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Abstract
In this research work, we investigate the existence of solutions for a class of nonlinear bound-
ary value problems for fractional-order differential inclusion with respect to another function.
Endpoint theorem for ϕ-weak contractive maps is the main tool in determining our results. An
example is presented in aim to illustrate the results.

Keywords : g-Riemann–Liouville Fractional Derivative; g-Caputo Fractional Derivative; Inclu-
sion; Endpoint Theory.

1. INTRODUCTION

Over years, the investigation over fractional oper-
ators has been giving researchers numerous dis-
coveries in many distinct technological fields.1–4

Particularly, some remarkable applications in
mechanics and physics have been done.5,6 However,
many authors have shown that some forms of such
fractional differentiations and integrations may not
be able to identify real-world problems suitably. For
this purpose, a new fractional differential operator
with unlike kernels has been recently developed in
Ref. 7, the so-called Caputo fractional derivative
of a function f with respect to another function
ψ, or ψ-Caputo fractional derivative, in Ref. 8 the
same fractional derivative was established on a set
of absolute continuous functions. Since then sev-
eral studies showed interest in the ψ-differentiation
operators, we mention for example.9–14

The investigation of linear and nonlinear bound-
ary value problems for differential equations and
inclusions forms a substantial area of research
mainly due to the appearance of such problems in
a diversity of disciplines of applied sciences and
engineering. In particular, problems with integral
boundary conditions with a composition of differ-
ent integral forms are an interesting and valuable
class of problems as integral boundary conditions
arise in the study of biomedical issues15 and radia-
tion conditions problems.16

Differential inclusions emerge in the mathemati-
cal modeling of certain problems in stochastic cal-
culus and optimal controls.17 Many authors con-
tributed to developing theoretical aspects related
to fractional differential inclusions like the study of
existence, uniqueness, asymptotic behavior, etc. We
mention for example.18–22 More details on the the-
ory and applications in this field, are found in the
monograph by Ahmad et al.23 and the survey by
Agarwal et al.24

In this paper, we intend to investigate the follow-
ing fractional differential inclusion with respect to
another function g

cDη
0+;g

w(y) ∈ Υ(y,w(y)),

y ∈ J := [0, l], 1 < η ≤ 2,
(1.1)

subject to integral boundary value conditions with
respect to another function g

w(0) − δgw(0) =
a

Γ(θ)

∫ p

0
(g(p) − g(ξ))θ−1g′(ξ)

×κ(ξ, w(ξ))dξ = aIθ0+;gκ(p,w(p)),
(1.2)

w(l) + δgw(l) =
b

Γ(μ)

∫ q

0
(g(q) − g(ξ))μ−1g′(ξ)ω

× (ξ, w(ξ))dξ = bIμ0+;gω(q, w(q)),
(1.3)

where cDη
g is the Caputo fractional-order derivative

with respect to another function g established by
Jarad et al.,8 Υ : J × R → P(R) is a multivalued
map, P(R) is the family of all nonempty subsets
of R, Iz0+;ψ is the ψ-Riemann–Liouville fractional
integral of order 0 < z ≤ 1, z ∈ (θ, μ), on [0, l],
0 < p, q < T , κ and ω continuous functions defined
on [0, l] × R, and δg = 1

g′(y)
d
dy , while a and b are

suitable chosen constants.
This paper proposes a new investigation in

obtaining the existence criteria of solutions for the
above inclusion problem by using endpoint theorem
for ϕ-weak contractive multivalued mappings due to
Moradi.25

The entire paper is designed as follows. In Sec. 2,
Some preliminaries follow this section to allow the
reader to grab an overview of the state-of-the-art.
In Sec. 3, we establish the main result. We provide
an example to illustrate the theory in Sec. 4.
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2. PRELIMINARIES AND
AUXILIARY RESULTS

The space of all continuous functions w from [0, l]
into R denoted by E = C([0, l],R) endowed the
supremum norm

‖w‖ = sup
y∈[0,l]

|w(y)|.

L1([0, l],R) be the Banach space of measurable
functions w : [0, l] → R with the norm

‖w‖1 =
∫ l

0
|w(ξ)|dξ.

