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In this work, we study the dynamical behavior for a real physical application due to the inhomogeneities
of media via analytical and numerical approaches. This phenomenon is described by the 3D Date-Jimbo-
Kashiwara-Miwa (3D-DJKM) equation. For analytical techniques, three different methods are performed to get
hyperbolic, trigonometric and rational functions solutions. After that, the obtained solutions are graphically

depicted through 2D- and 3D-plots and numerically compared via the finite difference algorithm to check the
precision of the proposed methods.

Introduction

It is known that the study of higher-dimensional nonlinear PDEs
(HD-NLPDESs) has been linked to a slew of important issues in fields
like physical science, ecology, and engineering technology [1-7]. The
explicit analytic solutions of HD-NLPDEs must be obtained in order to
rummage into the complex mechanism for these models [8-11]. Many
studies shed light on the exact solutions of HD-NLPDE:s in recent years,
such as the 2D-DJKM equation [12-18]:

u +Auy gy + 2uyuy + 6uyguy —auy,, — 2B, =0, 1)

XXXXY

which explains how nonlinear dispersive waves propagate in inhomo-
geneous media, u = u(x, y,t) represents the maximum extension for the
waves measured from the equilibrium position. The coefficients of the
last two terms of (1) are free parameters.

Wazwaz had developed the 2D-DJKM equation by adding the term
(kuy+ru,+su,),, to become 3D-DJKM equation [19]. The new 3D-DJKM
equation takes the form:
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(2)

Wazwaz showed that (2) is integrable in the Painlevé sense and he gave
the solution using Hirota’s method [19].

In this work, three methods will be used to get abundant solutions
to the 3D-DJKM equation, the first one is the exp(—¢(£)) expansion
method [20-22], the second is the (%)-expansion method [23-25]
and the third one is the sine-Gordon expansion method [26-30].
Furthermore, we use a numerical technique, finite difference algorithm
(FDA), to gain some numerical solutions [31,32]. The brief description
of the article is provided as follows: We give the outlines for the
three used techniques in Section “The methodologies”. We extend the
implementations of the given methods to construct analytical solutions
for the 3D-DJKM equation in Section “Applications”. The numerical so-
lutions for that equation are introduced in Section “The finite difference
algorithm (FDA)”. Some graphical illustrations are presented in Section
“Graphical interpretations”. At the last, some closing results are stated

in Section “Conclusion”.
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The methodologies
The exp(—¢(&)) expansion technique

Let us assume the following traveling wave equation in the form of
PDE:

RA AL Ay Ay Ay A, A Ay Ay, A

oo Ayes Ayys Az ) =0, 3
where A = A(x, y, z, 1).

(i) Combining the free parameters x, y, z and ¢ into one parameter &
by using the following propagational wave transform:

A(x,y,z,1) = TT(§), § =ax+by+dz—ct, 4)

where a,b and d are constants and c¢ is the speed of the wave.
The transformation given by (4) changes (3) into an ordinary
differential equation

R, 0", ", .. =0, (5)

where R is a polynomial in IT and its derivatives.
(i) By applying the exp(—@(¢£)) expansion technique, Eq. (5) has the
following type of solutions:

N

@) =Y, Siexp(-$(&))', (6)
i=0

where S;(0 < i < N) are constants and

¢ (&) = exp(—=P(&)) + go exp($(&)) + 9. )

Group 1: 9> — 49 > 0,9 # 0,

V(97— ) tanh (V2 ¢ 4 ) — 9

$(&) = In( prs

), (8)

~V = ag) coth (V28 ¢ 4 F)) - 9

(&) = In( g ), ©)
where E is an integration constant.
Group 2: 92 —4¢ < 0,9 #0,
Vi = ) (e 4 B) - 9
$(&) = In( 3 s 10
%
Vi = ) co (LD ¢ 4 ) - 9
$(&) = In( 5 ). 11)
%
Group 3: 92 —4¢ > 0,0 =0,9 £ 0,
- n(— %
(&) = —1In( SpOE+ E) = 7 12)
Group 4: 9 -4 =0, #0,9 £ 0,
_ o 28CE+E)+2)
(&) = In( ~ern 13)
Group 5: 92 -4 =0,=0,9 =0,
(&) =In¢ + E). 14

