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1. Introduction

Fractional calculus signifies the identity of the distinguished materials in the modern research field
due to its integrated applications in diverse regions such as mathematical physics, fluid dynamics,
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mathematical biology, etc. Convex function, exponentially convex function [1-5], related inequalities
like as trapezium inequality, Ostrowski’s inequality and Hermite Hadamard inequality, integrals [6—10]
having succeed in mathematical analysis, approximation theory due to immense applications [11, 12]
have great importance in mathematics theory. Many authors established quadrature rules in numerical
analysis for approximate definite integrals. Recently, P6lya-Szeg and Chebyshev inequalities occupied
immense space in the field analysis. Chebyshev [13] was introduced the well-known inequality called
Chebyshev inequality.

In the literature of convex function, the Jensen inequality has gained much importance which
describes a connection between an integral of the convex function and the value of the convex
function of an interval [14-16]. Pshtiwan and Thabet [17] considered the modified Hermite
Hadamard inequality in the context of fractional calculus using the Riemann-Liouville fractional
integrals. Arran and Pshtiwan [18] discussed the Hermite Hadamard inequality results with fractional
integrals and derivatives using Mittag-Leffler kernel. Pshtiwan and Thabet [19] constructed a
connection between the Riemann-Liouville fractional integrals of a function concerning a monotone
function with nonsingular kernel and Atangana-Baleanu. Pshtiwan and Brevik [20] obtained an
inequality of Hermite Hadamard type for Riemann-Liouville fractional integrals, and proved the
application of obtained inequalities on modified Bessel functions and g-digamma function. In [21],
Set et al. introduced Griiss type inequalities by employing generalized k-fractional integrals.
Recently, Nisar et al. [22] gave some new generalized fractional integral inequalities.

Very recently, the fractional conformable and proportional fractional integral operators were given
in [23,24]. Later on, Huang et al. [25] gave Hermite—-Hadamard type inequalities by using fractional
conformable integrals (FCI). Qi et al. [26] investigated CebySev type inequalities involving FCIL. The
Chebyshev type inequalities and certain Minkowski’s type inequalities are found in [27-29]. Nisar et
al. [30] have investigated some new inequalities for a class of n (n € N) positive, continuous, and
decreasing functions by employing FCI. Rahman et al. [31] introduced Griiss type inequalities for
k-fractional conformable integrals.

Some significant inequalities are given as applications of fractional integrals [32—-38]. Recently,
Rahman et al. [39,40] presented fractional integral inequalities involving tempered fractional integrals.
Qiang et al. [41] discussed a fractional integral containing the Mittag-Leffler function in inequality
theory and contributed Hadamard type inequality, continuity, and boundedness, upper bounds of that
integral. Nisar et al. [42] established weighted fractional Pdlya-Szegoé and Chebyshev type integral
inequalities by operating the generalized weighted fractional integral involving kernel function. The
dynamical approach of fractional calculus [43—49] in the field of inequalities.

Griiss inequality [50] established for two integrable function as follows

T(h, D) < ("‘Kl& (1)

where the 4 and [ are two integrable functions which are synchronous on [a, b] and satisfy:
s<h(z) <K, s<ly))<S, zy €la,b] (1.2)

for some s,k,S, K € R.
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Pdlya and Szeg6 [51] proved the inequalities

b9 )
[ W()dz [ P(z)dz . 1( KS | ﬁ)z. w3
4A\N%s ~ Vks

(f h(z)l(z)dz)2

Dragomir and Diamond [52], proves the inequality by using the Pdlya-szeg6 inequality

_ _ b
IT(h.D)| < 4:; S))z(% h(2)I(2)dz (1.4)
—da S a

where h and [ are two integrable functions which are synchronous on [a, b], and

0<s<hz)<S <00,0<k<l(y)<K<oo, zy €lab] (1.5)

for some s,k,S, K € R.

The aim of this paper is to estimate a new version of Polya-Szego inequality, Chebyshev integral
inequality, and Hermite Hadamard type integral inequality by a fractional integral operator having a
nonsingular function (generalized multi-index Bessel function) as a kernel, and these established
results have great contribution in the field of inequalities. The Hermite Hadamard type integral
inequality provides the upper and lower estimate to find the average integral for the convex function
of any defined interval.