AC([0, l],R) stands for the set of absolutely con-
tinuous functions from J into R. We define
ACng ([0, l],R) by

ACng ([0, l],R) =
{
w : [0, l] → R; (δn−1

g w)(y)

∈ AC([0, l],R), δg =
1

g′(y)
d

dy

}
,

which is endowed with the norm given by

‖w‖Cn
g

=
n−1∑
k=0

‖δkgw(y)‖∞,

where g ∈ Cn([0, l],R), with g′(y) > 0 on [0, l], and

δkg = δgδg . . . δg︸ ︷︷ ︸
k times

.

For a normed space (E, ‖.‖), let

Pcp(E) = {Q ∈ P(E) : Q is compact},
Pbd(E) = {Q ∈ P(E) : Q is bounded},

Pcp,bd(E) = {Q ∈ P(E) : Q is closed and bounded}.
For more details on multivalued maps, see Ref. 26.

Now, basic definitions of fractional calculus with
respect to another function are recalled.

Definition 2.1 (Ref. 27). The Riemann–
Liouville fractional integral of order r > 0 of an
integrable function f with respect to g is defined by

Ir0+;gf(y) =
1

Γ(r)

∫ y

0
(g(y) − g(ξ))r−1g′(ξ)f(ξ)dξ,

(2.1)

Definition 2.2 (Ref. 8). Let f ∈ ACng ([0, l],R).
The fractional derivative in Riemann–Liouville

sense of order r > 0 with respect to g is defined as

Dr
0+;gf(y) = In−r0+;g(δ

n
g f)(y) +

n−1∑
k=0

(δkg f)(1)
Γ(k − r + 1)

× (g(y) − g(0))k−r

=
1

Γ(n− r)

∫ y

0
(g(y) − g(ξ))n−r−1g′(ξ)

× δng f(ξ)dξ +
n−1∑
k=0

(δkg f)(0)
Γ(k − r + 1)

× (g(y) − g(0))k−r , (2.2)

provided the integral exists. Γ is the Gamma func-
tion, and n = [r] + 1.

Definition 2.3. (Refs. 8 and 7) For a given f ∈
ACng ([0, l],R). We define the Caputo fractional
derivative of order r > 0 with respect to g by

cDr
0+;gf(y) = In−r0+;g(δ

n
g f)(y)

=
1

Γ(n− 1)

∫ y

0
(g(y) − g(ξ))n−r−1g′(ξ)

× (δng f)(ξ)dξ, n = [r] + 1.

When r = n ∈ N, we have

cDr
0+;gf(y) = (δng f)(y).

Lemma 2.4 (Ref. 8). For a given function f ∈
ACng ([0, l],R), r ∈ R

+, we have

Ir0+;g
cDr

0+;gf(y) = f(y) −
n−1∑
k=0

(δkg f)(0)
k!

× (g(y) − g(0))k , (2.3)

in particular, for 0 < r < 1, we have

Ir0+;g
cDr

0+;gf(y) = f(y) − f(0).

The next lemma is needed to investigate the exis-
tence of solutions to the problem (1.1)–(1.3).

Lemma 2.5 (Ref. 4). Let ϑ, ρ1 and ρ2 be real con-
tinuous functions on [0, l], and 1 ≤ η ≤ 2. We say
that w ∈ AC2

g ([0, l],R) is a solution of the fractional
integral equation

w(y) = L(y) +
∫ l

0
Gg(y, ξ)ϑ(ξ)dξ, (2.4)
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where

L(y) =
a(g(l) − g(y) + 1)
g(l) − g(0) + 2

Iθ0+;gρ1(p)

+
b(g(y) − g(0) + 1)
g(l) − g(0) + 2

Iμ0+;gρ2(q),

g ∈ C2([0, l],R) with g′ > 0, and Gg(y, ξ) is the
Green function with respect to g defined by

Gg(y, ξ) = g′(ξ)

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(g(y) − g(ξ))η−1

Γ(η)
− g(y) − g(0) + 1

(g(l) − g(0) + 2)Γ(η)

× (g(l) − g(ξ))η−1

− g(y) − g(0) + 1
(g(l) − g(0) + 2)Γ(η − 1)

× (g(l) − g(ξ))η−2, 0 ≤ ξ ≤ y,

− g(y) − g(0) + 1
(g(l) − g(0) + 2)Γ(η)