(iii) The value of N > 0 may be calculated through the balance
technique of the highest derivative and the nonlinear term in
Eq. (5). After that, we insert (6) into (5) and we equate all
the coefficients of (exp(—@(¢))), i = 0,1,2,..., N to zero to get
an algebraic set of equations in terms of Sy, ..., Sy.9,%,a,b,c,d
which can be directly solved. If we substitute the obtained values
into Eq. (6), then we obtain the general form of solution for
Eq. (3).
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The (%)—expansion technique
The (%)—expansion approach can be used by applying the following
techniques:
(i) Assume that the general solution of Eq. (5) has the form:
N G, i
ne = ;”I(E)’ as)
where G = G(¢) is given by:
G"(E) +9G' (&) + pG(&) =0, (16)

where ¢;(i =0,1,2,...,N),ay # 0,9 and g are constants.

(i) In (5), N > 0 can be calculated by using the balancing condition
on Eq. (4).

(iii) Eq. (16) has three different categories of solutions:
Group 1: Hyperbolic solution type, when 9 — 4¢ > 0,

hy sinh %\/32 — 4gof + h, cosh %\/192 —dg¢
h, cosh %\/192 — 4go& + h, sinh %«/&2 —dgoe

a7

-9 1
L ¥ 2\/92 -4
2 T2 V! ®

Group 2: Trigonometric solution type, when 92 — 4¢ < 0,

G -9 1\/—2—h, sin 3 /4g0 — 97¢ + hy cos /4 — 92¢
L =2 fap -9 ,
22 hy cos 3 \/Ag — 92£ + hy sin 1 \/4g — 92¢

(18)
Group 3: Rational solution type, when 92 — 4¢ =0,
G’ -9 h,
L4 2 19
G 2 h+hyt (19)

where h; and h, are the integration constants.

(iv) Substituting (15) into (5), in the presence of (16), and equating
all terms of (%/)i ,i=0,1,2,..., N to zero, we reached to a system
of equations in a;,9, ¢, a, b, ¢, d, that can be directly solved.

Sine—-Gordon expansion Technique (SGET)

The well-known sine-Gordon equation is given by
A, — A, = m?sin(A), (20)

where A = A(x,7) and m is a constant. By using the wave transformation
A(x,t) = II(§), &€ =x — ct into (20), we get:
2

7 m .
= sin(IT). 21
a-c ur) 21
By integrating (21) with respect to &, we get:
i 112 m2 -2 A
oy _ 4y 22
(5] (1—c2)5m(2) (22)
where the integration constant is neglected. Let w(¢) = % and x? =
(l'f—jz), so (22) becomes:
w' = K sin(w). (23)
Set k =1 in (23), we get:
w' = sin(w). 24)
Solving (24), we obtain two different relations as:
. . 2pef
sin(w) = sin(w(£)) = ———— = sech(é), (25)
preX 1]
pre 1
cos(w) = cos(w(§)) = ———— = —tanh(¢), (26)
pre? +1 -
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where p # 0 is an integral constant.
We assume the general solution of (5) has the form:

N
I1(¢) = Ay + Z((—tanh(.’:))i‘l(Bisech(f) — A, tanh(¢§)). 27)
i=1
Use (25) and (26), we get:
N
I(w) = Ay + Z“(cos"_1 (w))(B; sin(w) + A; cos(w)). (28)

i=1

The positive integer N and the coefficients of sin(w)cos'(w) can be
calculated by the same steps given the previous two methods.