The structure of the paper follows:

In section 2, we present some well-known definitions and mathematical preliminaries. The new
generalized fractional integral with nonsingular function as a kernel is defined in section 3. In section
4, we present Hermite Hadamard type Mercer inequality of new designed fractional integral operator
with nonsingular function (generalized multi-index Bessel function) as a kernel. some inequalities of
(s—m)-preinvex function involving new designed fractional integral operator with nonsingular function
(generalized multi-index Bessel function) as a kernel are presented in section 5. Here section 6 and 7,
we present Polya-Szegd and Chebyshev integral inequalities involving generalized fractional integral
operator with nonsingular function as a kernel, respectively.

2. Preliminaries

Definition 2.1. The inequality holds for the convex function if a mapping g : K — R exist as

g(yr + (1 =8)y2) < dg(y1) + (1 —6)g(y2), (2.1)
where Vy,,y, € K and 6 € [0, 1].

Definition 2.2. The inequality derived by Hermite [53] call as Hermite Hadamard inequality

(2.2)

1 Y2
g(m +yz) < f ot < g(y1)+g(yz)’
2 Y2—=n i 2

where y1,y, € I, with y, # y1, if g : I € R — R is a convex function.
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Definition 2.3. Let y; € K for all j € I,, w; > 0 such that }’;; w; = 1. Then the Jensen inequality
holds

o Do) < Y wign, 2.3)

./6171 jeI)l

exist if g 1 k — R is convex function.
Mercer [54] derived the Mercer inequality by applying the Jensen inequality and properties of convex
function.

Definition 2.4. Let y; € K for all j € I,, w; > 0 such that }’;e; w; = 1, m = minjg,{y;} and
n = max e, {y;}. Then the inequality holds for convex function as

g+ n = @) < gm + g = Y g 4

iel, Jel,
if g : k = R is convex function.

Definition 2.5. [55] The inequality holds for exponentially convex function, if a real valued mapping
g : K — Rexist as

&) g(y2)

T G s

gy + (1 =9d)y) <o
where Vy1,y, € K and 6 € [0,1] and 6 € R.

) (2.5)

Suppose that Q € R" is a set. Let g : Q — R continuous function and let £ : Q X Q — R”" be
continuous function:

Definition 2.6. [56] With respect to bifunction &(.,.) a set Q is called a invex set, if

Y1 + 6§(y2’ yl)’ (26)
where Yy, y, € Q,0 € [0, 1].

Definition 2.7. [57] A invex set Q and a mapping g with respect to &(.,.) is called a preinvex function,
as

gy + 6&(y2,y1) < (1 —6)g(y1) +6g0n2), (2.7)
where ¥ y1, v, + E(v2,y1) € Q,6 € [0, 1].

Definition 2.8. A invex set Q with real valued mapping g and respect to £(.,.) is called a exponentially
preinvex, if the inequality

&) N 680’2)

e e

g1 +66(y2,y1)) < (1 = 96)

where for all yi,y, + £(y2,y1) € Q,0 € [0,1] and 6 € R.

; (2.8)

Definition 2.9. A invex set Q with real valued mapping g and respect to &(.,.) is called a exponentially

s-preinvex, if

s801)
ee)’Z

801+ 060,y < (1= 0500 4 51802, 29)

where for all yy,y, + E(yp,y1) € Q,0 € [0,1], s € (0, 1] and 6 € R.
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Definition 2.10. A invex set Q with real valued mapping g and respect to &(.,.) is called exponentially
(s-m)-preinvex, if

QO+ ma(ys,y) < (1= 0750 4 e 802) 2.10)

39}’2
where for all yi,y, + E(y2,y1) € Q, 6,m € [0, 1] and 0 € R.

