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Abstract

In this paper, we utilize local fractional reduced differential transform (LFRDTM) and local
fractional Laplace variational iteration methods (LFLVIM) to obtain approximate solutions for
coupled KdV equations. The obtained results by both presented methods (the LFRDTM and
the LFLVIM) are compared together. The results clearly show that those suggested algorithms
are suitable and effective to handle linear and as well as nonlinear problems in engineering and

sciences.

Keywords: Local Fractional Derivative Operators; Reduced Differential Transform Method;
Coupled Korteweg-De Vries Equation; Laplace Variational Iteration Method.

1. INTRODUCTION

Assorted phenomena in biology, fluid flow, physi-
cal problems and other sciences can be described
very successfully by nonlinear models. We know the
theory of water waves in shallow channels can be
described by the Korteweg-de Vries equation The
aim of this paper is to consider the coupled KdV
equations with LFDOs as follows:

Peler) 2 1 2ot TG
TRk B} 1)
+2¢%m92§#ﬁzo, (2)

subject to initial conditions
@(Lv O) = ¢1(L)7
¢(L7O) = ¢2(L)7

where ¢1(¢) and ¢2(¢) are given functions.

During last two decades, many analyti-
cal methods and as well as numerical meth-
ods have been utilized to obtain analyti-
cal/approximate solution of local fractional PDEs
such as local fractional function decomposition
method 24 local fractional Adomian decompo-
sition method 3 local fractional series expan-
sion method ™ local fractional Laplace trans-
form method @8 local fractional Laplace variational
iteration method 210 local fractional variational
iteration method ™3 Jocal fractional differential
transform method ™15 Jocal fractional Laplace
decomposition method X local fractional homotopy
perturbation method @ local fractional Laplace

homotopy perturbation method™® and other meth-
ods 1923

The LFLVIM and LFRDTM are powerful
approximate methods for various kinds of linear and
nonlinear PDEs on Cantor sets with LFDOs. For
example, the LVIM has been applied to linear PDEs
in physics mathematics. Jassim et al. applied this
method to diffusion and wave equations?¥ Laplace
equation 2% Furthermore, Liu et al28 used LFLVIM
for fractal vehicular traffic flow, and Li et al. applied
it to fractal heat conduction problem 27 Jafari et al.

utilized the RDTM for solving PDEs on Cantor
sets 28020

2. THE METHODS

In this section, we briefly present those methods
and apply to general PDEs include LFDOs.

2.1. The LFRDTM

The basic definitions and theorems of the RDT with
LFDOs are given as follows 2329

Definition 1. If (¢, k) is a LF analytical function
in the domain of interest, then the LF spectrum
function

B 1 6£‘9cp(b, K)
¢AQ_FO+&%[ DR }ﬁm ¥

is RDT of the function ¢(¢, k) via LEDOs.

Definition 2. For LFDOs, the inverse of RDTM of
P¢(e) via is defined by the following formula:

P, r) =Y e(t)(k — ko). (4)
£=0
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In view of Eqgs. ([B) and (@), we have

_ e (k=) [00(e, k)
plisw) = ;% riren | oo |, @
Obviously, from Eq. (@), the LFRDT is derived from

the well-known Taylor’s theorem.
When k¢ = 0, then we can rewrite Egs. ([B]) and

@) as

£ Ly K
De(t) = —— [6 p(L

)
T(1+&9) | 0kE? LO’

= De(1)r
£=0

In the following, we present few useful theorems,
those might be concluded from (@) and ().
If o = ap + GO then
De1) = aWe(t) + 5O¢ 1)
Theorem 4. If p =10 then

13
= Z Wi (1)O¢ ()
=0

Theorem 3.

Theorem 5. If ¢ = ai), then
%) = V()
Theorem 6. If p = m9 then
1 +(&+n)v
Theorem 7. If Y = (1:_1;19) m then
Lm?
Pe(e) = m%(f —m),

where dy(§ —m) is 1 iff = m otherwise 0.

Ifso—

Theorem 8.