Applications
Applying the transformation (4) into (2), we get:
6a°bu”" (&) +(a*k— b a+a® (br+ds+2cp)+6a° b (&) (&) +a*bu (&) = 0.
(29)
Integrating it twice, neglecting the new constants, we get:
3a3bu (&) + (&P k — bPa + a®(br + ds + 2 )’ (&) + a*bu® () = 0. (30)

Balancing «‘®(¢) with (u/(&)?) gives N = 1.
Solutions using the exp(—¢(£)) expansion technique

From (6), we have:

u(§) = Ag + Ay (exp(=¢(£)). (3D

Substituting (31) into (30) with (7) and using the last item in our
algorithm, we create the following system:

—@P kA, —a*brIA| —a*dsIA, + D adA, —2a°cpIA, —a* b9 A, —8a*bIp A,
+6a°bIg AT = 0,
—@PkA; — a®brA; — d®dsA; + baA; —2d°cfA; — Ta* b9 A| — 8a*bp A,
+3a’b9? A% + 6a’bgo AT = 0,
—12a*b9A; +6a°bIAT =0,
—6a'bA; +3a’bA] =0,
—kpA, — PbrpA; — dPdspA; + bagpA, —2d°chpA, — a*b9?pA,
—2a"bg? A} +3a’bgp? A2 = 0.

The solution of the previous system is given by:

—a3k — &br + bPa — 2a%ch — a*b9? + 4a*bgp

a’s

A, =2a,d= , a,s#0. (32)

By substituting from (8) to (14) through (32) in (31) respectively, we
get different solutions for (2) in the following shapes:
Group 1: 9> —49 > 0,9 # 0,
u(x,y,z,t) = Ayg+
4ap (33)
—9 — /(9% — o) tanh (Y20 (ax 4 by + dz — et + E))

u(x,y,z,t) = Ag+
dap (34)
—9 — /(% —4g) coth (V) (ax 4 by + dz — et + E))

Group 2: 92 — 4 < 0,9 #0,
u(x,y,z,t) = Ayg+
dag (35)
-9+ mtan(@(ax +by+dz—ct+ E))
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u(x,y,z,t) = Ag+
dag (36)
~9+ g — ) cot(VE (ax 4 by + dz — et + E))

Group 3: 92 —49 > 0,9 =0,9 £ 0,

2a89
u(x,y,z,t) = Ay + YT WIS (37)
) + e&(ux+by+z(_a —a“ br+b> a—2a=cf—a* b9+ +4a’ W—L‘H—E)

a2s
Group 4: 9 -4 =0,9#0,9 £ 0,

ad*(ax + by +dz —ct+ E)
V2,0 = Ag — 38
u(x: 3. 2,1) 0 2+39(ax+by+dz—ct+E) 38)

Group 5: 92 49 =0,9=0,9 =0,

2a
u(x,y, z,t) = Ag +
(ax + by + z(—a3k—azhr+h3a—igicﬂ—a4h.92+4a4bsﬂ) —¢t+E)

(39)

Solutions using the (%)-expansion method

According to (15), we have the solution form of (30) as:
G/
w(é) = ag+a, el (40)

subs/tituting (40) into (30) and equating all terms with the same power
of % to zero, we get:

—a3k@a1—azbrgoal—azdsgoa1+b3ag)al —2a2cﬂg)a1—a4b:92goa1—2a4bg02al
+3a3b@2a% =0,

—a*kda; — a*bra; — a*dsda; + b*ada, — 2a*cpda; — a*b9a; — 8a*bprIa,
+6a’bIgoa; =0,

—12a*b9a, + 6a’bdaj =0,

—6a4ba1 + 3a3ba% =0,

—d’ka, — a*bra; — a*dsa, + b aa, — 2d°cfa; — Ta*b9%a; — 8a*bgoa,

+3a° b&za% +6a° bgoa% =0.