Definition 2.11. [58] Generalized multi-index Bessel function is defined by Choi et al as follows

(§ Im>A (/l)(rs (_Z)S
Jopma® = ZH, (TEs+6;,+1) s @10

where £;,6;,A€C, (j=1,---,m), R(1) > 0,R(5,) > -1, 3L, R(&); > max{0 : R(o) - 1},0 > 0.
Definition 2.12. [58] Pohhammer symbol is defined for A € C as follows

(A)s:{fu”)”'(“s_l)’ jil(\)lr 2.12)
T+
=T (1 € C/Zy) (2.13)

where I being the Gamma function.
3. Fractional integral operator with nonsingular function

This section presents a generalized fractional integral operator with a nonsingular function (multi-
index Bessel function) as a kernel.

Definition 3.1. Let £;,6;,4,¢ € C,(j = 1,--- ,m),R(1) > 0,R(6)) > -1, 37 R() > max{0 :

R(o)—1},0>0. Let g € L [y1,y.] and t € [y1,y>]. Then the corresponding left sided and right sided
generalized integral operators having generalized multi-index Bessel function defined as:

(7" )() = f (= 01 (£ - gy, 3.1)

Y1

and .
(@) )(2) = f (1 = DT - g0yt (32)

Remark 3.1. The special cases of generalized fractional integrals with nonsingular kernel are given
below:

1. If set j = m = 1, o = 0 and limits from [0, z] in Eq (3.1), we get a fractional integral defined by
Srivastava and Singh in [59] as

(E 100 = fo (2= 10 (L~ Df)g(Ddt = f(2). (3.3)

2. If set j=m=1,0, =06, —1in Eq (3.1), we have a fractional integral defined by Srivastava and
Tomovski in [60] as

(@9 = (67 ;8. (34)
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3. Ilfset j=m=1,6 =06, -1, =0inEq (3.1), we get a Riemann-Liouville fractional integral
operator defined in [61] as
£1,01 _ (701
(@2 96 = (). (3.5)
4. Ifset j=m=1, 0 =1,06, =06, — 1, in Eq (3.1) and Eq (3.2), we get the fractional integral
operator defined by Prabhakar in [62] as follows

(@19 = €' (6,61 1:08() =° 8(2) (3.6)
()59 = € (6,61 1:08(). 3.7)

Lemma 3.1. From generalized fractional integral operator, we have

((E(.{:j’(sj)m 1 )(Z)

oLy
54
§; 7EDmA ‘
= ‘f}: (Z - t) JJ((s;)m,o'({(Z — t)f/)dt
1

< S - (/l)(rs(_é/)s (Z - t)gjs
= — J d
5 (z—1) SZ:(; 0 t

;(’:lr(.fjs+5j+l) s!

_N (Des(=0)* e
_sZ:(;HT=1F(§jS+5j+1)S!L(Z D0 dt

oy i Wes(=0* =y (3.8)
VLT TEs+6;+ DslEs+6;+ 1 '
Hence, the Eq (3.8) becomes
(@70 D@ = @ =y I @ =y, (3.9)
and similarly we have
(@7 1D@) = 02 = I (02 = 2. (3.10)

4. Hadamard type Mercer inequality with fractional operators

In this section, we derive Hermite Hadamard type Mercer inequality of new designed fractional
integral operator in a generalized multi-index Bessel function using a kernel.

Theorem 4.1. Let g : [m,n] — (0, o) is convex function such that g € y.(m,n), Vx,y € [m,n] and the
operator defined in Eq (5.2) in the form of left sense operator and Eq (3.2) in the form of right sense
operator then we have

X + y)
g(m +n )
et SO .
< g0m) + g(n) — —5r o | B 80) + L 800 (4.1)
() +80)
< glm) + gw - £ 20), 4.2)
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Proof. Consider the mercer inequality

Vi 42')’2) < g(m) + g(n) — gOn) ; g@z),

Letx,ye[m,n],telz—1,z],y1 =(—-tHx+ (1 —z+1t)yand y, = (1 — z+ t)x + (z — t)y then inequality
(4.3) becomes

g(m +n-— Yy, y2 € [m,n]. (4.3)

M) < gm + g

gz =nx+(—z+ ) +g(l —z+Dx+(z=1)y)
5 :

g(m +n—

4.4)
Multiply both sides of Eq (4.4) by (z — t)ang/;m “({(z—1)%) and integrating with respect to ¢ from
[z—1,z], we get