8’“9\11 L
‘I)g(ﬁ) = ng()

Now, For expression of the method, consider the
below PDE within LEDO:

Lylp] + Ryle] + Nolp] = w(t, k),
©(1,0) = (1)
(6)

where Ly = % and Ry are linear LFDO, Ny is
nonlinear LEDO and the known function w(t, k) is
called inhomogeneous term.

In view of the above theorems and definitions, we
rewrite all terms of (@) in the following format:

T(1+ (€+1)9)
(1 + £9) e+1(t)
= Qe(1) — Ry[®¢(0) + Ng[®¢(0)],

where ®g(¢) = ¢(1), Pe(r) and Q¢(e) are LFRDT of
 and w, respectively.

2.2. The LFLVIM

As stated by the LEVIM I we can write the fol-
lowing local fractional correction functional for (@):

L [role—n)?
= onl) + T(1+9) /0 T(1+9)
X (Lolen ()] + Ry[on(E)]
+ Ny [@n ()] — w(£))(d€)", (7)
¢—r)?

where UF((17+19) is a fractal Lagrange multiplier.

Pn+1 (H)

We now take LF Laplace transform from ([7), we
get

Lo{en+1(k)}
~ ~ o(r)?

= Lo{en} + Ly {ﬁ}
Zﬁ{Lﬂ[@n ()] + Ro[pn ()]

+ No[@n(§)] = w(é)}- (8)

Taking the LF variation of (), we obtain
519 (Eﬂ{@nJrl (5)})

= 8" (Lo{pa(x)})

+5ﬁ< r?l(ﬁ)m}

X zﬁ{(ng [on(K)] + Ry [@n(r)])

+Nofpu()] - ()} ). )
By using computation of ([@), we get

Y (Lo{pn+1(k)}) = 0" (Lo{pn()})

x (Lo{Lslpn(r)]}) = 0. (10)
Hence, from (I0), we get

~ O'Klﬁ
1+Lﬁ{ﬁ}s‘9:0, (11)
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where
6" (Lo{Lo[on()] })
= 6 (s"Lo{n(r) } — #n(0))
= 5767 (Lo {pn(r)}).

Hence, we get

Therefore, we have

Lo{ens1(x)}
= Lofon(w)} - -5 Lo{Lolien]
+ Rylen] + Nolpn] — w}
= Lofen(s)
S Lol5"en(s) — pa(0))

_ Siﬂ Lo{Ro[on(r)] + Nyl ()]

—w(k)}
1 1~
= —5¢n(0) — = Lo{Ry[n]
s s
+ Nolpn] — wh, (13)
where the initial value reads as
~ 1
Lofpo()} = =50(0). (14

Therefore, the solution of (@) is

oL, k) = nlgrolo Z;l(Zg{cpn(L, K)}). (15)

3. APPLICATIONS

Example 9. Consider the following coupled of
KdV:
Fo(,r) o o e
92 —
OkY * 0u3? T2 oY * ¢8L'9 0
(16)
(e, k) | O 0" 9%
ond T o T T2 =0
(17)

with initial values
QO(L7O) = Eﬁ(_Lﬁ)a
(1,0) = —Ey(—i%).

(I) Using LFRDTM.

Applying the LFRDT on both sides of (If) and
(I7), we have
L1+ (+1)0)
'+ &9)

VP, (1
er1(L) + &73&19()

6%
+2Z(I)l 5 ! )

§ 0
r2> w2 s —
=0
(14 (£ +1)9) W (1)
F(l + 619) \IJ§+1(L) + 9139

3
+23 W) AZ=I0)

which reduces to

D1 (e)
I'(1+£&9)
T(1 4 (€ 4 1)9)

¢ ¢
(39) ®) (®)
% [@5 +22®1¢H+22\yl¢54

=0 =0

(18)
Ueia(e)
T(1 4 £9)
L1+ (£ +1)9)