The algebraic solution of the previous system is given by:

—a*k — abr + b3a — 2a%cf — a*b9? + 4a’bgp

ay=2a, d= >

a,s #0.

ass

(41)

By substituting from (17) to (19) with (41) into (40) respectively,
we get different types of solutions for (2) as:
Group 1: Hyperbolic solution type, when 92 — 4¢ > 0,

u(x,y,z,1) = ag + ( —ad+a\/9 —4p

h; sinh %\/:92 —4go(ax + by + dz — ct) + h, cosh % V82 — 4go(ax + by + dz — ct) )

hy cosh 3 1/97 — dgo(ax + by + dz — ct) + hy sinh %\/32 “dgolax +by+dz—ct))
(42)

Group 2: Trigonometric solution type, when 9 — 4¢ < 0,

u(x,y,z,t)=a0+<—a19+a\/4@—192

—hy sin 2 /4go — 82(ax + by + dz — ct) + h, cos 1\/4go — §2(ax + by +dz — ct) )
h, cos %«4@ — 92(ax + by + dz — ¢t) + hy sin %\/450 — $(ax + by +dz —cf)

(43)

Group 3: Rational solution type, when 92 — 4¢ =0,

(44)

-9 hy
V2,0 =ag+2a| — + ,
U, . 2.1) = ag a( 2 h1+h2(ax+by+dz—ct)>
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Fig. 1. Sketch of (33) in 2D and 3D charts.
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Fig. 2. Sketch of (42) in 2D and 3D charts.
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Fig. 3. Sketch of (47) in 2D and 3D charts.
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Fig. 4.

Sketch of a comparison study for (33) when 4r =0.001,g=h=g=1.
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Table 1 Table 2
The numerical solutions for Eq. (33). The numerical solutions for Eq. (42).
x Approx. Sol. Anal. Sol. Abs. error x Approx. Sol. Anal. Sol. Abs. error
-10.0 0.372921 0.372921 0.00000 -10.0 1.90648 1.90648 0.00000
-8.0 0.357225 0.356767 4.58382 x 107* -8.0 1.90686 1.90627 5.96850 x 10~*
-6.0 0.324404 0.323973 4.31517 x 107* —-4.0 1.90270 1.89687 5.83141 x 1073
-4.0 0.262296 0.261892 4.03745 x 10 0.0 1.60044 1.59230 8.13237 x 1073
-2.0 0.158887 0.158527 3.60051 x 1074 2.0 0.86436 0.87268 8.31876 x 1073
0.0 0.018703 0.018378 3.25215 x 10~* 6.0 0.09554 0.08786 7.68164 x 1073
2.0 0.126411 0.126766 3.54310 x 1074 8.0 0.08373 0.07926 4.47177 x 1073
4.0 0.240218 0.240626 4.07543 x 1074 10.0 0.07441 0.07441 0.00000
6.0 0.311571 0.312013 4.42584 x 1074
8.0 0.350211 0.350682 4.70786 x 1074
10.0 0.369981 0.369981 0.00000
Table 3
The numerical solutions for Eq. (47).
x Approx. sol. Anal. Sol. Abs. error
Solution using Sine-Gordon expansion technique (SGET) 100 058812 0.58812 0.00000
-8.0 0.58379 0.58381 2.00080 x 1073
From (28), we have: -6.0 0.56964 0.56969 5.07396 x 107
-4.0 0.52505 0.52512 6.34303 x 1073
U(w) = Ay + B, sinw + A, cos w, (45) -2.0 0.39855 0.39860 5.18311 x 107
0.0 0.12607 0.12618 1.14084 x 10~
By substituting from (45) and (24) into (30) and repeating the steps 2.0 0.22195 0.22187 8.32552 x 107
above gives: 4.0 0.45898 0.45895 2.81465 x IO‘f
6.0 0.56014 0.56012 2.51879 x 10~
_BkA, - dbrA, —azdsA1+b3aA1—2a2cﬁAl—4a4bA1+3a3be=0, 8.0 0.59452 0.59452 3.07044 x 107
10.0 0.60529 0.60529 0.00000

a3kBl + azerl + a2d531 - b3aBl + ZazcﬂBl + a4bBl =0,
6a*bA, +3a’bA? — 3a°bB? =0,

—44*hB, — 6a°hA, B, = 0.
This system has the following solutions

—4a*h — ak — aPbr + BPa — 2d°cp

Ay =-2a,B, =0,d = , a,s#0. (46)
a’s
Hence, we achieve the required solution:
u(x,y,z,t) = Ay — 2atanh(ct — ax — by
z2(—4a*b — @’k — d®br + bPa — 2d%c
_ 20 7