Epdmid X+y
T pmt, o(f)g(m tn- T)

1 "z
<t Olglm) + g(m)] - 5[ f @=L = %)
X [8(z =y + (1~ 2+ D) +g(1 — 2+ Dx + (o - t)yz]]dr

)

=1, Olgom) + 5] - 5 f e (4

g( ) 9j €pm-A & g( )
><(y—x) Jﬁ( )5 € —x)%y—md4

1
=T Ol + g] = 5|7 ()
L )|
we get the desired inequality, as
X+ y)
+ —_
(EDmsd
U 1
Gpmtlo 50 )m 50 )m
< g(m) + g(n) - W[ GO0 o) + B g(x)]. 4.5)

Thus, we get the inequality (4.1). Let ¢ € [z — 1, z]. From the convexity of function g we have

4x+y):ﬂQ—0x+ﬂ—z+0y+ﬂ—z+ﬂx+@—ﬁﬂ
2 2
<g((z —Ox+(1=z+0)y)+g((1 —z+Dx+(z—1)y)
< 5 .

(4.6)

Both sides multiply of Eq (4.6) by (z — t)‘sflg’;" j_({ (z — 1)¥/) and integrating with respect to ¢ from
[z —1,z], we obtain

Em:A X+Yy
o8 52)
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< f (z = "3 Lz = 1)
z—1

X[g((z=Dx+ (1 =z+0)y) +g((1 —z+Dx+ (z—D)y)ldt

_ GEN) (&6 ]
(E Y] m+ + (E JoVj)m .

We get the inequality of negative sign

xX+y Jgj;mﬂ 0.({)] (.67 (.67
~5(52) 2 G| Bl s+ | @7)
By adding g(m) + g(n) of both sides of inequality (4.7), we have
X+
gon+gn) - o2
(€msA é/ ]—1
(6j)’7'+1’o- ( J 0 )m ( J 6})77!
28(m) + g(n) = W[ f(f a+8 80 + (Ejrr,{ v-8 )]

Hence, we get the inequality (4.2). O

Theorem 4.2. Let g : [m,n] — (0, 0) is convex function such that g € x.(m,n) then we have the
following inequalities:

X+ y)
+ _
T
EmsA
Ui -1
(6 )m 7207)m J» j m
POl e -0 e @ s @
m+n—-x)+gm+n-y) (m)+ (n)
< S > g Y < g(m)+ g(n) — % 4.9

Where Vx,y € [m,n].

Proof. We see that from the convexity of g as

Vit _m+tn—-yi+tm+n-y
glm+n— > =g( > )
1
Si[g(m +n—-y)+gm+n-y)l, Vy,y €[m,n]. (4.10)

Letx,y e [m,n],telz-1,zl,m+n—-y;=C—-tm+n—-x)+(1 —-z+t)m+n—-y),m+n—-y, =
(1-z+0m+n-x)+ (z—t)(m+n—y), then inequality (4.10) gives

it
Slg[(z—t)(m+n—x)+(l —z+0(m+n-y)]

+%g[(1 —z+tHm+n—x)+@Z-0Hm+n-y)l, “4.11)
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(fj)rm/l

G Lz - £)%/) then integrate with respect to ¢

multiply of both sides of inequality (4.11) by (z — £)%]
from [z — 1, z], we get

&moA x+y
o @g(m+n-22)

<3 | =0 - 0Pl = D+ =)+ (1 =z = )
z—1 '

+% f (2= OP3G (L(z = L1 = 2+ )(m + 1 = X) + (2 = Hm + n — y)]dt
z—1
1

[ [ e

) 2(y - .X) +n—y y—x
m+n—y (m+n—y)—u ) o (m+n—y)—u _
+ f ( )6/)JE‘§{; e )‘ff)g(u)du]
m+n—x y—Xx joms y—x
1 &0)m €5
_—Z(y g [(E ,Lm{;(mﬂ,_wg(m +n-x)+E Lo L) gm+n— y)],