(g(l) − g(ξ))η−1

− g(y) − g(0) + 1
(g(l) − g(0) + 2)Γ(η − 1)

× (g(l) − g(ξ))η−2, y ≤ ξ ≤ l,

(2.5)

if and only if w is a solution of the following frac-
tional BVP:

cDη
0+;gw(y) = ϑ(y), y ∈ J := [0, l], (2.6)

w(0) − δgw(0) = aIθ0+;gρ1(p), (2.7)

w(l) + δgw(l) = bIμ0+;gρ2(q), (2.8)

Proof. Applying the fractional operator Iη0+;g
on both sides of Eq. (2.6) and making use of
Lemma 2.4, we obtain

w(y) = k1 + k2(g(y) − g(0)) + Iη0+;gϑ(y), (2.9)

where k1, k2 are real constants. Taking the δg-
derivative (2.9), we get

(δgw)(y) = k2 + Iη−1
0+;gϑ(y). (2.10)

From (2.7) and (2.8), we get

k1 − k2 = aIη0+;gρ1(p), (2.11)

and

k1 + k2(g(l) − g(0) + 1) + Iη0+;gϑ(l) + Iη−1
0+;gϑ(l)

= bIμ0+;gρ2(q). (2.12)

Equations (2.9) and (2.12) give

k2 =
b

g(l) − g(0) + 2
Iμ0+;gρ2(q)

− a

g(l) − g(0) + 2
Iθ0+;gρ1(p)

− 1
g(l) − g(0) + 2

Iη0+;gϑ(l)

− 1
g(l) − g(0) + 2

Iη−1
0+;gϑ(l), (2.13)

and

k1 =
a(g(l) − g(0) + 1)
g(l) − g(0) + 2

Iθ0+;gρ1(p)

+
b

g(l) − g(0) + 2
Iμ0+;gρ2(q) − 1

g(l) − g(0) + 2

×
[
Iη0+;gϑ(l) + Iη−1

0+;gϑ(l)
]
. (2.14)

From (2.9), (2.13), (2.14) and using the fact that∫ l
0 =

∫ y
0 +

∫ l
y , we obtain

w(y) = L(y) +
∫ l

0
Gg(y, ξ)ϑ(ξ)dξ, (2.15)

where

L(y) =
a(g(l) − g(y) + 1)
g(l) − g(0) + 2

Iθ0+;gρ1(p)

+
b(g(y) − g(0) + 1)
g(l) − g(0) + 2

Iμ0+;gρ2(q), (2.16)

and

Gg(y, ξ)

= g′(ξ)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(g(y) − g(ξ))η−1

Γ(η)

− g(y) − g(0) + 1
(g(l) − g(0) + 2)Γ(η)

× (g(l) − g(ξ))η−1

− g(y) − g(0) + 1
(g(l) − g(0) + 2)Γ(η − 1)

× (g(l) − g(ξ))η−2, 0 ≤ ξ ≤ y,

− g(y) − g(0) + 1
(g(l) − g(0) + 2)Γ(η)

× (g(l) − g(ξ))η−1

− g(y) − g(0) + 1
(g(l) − g(0) + 2)Γ(η − 1)

(g(l) − g(ξ))η−2, y ≤ ξ ≤ l.
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Therefore, we have (2.4). Inversely, it is clear that
if y verifies Eq. (2.4), then (2.6)–(2.8) hold.

Remark 2.6. Green’s function Gg(y, ξ), is con-
tinuous, and thus is bounded. We let G̃g =
sup{∫ l0 |Gg(y, ξ)|, y ∈ [0, l]}.