2

as=s

The finite difference algorithm (FDA)

Here, we introduce the following approximations [31,32]:

Or51m+1 ~ OF51m
ut >y ——

At
o OrLsm ~ OF=15Lm
X 2h ’
 9=150m ¥ Orr150m — 2085.1m
Mxx = h2 B
 ORstLim ~ Ors—1Lm
y = 2(1 ’
_ Ors=1im t Orstiim ~ 20551m
Uyy = 2 ’ (48)
U, ~ — (015 — 205 + 05415
xxt tht F—1,51,m+1 7,5,0l,m+1 F+1,5,1,m+1

= (Or—150m = 2050m + Op1,50m))s
N Or51+1,m — OF5i1-1m
z = 2g k4
Or-150m + Ot 50m — 2055.1m
XX = h2 ’

u

u

We mention that « and ¢; 5, are the exact and numerical solutions at
(X7, 5» 2y, 1), Tespectively. Plugging (48) into (1), we get a difference

equations system which is used to get the numerical values of ¢; -

The numerical outcomes

Here, the numerical solutions for Eq. (2) are introduced.Table 1
shows the numerical and analytical solutions for (33) at « = 0.2, # = 0.1,
a=5b=4,c=05a,=05r=01k=04s5=03E =0.001,9 =
0.1,90 = 0.001,0 = —0.1. While Fig. 4 contains the same analysis for
(33) when 4t =0.00l,g=h=g=1.

The same comparison in Table 1 is investigated in Table 2 for the
solution (42) at « = 0.1, = 0.1, a = 2,b = 7,¢ = 03,4y = 0.01,r =
04,k =07,5s=02,8=05,9 =0.01,§ =04,h; =04,h, =0.1. Fig. 5
shows the same analysis for (42) when 4t = 0.00l,g=h=g=1.

Similarly, Table 3 discusses the solution (47) at « = 0.5, = 04,
a=03,b=03,c=01,ay =001r =01,k =001s = 02,6 = 0.1.
Furthermore, Fig. 6 gives the analytical and numerical solutions for
(47) when 4t =0.00l,g=h=g = 1.

Graphical interpretations

In this part, some figures in 2D- and 3D-plots are presented to
illustrate the behavior for some of the obtained solutions. Some of them
are sketched in Figs. 1-3 and the effeteness of the used approaches
being compared to the solutions gained in [19]. In Fig. 1, the solution
(33) is investigated at « = 0.2, = 0.1, a = 5,b = 4,¢ = 05,49, =
0.5,r = 0.1,k = 04,s = 0.3, E = 0.001,9 = 0.1,90 = 0.001,0 = —0.1.
Graph of (42) at « = 0.1, = 0.1, a = 2,b = 7,¢ = 03,05 = 0.01,r =
04,k=0.7,5=02,9=0.59 =0.01,0 =04,h; =04,h, =0.1 is stated
in Fig. 2. Finally, we presented the graph of (47) at « = 0.5, = 04,
a=03,b=03,c=0.1,ay =00l,r =01,k =001,5s =02,0 = 0.1 in
Fig. 3. Moreover, some plots for approximate solutions are introduced
in Figs. 4-6.

Conclusion

We have obtained different types of solutions for the 3D-DJKM
equation. These solutions are derived by three different analytical
approaches. Among the obtained solutions: the singular, periodic, hy-
perbolic, rational wave solutions and other different types. The FDA
is used to deal with the equation numerically and the accuracy of
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u(x,6,6,0.01)
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Fig. 5. Sketch of a comparison study for (42) when 4t =0.00l,g=h=g=1.
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Fig. 6. Sketch of a comparison study for (47) when 4t =0.001,q=h=g=1.

our findings is demonstrated through the use of appropriate tables
and figures that verified the effectiveness of the procedures employed.
In addition to the other known results in the literature, the paper
contributes new analytical and numerical results.
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