Thus, we get the inequality (4.8)
X+ y)
+ —_—
g(m n >
( j)m»/1 -
<[J(§j)m,cr(§)] 1[ -6))m

_ (,sj’(sj)m
- Ao men)* gm+n—-x)+ E

/I’U’fé(m+n—x)’g(m +n— y) .
From the convexity of g, we obtain

gz-tm+n-x)+(1—-z+0H(m+n-y))
<@Z-tHgm+n-x)+(1-z+0Hgm+n-y), (4.12)

and

gl—z+m+n—-x)+@Z-t)(m+n-y))
<(-z+gm+n—-x)+(z—-t)gm+n-y). 4.13)

Adding up the above inequalities and applying Jensen-Mercer inequality, we get

gz—-tm+n—-x)+(1—-z+H(m+n-y))
+g((l-—z+m+n—-—x)+Z-t)(m+n-y))
<gm+n—-x)+gm+n-y)

< 2[g(m) + g(n)] — [g(x) + g)]. (4.14)
Multiply both sides of inequality (4.14) by (z — t)‘SfJgj;Zfr(é (z — 1)¥/) and then integrating with respect
to ¢ from [z — 1, z] we obtain the two inequalities (4.9). O
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5. (s — m) preinvex inequalities involving fractional operators

In this section, we derive some inequalities of (s — m) preinvex function involving new designed
fractional integral operator (E(ffo_ g’)’" g)(z) having generalized multi-index Bessel function as its kernel
in the form of theorems.

Theorem 5.1. Suppose a real valued function g : [yi,y1 + £(v2,y1)] — R be exponentially (s-m)
preinvex function, then the following fractional inequality holds:

($ 0 )m (f,/l ')m ( yl) (f 0 ')m g(yl) g(Z)
((E/l i)’(jﬂg)(z) + ((E/Ljo"éé(yl+§(y2,}1))+g)(z) ((Eﬂ ZT’{];) D )[ 61y1 6912 ]
(1 +&0n, yl) & g+ &0 y) gk
* s+ 1 ((Ed,tr,,( 01 +EG2y)* 1)(Z)[ P 01+EG2y1) mn etz |

Yz €yt +&02y)] 01,6, €R.
Proof. Letz € [y1,y1 +&(y2,y1)], and then for 7 € [y;,z) and 6; > —1, we have the subsequent inequality

(2= P3G Lz = ) < @ = y)Ig) 0 Lz = y)). (5.1)

For g is exponentially (s-m)-preinvex function, we obtain

) 8@1) (f—)’1 )Sg(Z) (5.2)

eal)’l Z—Y eelZ ’

g(t)S(Z_y

Taking product (5.1) and (5.2), and integrating with respect to ¢ from y; to z, we get
74 74
f (z = O35 Lz = gyt < f (z = YD) T £z = 1))
i
-1 t— s
x[( z ) g(Yl) ( )’1) g(Z)]dt, (5.3)

Z‘)’l ealyl Z‘)’l eGIZ

apply definition (3.1) in Eq (5.3), we have

@ o) < S @ 1| S 4 mED] (54)
Analogously for ¢ € (z,y1 + (2, y1)] and ; > —1, we have
(t = T (L= ) < (1 + G yn) = DT L + EGaayn) = D). (5.5)
Further, the exponentially (s-m) convexity of g, we get
0= (i a) S s ) 56

y1+&Q2,y1) -2 y1+&Q02,y1) -z
Taking product of (5.5) and (5.6) and integrating with respect to ¢ from z to y; + £(y», y1), we have

V1+E(02.y1) Ema
f (1 = I (¢t~ 2f)gn)di
. :
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V1 +E02,y1) Em
< [ 00 a0 - P + £y - )
Z _

-z sg(y1 +&Q2, y1)) i +EQ2,y1) —1\s8(2)
x|( ) == + m )
i +EQa,y) —z/  eR01+E02w) i +E&QLy1) -z

]m,(sn

eGZZ

apply the definition (3.1) in inequality (5.7), we have

(jotjIm
(B g sr29) 8@

g 1 + Ea,y1) = 2) (CE(fjaﬂj)m 1)(2)[

gy + &2, y1) N 8(2)
s+ 1 4,001+ 1))t

20201 +E0291) meezz]' (58)