3. EXISTENCE RESULTS

In this work, we define the class Ψ by Ref. 25

Ψ := {ϕ : R
+
0 → R

+
0 , such that ϕ−1(0) = {0},

ϕ(y) < y for all y ∈ [0,+∞), and ϕ(yn)

→ 0, whenever yn → 0}.
Let (E, d) be a metric space induced from the
normed space (E, ‖.‖). Consider Hd : P(E) ×
P(E) → R

+ ∪ {∞} which defined as

Hd(Q,D) := max

{
sup
q∈Q

ρ(q,D), sup
d∈D

ρ(d,Q)

}
,

where ρ(Q, d) = infq∈Q ρ(q, d) and ρ(q,D) =
infd∈D ρ(q, d). Then (Pcl,bd,Hd) is a metric space.28

Definition 3.1 (Ref. 25). Let (E, d) be a com-
plete metric space. A multivalued operator Γ : E →
Pcl,bd(E) is said to be a ϕ-weak contraction if there
exists a function ϕ ∈ Ψ, such that

Hd(Γζ,Γϑ) ≤ d(ζ, ϑ) − ϕ(d(ζ, ϑ)),

for each ζ, ϑ ∈ E.
An element ϑ ∈ E is said to be a fixed point of

Γ, if ϑ ∈ Γϑ and an endpoint or stationary point if
Γϑ = {ϑ}. The set of all fixed points of Γ denotes
by Fix(Γ), and End(Γ) stands for the set of all end-
points of Γ. We say that Γ has the approximation
endpoint property if

inf
ζ∈E

sup
ϑ∈Γζ

d(ζ, ϑ) = 0. (3.1)

Lemma 3.2 (Ref. 25). Let Γ : E → Pcl,bd be a
multivalued ϕ-weak contractive. If Γ has the approx-
imate endpoint property, then Γ has an unique end-
point. Moreover, End(Γ) = Fix(Γ).

Definition 3.3. A function w ∈ AC2
g ([0, l],R) is

called a solution of the inclusion problem (1.1) if
there exists a function  ∈ L1([0, l],R) with (y) ∈
Υ(y,w(y)), such w satisfies conditions (1.2)–(1.3)
and

cDη
0+;g

w(y) = (y), a.e y ∈ [0, l], 1 < η ≤ 2,

(3.2)

where g ∈ C2([0, l],R) with g′ > 0 on [0, l].

For each w ∈ E), we define the set of selections
of F by

SΥ,w = { ∈ L1([0, l],R), (y) ∈ Υ(y,w(y)),

a.e y ∈ [0, l]},
and the operator K : E → P(E) associated with
the problem (1.1)–(1.3) by

K(u) :
{
f ∈ E : f(y) = Lu(y)

+
∫ l

0
Gg(y, ξ)(ξ)dξ,  ∈ SΥ,u

}
, (3.3)

where Gg(y, ξ) is the Green function given by (2.5),
and

Lu(y) =
a(g(l) − g(y) + 1)

(g(l) − g(0) + 2)Γ(θ)

×
∫ p

0
(g(p) − g(ξ))θ−1g′(ξ)κ(ξ, u(ξ))dξ

+
b(g(y) − g(0) + 1)

(g(l) − g(0) + 2)Γ(μ)

×
∫ q

0
(g(q) − g(ξ))μ−1g′(ξ)ω(ξ, w(ξ))dξ,

(3.4)

Throughout the paper, we set the following nota-
tions:

Θ1 =
a(g(l) + 1)(g(p))θ

(g(l) − g(0) + 2)Γ(θ + 1)
, (3.5)

Θ2 =
b(g(l) + 1)(g(q))μ

(g(l) − g(0) + 2)Γ(μ+ 1)
. (3.6)

Theorem 3.4. Let ϕ ∈ Ψ. Assume that the follow-
ing hypotheses hold:

(H1) Υ : [0, l] × R → Pcp,bd(R) be a measurable
multifunction map.

(H2) For w, w̄ ∈ R, we have

Hd(Υ(y,w(y)),Υ(y, w̄(y)))

≤ 1
lG̃ψ

(|w(y) − w̄(y)|

−ϕ(|w(y) − w̄(y)|)).
(H3) There exists 0 < γ ≤ 1, such that

|κ(y,w) − κ(y, w̄)| ≤ γ|w − w̄|.
(H4) There exists 0 < ε ≤ 1, such that

|ω(y,w) − ω(y, w̄)| ≤ ε|w − w̄|.
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If Υ verifies the approximation (3.1), then the inclu-
sion problem (1.1)–(1.3) has a solution on [0, l], pro-
vided that

− 1 < (Θ1γ + Θ2ε) ≤ 0, (3.7)

where Θ1 and Θ2 are given by (3.5) and (3.6),
respectively.