(39) () (¥)
) | 2y w w4 2) 9w, |
=0 =0
(19)
where
o (1) = Bg(—1"), (20)
Wo(t) = —By(—17). 1)
By iterative calculations on ([I8)—(2I]), we obtain
1
(1) = —— Ey(—"
0 = Ty B =)
1
——— P (4
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®a00) = Frrggy B0 ()
V) =~y B 1)
®30) = Ty )
¥30) =~y B 1)
De () = mEﬂ( ),
Ve(1) = —mm( ).
Hence, ¢(¢, k) and ¢(¢, k) are
(e k) =Y Be(t)r?
£=0
- 1
T & T+ &) Ba(=4)
= Eﬁ(ﬁﬁ - Lﬂ)a (22)
b)) =Y We(0)r™
£=0

= —Ey(r’ — 7). (23)

(IT) Using LFLVIM.

In view of Egs. (I3), (I8) and (I7), we have

1~ 8199011
ng {ens1} = Lz? {on} — 0 Ly { OrY
8319()0” 819 19
1~ 8’9%
ng {1} = L19 {tn} — 0 Ly B
8319¢n aﬁ¢n 819_1#"
+ 9139 +2¢" + 2¢n oY

which leads to
Zﬁ {ﬂﬂn+1(h H)}

3L319
%y, %y,
+ 205"+ 25 }

where the initial values read
~ 1
L {900("’ H)} = S_gEﬁ(_Lﬁ)a

19).

Za {wO(La I{)} =

1
 Eao(—
819 19( L

On the Approzimate Solutions for System of Coupled KdV equations

(25)

(26)

(27)

Using 24)—217), we get the first approximation,

namely

Ly {¢1(1,)}

1~ 830(,00
) L319

1
— — 0(1,0) — =L
%0(6,0) = 5Ly

819 19
+ 2900 oL 9 + 2¢0 L }7
Ly {¢1 (1, %)}

1
= o0 =gl

5? 5?
+ 21 ¢0+2<P0 8250}'

1~ {83%0

Hence, we have

Ly {p1(t, 1)} = S—ﬂEﬁ(—bﬁ)

- ko {Eol-}
= 5 Eo(~1) — 5 Ba(~1")
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The second approximation reads

~ 1 1~ (0%
Lo} = syi0.0) = 5510 { 5

0139
0" 9”1
2 2
+ ®1 61}9 + ¢1 8”9 )

Lo {92(,9)} = —591(,0) -
1~ {8319?ZJ1

o
s_ﬁLﬁ oY

oY

+ 29

2 -
+ 201 9.0

0"y }
Therefore, we obtain

~ 1 1 1
Bt} = (55 + 529 + 2

X Eﬁ(_bﬁ)7

~ n 1
Lo{eny =) WEﬂ(—Lﬂ%
k=0

n

1 9
-2 S(k+1)q9E“9(_L )

Et? {¢n} =

and so on.
In view of Eq. (IH), the solution is

@(1,) = Tim Ly (Lo{en(t1)})

|
= lim Lq9

n—oo

x <Z pr==yaZdtl )> ’
k=0

(i, k) = nh—>H;o E;l(ig{wn(L, Ii)})

g |
= — lim L19

n—oo

S|
X (Z W@(-ﬂ))

and in a closed from by
o(t, 1) = Eg(r” —17), (28)
Y(t. k) = —By(s” = 1"). (29)

From Eqgs. 22), 23), 28) and 29), the approx-
imate solution of (I6]) and (I7) by using LFRDTM

is the same results as that obtained by LFLVIM.

4. CONCLUSIONS

In this work, we have considered the coupled KdV
equations with LF derivatives. Two methods which
are called the LFLVIM and the LFRDTM have
been successfully used to obtain the solutions . The
obtained solutions were in the form of infinite power
series which can be written in a closed form. The
example shows that the results of LFRDTM are
in excellent agreement with the results given by
LFLVIM. In view of the results, we can say that
these two techniques are powerful mathematical
tools for solving system of coupled KdV equations.
Also, we can use them to obtain approximate (or
even analytical) solution of other problems contain-
ing LFDOs.
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