Now, add the inequalities (5.4) and (5.8), we get the result

(£:6)m (&bt )Im
((EMT’{ ;yTg )(@) + (CEM{;@] +€Gay )8 )(@)

(Z= Y1), o &6m g0 8(2)
< s+ 1 (GE/I,O',(;)’Tl)(Z)[ e +m ebiz ]

N 1 +&EQ2,y1) —2) g1 + &0, y1) 8(2)

(&)t jm
s+ 1 ( /lso's.(Z(}’1+§(YZ,Y1))+1)(Z)[ e 1+602.y1)) m ez |

O

Corollary 5.1. If g € Lo[y1,y1 + £(y2, y1)], then under the assumption of theorem (5.1), we have
(&s0j)m (&)t jIm
((E/lif(/ oy 8)@) + (CEA,ZT,{] 01+ 8 )(@)

llglle 6 1 1
=t yl)(GE/l,a',{;yl*l)(Z)(% + mﬁ)

_ (é:jv/lj)m 1 L
+ 01410230 = DE s 1)(Z)(692(y1+§(yz,y1)) MR )]

Corollary 5.2. Setting m = 1 and g € Lu[y\,y1 + (2, y1)], then under the assumption of theorem
(5.1), we have

(GED &)t Im
((EMT’{ ;yl*g )(@) + (CEA«T,_:;@] +€Gay )8 )(@)

. . | |
< gl gy DE( 5 +m
s+ 1

Lolyt e edz

_ (fj’/lj)m 1 i
F 01+ €029 = NELL 00 VO Sz * )|

Corollary 5.3. Setting m = s = 1 and g € Lo[y1,y1 + (2, V1)), then under the assumption of theorem
(5.1), we have

(f_/vlsj)m (fj’/lj)m
((E/Lm{ B 8)(@) + ((E/L(T,{ 014238 )(@)

. 5 Lo
< Bl -y D@+ m—)

o0y et etz
+ (1 + £ 1) — DHET Do+
! 22 Y1) = DB oty N g+ etma T gz )|
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Corollary 5.4. Setting £(v2,y1) = y» — y1 and g € Lo[y1,y2], then under the assumption of theorem
(5.1), we have

(§ 0 )m (f M )m
(B 2y 8@ + (B 516 vy 8D
gl (€160 L
< le- @ (G +m )
(f', ')m 1
+ (2 — Z)((E/l,:rl:lij;y D@ )( s | g )]

Theorem 5.2. Suppose a real value function g : [yi,y1 + (2, v1)] — R is differentiable and |g|" is
exponentially (s-m) preinvex, then the following fractional inequality for (3.1) and (3.2) holds:

(f’)ms((s i=Dm (f ')m’(/l i=Dm (656 m
((E/l,f,_{:y;r] g)(z) + ((E/l,ir,{;(y:+§(yz,y1 )),g)(z) - [((E/l ?,[J.y+ 1)(Z)]g(yl)

(Z yl) (@O

st J gl 18'()l
CLE D@+ EGa )| < S| St w2

(O + &2, 01) =2, Eipm lg' 1 + &Gyl 18'(2)]
+ s+ 1 ( a,o,_l;(wa(yz,yl))1)(Z)[ 011 +E(2.y1) +m PLE: ]

VZ € [)’1,)’1 +§(Y2,)’1)], 01’92 eR

Proof. Let z € [y1,y1 + €02, 1)1, t € [y1,2), and applying exponentially (s-m) preinvex of |g|’, we get