Proof. We shall show that K : E → P(E) given
in (3.3) has an endpoint. The proof will be given in
two steps as follows:

Step 1. K is a closed subset of P(E).
Let wn ∈ E such that wn → w, and (fn)n≥1 ∈

K(wn) be a sequence such that fn → f̃ . Then there
exists a n ∈ SΥ,wn such that, for each y ∈ [0, l], we
get

fn(y) = Lwn(y) +
∫ l

0
Gg(y, ξ)n(ξ)dξ.

We have to show that there exists  ∈ SΥ,w such
that for each y ∈ [0, l]

f̃(y) = Lw(y) +
∫ l

0
Gg(y, ξ)(ξ)dξ.

Since Υ has compact values, the sequence (n)n≥1

has a sub-sequence, denoted by nm which con-
verges strongly to some  ∈ L1([0, l],R). Indeed,
for every � ∈ Υ(y, u(y)), we have

|nm(y) − (y)| ≤ |nm(y) −�| + |� − (y)|,
it follows that

|nm(y) − (y)| ≤ Hd(Υ(y,wn),Υ(y,w))

≤ 1
lG̃g

(‖wn − w‖ − ϕ(‖wn − w‖)),

we have ‖wn − w‖ → 0, and hence  ∈ SΥ,w. Con-
sequently, for each y ∈ [0, l]

|fnm(y) − f̃(y)|

≤ a(g(l) + 1)
(g(l) − g(0) + 2)Γ(θ)

∫ p

0

× |(g(p) − g(ξ))θ−1g′(ξ)||κ(ξ, wnm(ξ))

−κ(ξ, w(ξ))|dξ +
b(g(l) + 1)

(g(l) − g(0) + 2)Γ(μ)

×
∫ q

0
|(g(q) − g(ξ))μ−1g′(ξ)||ω(ξ, wnm(ξ))

−ω(ξ, w(ξ))|dξ +
∫ l

0
|Gg(y, ξ)|

× |nm(ξ) − (ξ)|dξ

≤ a(g(l) + 1)(g(p))θ

(g(l) − g(0) + 2)Γ(θ + 1)
γ‖wnm − w‖

+
b(g(l) + 1)(g(q))μ

(g(l) − g(0) + 2)Γ(μ+ 1)
ε‖wnm −w‖

+ lG̃g
1
lG̃g

(‖wnm − w‖ − ϕ(‖wnm − w‖))

≤ (Θ1γ + Θ2ε)‖wnm − w‖ + ‖wnm − w‖
−ϕ(‖wnm − w‖).

Since ‖wnm − w‖ → 0 then ϕ(‖wnm − w‖) → 0,
κ, and ω are continuous, so ‖fnm − f̃‖ → 0 when-
ever m → 0. Therefore f̃ ∈ K(w) and K is closed
multifunction.

Step 2. K is a ϕ-weak contractive multifunction,
i.e. for w, w̄ ∈ E, we show

Hd(K(w),K(w̄)) ≤ ‖w − w̄‖ − ϕ(‖w − w̄‖).

Let w, w̄ ∈ E and f1 ∈ K(w). Then, there exists
1(y) ∈ SΥ,w such that, for each y ∈ [0, l]

f1(y) = Lw(y) +
∫ l

0
Gg(y, ξ)1(ξ)dξ.

From (H2), it follows that

Hd(Υ(y,w),Υ(y, w̄)) ≤ 1
lG̃ψ

(|w(y) − w̄(y)|

−ϕ(|w(y) − w̄(y)|)).

Thus, there exists z ∈ Υ(y, w̄(y)) provided that

|1(y) − z| ≤ 1
lG̃g

(|w(y) − w̄(y)| − ϕ

× (|w(y) − w̄(y)|)), y ∈ [0, l].

Define U : [0, l] → P(R) given by

U(y) =

{
z ∈ R : |1(y) − z| ≤ 1

lG̃g
(|w(y) − w̄(y)|

−ϕ(|w(y) − w̄(y)|))
}
.

