) in the
form

QðgÞ ¼
Xm
j¼1

½�ibjsechðgÞ � aj tanhðgÞ�i þ a0; ð17Þ

and

QðgÞ ¼
Xm
j¼1

½�bjcschðgÞ � aj cothðgÞ�j þ a0: ð18Þ
q ¼ 0:05; r ¼ 0:005; h ¼ 0:09.
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4.2. Summary of Expa function method

Consider, the Eqs. (10)–(12). Let us suppose a solution of Eq.
(12) is of the below type [46,47]:

QðgÞ ¼ a0 þ a1a
g þ . . .þ ama

mg

b0 þ b1ag þ . . .þ bmamg
; a – 0; 1; ð19Þ

here ajð0 6 j 6 mÞ and bjð0 6 j 6 mÞ are found later and m is

obtained by the homogenous balance method in the presence
of Eq. (12). Putting Eq. (19) into non-linear Eq. (12), yields

}ðagÞ ¼ ‘0 þ ‘1a
g þ . . .þ ‘ta

tg ¼ 0: ð20Þ

Setting ‘jð0 6 j 6 tÞ equal to zero, a system of algebraic equa-

tions is obtained and then we get non-trival solutions for the
nonlinear PDE (10).

5. Analytical solutions via the EShGEEM

Using the homogenous balance condition on Eq. (9), we get

m ¼ 1. Thus, Eqs. (17), (18) and (13), respectively become:

QðgÞ ¼ �ib1sechðgÞ � a1 tanhðgÞ þ a0; ð21Þ

QðgÞ ¼ �b1cschðgÞ � a1 cothðgÞ þ a0; ð22Þ

QðgÞ ¼ a0 þ b1 sinhðwÞ þ a1 coshðwÞ: ð23Þ
Fig. 3 Graph of set 3 for (32) at
Plugging Eq. (23) into Eq. (9), we obtain a system of algebraic

equations involved in the parameters a0; a1andb1 which solves
to different solution sets:

Set 1:

a0 ¼ 0; a1 ¼ � ffiffiffi
q

p
; b1 ¼ � ffiffiffi

q
p

; k ¼ 2
ffiffiffi
q

p
r

� �
: ð24Þ

By using Eqs. (24) and (21), we obtain

q1ðx; y; tÞ ¼
ffiffiffi
q

p
isech hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� ��

þ tanh hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð25Þ

By using Eqs. (24) and (22), we procure

q2ðx; y; tÞ ¼
ffiffiffi
q

p
coth hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� ��

þ csch hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð26Þ

Set 2:

a0 ¼ 0; a1 ¼ � ffiffiffi
q

p
; b1 ¼

ffiffiffi
q

p
; k ¼ 2

ffiffiffi
q

p
r

� �
: ð27Þ

By using Eqs. (27) and (21), we have

q1ðx; y; tÞ ¼
ffiffiffi
q

p �isech hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

þ tanh hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð28Þ
q ¼ 0:05;r ¼ 0:005; h ¼ 0:09.
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By using Eqs. (27) and (22), we attain

q2ðx; y; tÞ ¼
ffiffiffi
q

p �csch hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

þ coth hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð29Þ

Set 3:

a0 ¼ 0; a1 ¼ ffiffiffi
q

p
; b1 ¼ � ffiffiffi

q
p

; k ¼ �2
ffiffiffi
q

p
r

� �
: ð30Þ

Eqs. (30) and (21) yield

q1ðx; y; tÞ ¼
ffiffiffi
q

p
isech hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� ��

� tanh hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð31Þ

By using Eqs. (31) and (22), we gather

q2ðx; y; tÞ ¼
ffiffiffi
q

p
csch hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� ��

� coth hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð32Þ

Set 4:

a0 ¼ 0; a1 ¼ ffiffiffi
q

p
; b1 ¼

ffiffiffi
q

p
; k ¼ �2

ffiffiffi
q

p
r

� �
: ð33Þ

By using Eqs. (33) and (21), we attain
Fig. 4 Graph of set 5 for (37) at
q1ðx; y; tÞ ¼ � ffiffiffi
q

p
isech hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� ��

þ tanh hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð34Þ

Eqs. (33) and (22) yield

q2ðx; y; tÞ ¼ � ffiffiffi
q

p
coth hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� ��

þ csch hxþ ihy� k
b
ðtþ 1

CðbÞÞ
b� ��

: ð35Þ

Set 5:

a0 ¼ 0; a1 ¼ � ffiffiffi
q

p
; b1 ¼ 0; k ¼ ffiffiffi

q
p

r
� �

: ð36Þ
By using Eqs. (36) and (21), we gain

q1ðx; y; tÞ ¼
ffiffiffi
q

p
tanh hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� �

: ð37Þ

Eqs. (36) and (22), yield

q2ðx; y; tÞ ¼
ffiffiffi
q

p
coth hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� �

: ð38Þ

Set 6:

a0 ¼ 0; a1 ¼ ffiffiffi
q

p
; b1 ¼ 0; k ¼ � ffiffiffi

q
p

r
� �

: ð39Þ
Now using Eqs. (39) and (21) yield
q ¼ 0:05; r ¼ 0:005; h ¼ 0:09.
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q1ðx; y; tÞ ¼
ffiffiffi
q

p
tanh hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� �

: ð40Þ

By using Eqs. (39) and (22), we secure

q2ðx; y; tÞ ¼
ffiffiffi
q

p
coth hxþ ihy� k

b
ðtþ 1

CðbÞÞ
b� �

: ð41Þ
6. Analytical solutions via the Expa function method

By applying the homogenous balance condition on Eq. (9), we
find that m ¼ 1. Thus, Eq. (19) takes the form:

QðgÞ ¼ a0 þ a1a
g

b0 þ b1ag
: ð42Þ

Placing the above equation in Eq. (9) and solving, we secure

the solution sets given below.
Set 1:

a0 ¼ � ffiffiffi
q

p
b0; a1 ¼ ffiffiffi

q
p

b1; k ¼ 2
ffiffiffi
q

p
r

logðaÞ
� �

: ð43Þ

By using Eqs. (42) and (43), we secure the following solutions,

q1ðx; y; tÞ ¼ � ffiffiffi
q

p b0 � b1a
hxþihy�k

bðtþ 1
CðbÞÞ

b

b0 þ b1a
hxþihy�k

bðtþ 1
CðbÞÞ

b

 !
: ð44Þ
Fig. 5 Graph of set 6 for (41) at
Set 2:

a0 ¼ ffiffiffi
q

p
b0; a1 ¼ � ffiffiffi

q
p

b1; k ¼ � 2
ffiffiffi
q

p
r

logðaÞ
� �

: ð45Þ

Eqs. (44) and (45) imply,

q2ðx; y; tÞ ¼
ffiffiffi
q

p b0 � b1a
hxþihy�k

bðtþ 1
CðbÞÞ

b

b0 þ b1a
hxþihy�k

bðtþ 1
CðbÞÞ

b

 !
: ð46Þ
7. Finite difference scheme

The finite difference scheme gives the approximation of

qx; qxx; qy and qyy as [54]:

qx ’ #iþ1;j;n�#i�1;j;n

2h
;

qxx ’ #i�1;j;nþ#iþ1;j;n�2#i;j;n

h2
;

qy ’ #i;jþ1;n�#i;j�1;n

2k
;

qyy ’ #i;j�1;nþ#i;jþ1;n�2#i;j;n

k2
:

ð47Þ

From the conformal fractional derivative, we have:

If 0 < b 6 1 and the function q is b differentiable when
t > 0, then

@bq

@tb
¼ ðtþ 1

CðbÞÞ
1�b dqðtÞ

dt
: ð48Þ
q ¼ 0:05;r ¼ 0:005; h ¼ 0:09.
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Also, the approximations for qt via the finite difference scheme

is given by [54]

qt ’
#i;j;nþ1 � #i;j;n

Dt
: ð49Þ

From (48) and (49) we get

@bq

@tb
’ ðtþ 1

CðbÞÞ
1�b #i;j;nþ1 � #i;j;n

Dt
: ð50Þ

For an exact solution q at a grid point Gi ¼ Giðxi; yj; tnÞ, we
assume that #i;j;n is the numerical solution at Gi. Substituting

(47) and (50) into (6), we get

ðtn þ 1
CðbÞÞ

1�b #i;j;nþ1�#i;j;n
Dt � 2

#iþ1;j;n�#i�1;j;n

2h

	 
2
�

2#i;j;nð#i�1;j;nþ#iþ1;j;n�2#i;j;n

h2
Þ � 2

#i;jþ1;n�#i;j�1;n

2k

	 
2
�

2#i;j;nð#i;j�1;nþ#i;jþ1;n�2#i;j;n

k2
Þ � rð#2

i;j;n � qÞ ¼ 0:

ð51Þ
Fig. 6 Graph of set 1 for (44) at b0 ¼ 0:01; b
7.1. The numerical outcomes

In this section, we introduce some numerical outcomes for the
nonlinear biological population model (See Tables 1–4).
8. Graphical illustration and applications

In this part, some figures in 2D and 3D are depicted to inves-
tigate some analytical and numerical solutions for Eq. (6).

Figs. 1–7 show the analytical solutions given by Eqs. (25),
(29), (32), (37), (41), (44) and (46), respectively. While the
2D Figs. 8 and 9 show the accuracy of the numerical outcomes
compared to the analytical solutions given by Eqs. (25) and

(44), respectively.
1 ¼ 0:02; a ¼ 0:1; q ¼ 0:1; r ¼ 0:1; h ¼ 0:3.



Fig. 7 Graph of set 1 for (46) at b0 ¼ 0:01; b1 ¼ 0:02; a ¼ 0:1;q ¼ 0:1; r ¼ 0:1; h ¼ 0:3.

Fig. 8 Graph of analytical and numerical solutions given by Table 1.
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Fig. 9 Graph of analytical and numerical solutions given by Table 3.
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9. Conclusion

The current study has dealt with different types of solitary
wave solutions for biological population model with novel
beta-time derivative operators. This new form of the aforesaid
classical model has been constructed for its new soliton solu-

tions via the EShGEEM and the Expa function method. The
solutions showed that these methods have the ability to pro-
ducing a variety of solitary waves and other solutions to frac-

tional differential equations. In particular, the dark, bright and
singular solitons and other solutions have procured. Also, we
have obtained the numerical solution for the beta-time frac-

tional biological population model equation based on the finite
difference method. Thus, the obtained results helpful in
describing the biological population model in some better

way with numerical simulations. Moreover, the validity of
our achieved numerical solutions will give power support to
the obtained exact solutions (the powerful of the obtained
numerical solutions relative to its initial conditions are

extracted from the obtained exact solutions). As a result, a
positive outlook for future studies has been developed for
the given model.
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