Since U(y) ∩ Υ(y, w̄) is measurable, then we can
find a measurable selection 2(y) for U(y)∩Υ(y, w̄).
Thus 2(y) ∈ Υ(y, w̄(y)), and for each y ∈ [0, l], we
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have

|1(y) − 2(y)| ≤ 1
lG̃g

(|w(y) − w̄(y)|

−ϕ(|w(y) − w̄(y)|)).
We define f2(y) for each y ∈ [0, l], as follows:

f2(y) = Lw̄(y) +
∫ l

0
Gg(y, ξ)2(ξ)dξ.

Then for y ∈ [0, l]

|f1(y) − f2(y)|

≤ a(g(l) + 1)
(g(l) − g(0) + 2)Γ(θ)

×
∫ p

0
|(g(p) − g(ξ))θ−1g′(ξ)||

×κ(ξ, w(ξ)) − κ(ξ, w̄(ξ))|dξ

+
b(g(l) + 1)

(g(l) − g(0) + 2)Γ(μ)

×
∫ q

0
|(g(q) − g(ξ))μ−1g′(ξ)||

×ω(ξ, w(ξ)) − ω(ξ, w̄(ξ))|dξ

+
∫ l

0
|Gg(y, ξ)||1(ξ) − 2(ξ)|dξ

≤ a(g(l) + 1)(g(p))θ

(g(l) − g(0) + 2)Γ(θ + 1)
γ|w − w̄|

+
b(g(l) + 1)(g(q))μ

(g(l) − g(0) + 2)Γ(μ+ 1)

× ε|w − w̄| + lG̃g

≤ (Θ1γ + Θ2ε)|w(y) − w̄(y)| + lG̃g
1
lG̃g

× (|w(y) − w̄(y)| − ϕ(|w(y) − w̄(y)|)).
≤ ‖w(y) − w̄(y)‖ − ϕ(‖w(y) − w̄(y)‖).

Therefore,

‖f1 − f2‖ ≤ ‖w − w̄‖ − ϕ(‖w − w̄‖).
It follows that Hd(K(w),K(w̄)) ≤ ‖w−w̄‖−ϕ(‖w−
w̄‖), for all w, w̄ ∈ E. By hypothesis, since the oper-
ator Υ has an approximate endpoint property then
by Lemma 3.2 K has an endpoint w∗ ∈ E, i.e.
Kw∗ = {w∗}, which is also a fixed point, which
is a solution to the inclusion problem (1.1)–(1.3).
The proof is now complete.

Special cases. This work covers two new existence
results follow as special cases. By taking g(y) = y,
θ = μ = 1, in (1.1)–(1.3), we obtain the results
for the classical Caputo fractional inclusions with
classical nonlocal integral boundary conditions of
the form:

w(0) − w′(0) = a

∫ p

0
κ(ξ, w(ξ))dξ,

w(l) + w′(l) = b

∫ q

0
ω(ξ, w(ξ))dξ,

by setting q → l−, p → l−, and a = b =
1, the resulting inclusion problem considered in
Ref. 1, where the existence criteria for the solu-
tion were discussed for convex and nonconvex mul-
tivalued maps by applying the standard fixed-
point theorems for multivalued maps. While the
results for fractional inclusions equipped with gen-
eralized Caputo fractional derivative29 and nonlo-
cal Katugampola fractional integrals30 as boundary
conditions of the form

w(0) − δρw(0) = aρIθ0+κ(p,w(p)),

w(l) + δρw(l) = bρIμ0+ω(q, w(q)),

follow by setting g(y) = yρ/ρ. While the corre-
sponding boundary value problem to (1.1)–(1.3)
with a = b = 1 for fractional differential equations
has been studied recently in Ref. 4

4. EXAMPLE

As an application of the main results, we consider
the following fractional differential inclusion:

cDη
0+;g

w(y) ∈ Υ(y,w(y)), y ∈ [0, e], (4.1)

w(0) − 2w′(0) = −1
2
I

1
4
0+,gκ

(
2
7
, w

(
2
7

))
, (4.2)

w(e) + 2w′(e) = −2
7
I

1
7
0+,gω

(
1
2
, w

(
1
2

))
, (4.3)

where 1 < η ≤ 2, p = 2
7 , q = 1

2 , a = −1
2 , b =

−3
7 , and l = e. Here, Υ : [0, e] × R → P(R) is a

multivalued map given by

Υ(y,w(y)) =
[
0,

|w|
2(1 + |w|)

]
. (4.4)

Set

κ(y,w) = sin(y) tan−1(|w|), (y,w) ∈ [0, e] × R,

ω(y,w) =
e−y|w|

(|w| + 1)(6 + ey)
, (y,w) ∈ [0, e] × R.
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Taking g(y) = 2y, which is differentiable and
increasing function on [0, e] with g′(y) = 2 on [0, e].
From the expression (2.5), the function Gg with
respect to g is given by

Gg(y, ξ)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2η(y − ξ)η−1

Γ(η)
− 2η−1(2y + 1)

(l + 1)Γ(η)
(l − ξ)η−1

− 2η−2(2y + 1)
(l + 1)Γ(η − 1)

(l − ξ)η−2, 0 ≤ ξ ≤ y,

− 2η−1(2y + 1)
(l + 1)Γ(η)

(l − ξ)η−1

− 2η−1(2y + 1)
(l + 1)Γ(η − 1)

(l − ξ)η−2, y ≤ ξ ≤ e.

(4.5)

From 4.5, we get∫ e

0
Gg(y, ξ)dξ

=
∫ y

0
Gg(y, ξ)dξ +

∫ e

y
Gg(y, ξ)dξ

= − 2ηy
Γ(η + 1)

− 2η−1(2y + 1)
(e+ 1)Γ(η + 1)

(e− y)η

+
2η−1eη(2y + 1)
(e+ 1)Γ(η + 1)

− 2η−1(2y + 1)
(e+ 1)Γ(η)

(e− y)q−1

+
2q−1eη−1(2y + 1)

(e+ 1)Γ(η)
+

2η−1(2y + 1)
(e+ 1)Γ(η + 1)

(e− y)η

+
2η−1(2y + 1)
(e+ 1)Γ(η)

(e− y)η−1,

which leads to

G̃g <
2ηeη+1 + 2η−1eη

Γ(η + 1)
+

(2e)η + (2e)(η−1)

Γ(η)
.

Now, choosing ϕ(u) = u
2 . Clearly, the function

ϕ∈Ψ

Hd(Υ(y,w),Υ(y, w̄))

≤ 1
2

∣∣∣∣ w − w̄

(1 + w)(1 + w̄)

∣∣∣∣
≤ 1

2
|w − w̄|

<

(
2ηeη+1 + 2η−1eη

Γ(η + 1)
+

(2e)η + (2e)(η−1)

Γ(η)

)−1

× (‖w − w̄‖ − ϕ(‖w − w̄‖)).

Hence, the condition (H2) holds for w, w̄ ∈ R. We
have, on the other hand,

|κ(y,w) − κ(y, w̄)| ≤ | sin(y)(w − w̄)|
≤ sin(e)|w − w̄|
≤ γ|w − w̄|,

and

|ω(y,w) − ω(y, w̄)| =
e−y

(6 + ey)

∣∣∣∣ w

w + 1
− w̄

w̄ + 1

∣∣∣∣
=

e−y

(6 + ey)
|w − w̄|

(w + 1)(1 + w̄)

≤ e−e

(6 + ee)
|w − w̄|

≤ ε|w − w̄|.
Therefore, conditions (H3) and (H4) hold.

Θ1γ + Θ2ε = − (1 + 2e) sin(e)√
2 4
√

7(2 + 2e)Γ(5/4)

− 2ee(1 + 2e)
7(2 + 2e)(6 + ee)Γ(8/7)

≈ −0, 3593 < 0,

thus condition (3.7) hold.
We define an operator K : C([0, e],R) →

P(C([0, e],R))

K(u) = {χ ∈ C([0, e],R) : χ(y) = u(y),

for all y ∈ [0, e],  ∈ SΥ,u},
where

u(y) = Lu(y) +
∫ l

0
Gg(y, ξ)(ξ)dξ.

Note that 0 is a unique endpoint of K, i.e. K(0) =
{0}, which implies that supu∈K(0) ‖u‖ = 0, hence
infu∈E supχ∈K(u) ‖u − χ‖ = 0. Accordingly, the
multifunction K verifies the approximate endpoint
property. Since all the hypotheses of theorem (3.4)
are fulfilled, then the inclusion problem (4.1)–(4.3)
with Υ given by (4.4) has at least one solution on
[0, e].
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