/ slg’ ()’1)| 1=y1\slg' @)
Get the inequality (5.9), we have
) slg’ (v])l 1= y1yslg' ()l
1) < . 5.10
g()_(Z yl) eBIY] (Z_yl) eG]Z ( )
Subsequently inequality as:
(2= DIz~ 19) < @~ )T =y, (5.11)
Conducting product of inequality (5.10) and (5.11), we have
(2= 0PI (2~ g () < @ =y Tz - )
z—1\slg’ )l 1= y1yslg’ (W)l
X[(Z_yl) e91y1 m(Z—Y1) 6912 :|’ (5'12)

integrating before mention inequality with respect to ¢ from y, to z, we have
Z
f (2= DT (L = g (Nt

f(z yl) JJ(fJ;m k(g(z yl)fj)[( yl) |g (yl)l m(t—yl) |g (Z)l]

eel)l z— yl eHIZ
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_ G-y EE 1)z )[Ig Ol m|g'(Z)| . (5.13)

s+ 1 ( 0.0yT 011 etz

Now, solving left side of (5.13) by putting z — ¢ = «, then we have
) ) @
(2= 071G Gz = g (Hdt = f "I (L(@))g (@ - a)da
Y1 0

=1
=~ =y Iz = y)P)gO) + fo o™ I (@) )8z~ a)da.

Now, again subsisting z — @ = ¢, we get
) @)
(2= DI (L = g (Nt

f (z = 0 T (L2 = D@Dt = (2 = )P TG Lz = y1))g(n)
= (@) ")) — (@0 DEIgon).

Therefore, the inequality (5.13) have the following form

jJms 0j—1 m 0]
(@900 = (@ DE@]sn)

< (z=y1) B

lg' o)l lg’ ()|
s+1 1 & Lody 1)()[ o '

et edz

(5.14)

Also from (5.9), we get

g) > _( z—t )S lg’ o)l B m(t — Vi )S g’ (@) (5.15)

Z_yl eelyl Z_y] eell :

Adopting the same procedure as we have done for (5.10), we obtain

(@™ 9)(@) = (@) 1D)@]g(n)

—(z V1) €50 I8’ (1)l lg’(2)]
> ——— 11 ((E(f(f()y Dz )[ Hl; me ] (5.16)

From (5.14) and (5.16), we get

@57 ")) - [T DI
g0l 1@

et edz

(Z V1) €6 m
< +1((EM§} L 1)(2)

]. (5.17)

Now, we let z € [y, y1 + n(y2, y1)] and t € (z, y1 + £(v2, y1)], and by exponentially (s-m) preinvex of |g’|,
we get

t—z )S I8’ (1 + £, yn)) N m()’l +&(y2, 1) — f)s lg'(2)]

4 t S
8@ ()’1 + &2, y1) — 2 e 01+602.71) yi+&EQ2,y1) —2

, (5.18)

e@zz
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repeat the same procedure from Eq (5.9) to Eq (5.17), we get

(f )ITI (Il l)m ($ )”l
‘((EA e sétrm- @@ = [ELE 50 D@01+ EG2, 1)

((y1 +&(v2, y1) — & I8’ 1 + Ea, y1)) lg’ (@)
s+ 1 ((E/l Lo +EG2.y1))” 1)(Z)[ e 1 +€G2. 1) m ez ] (5.19)
From inequalities (5.17) and (5.19), we have
Jjim 611m jm jlm j‘sjm
(@@ + @l 90 - [E L)
Eim (Z V1) €160 lg" )l g’ (2)]
- [((Efl L0801 +E(2 }1))’1)(Z)]g(y1 +1 ((E/I oY 1)( )[ et tm ez ]
(1 + &G, 31) — Gy lg"Ori +EG, y))l 1872
M s+ 1 ((Eﬁ O +EG2.y1))” )(Z)[ 1 O1+E02.1) tm PaF: ]

Corollary 5.5. Setting £(y2,y1) = Y2 — Y1, then under the assumption of theorem (5.2), we have

(@) (2) + (@D 0)(2) — [(@E 1)(2)]g(r1)

0.8y ,0.43y; kYT
JoHjIm (Z y ) /5/ m |g (.y )l |g’(z)|
L@ DEIR0)| < S2E@E D[S+ mE 2
(V2= 2) - Eptjom lg’ (yz)l 18’ (2)]
+ s + 1 (GE/IG'ZY 1)( )[ 91()’2) 6912 :|.

V re [yl’Y2]’ 91992 € R

Corollary 5.6. Setting £(y2,y1) = y2 — y1, along with m = s = 1 then under the assumption of theorem
(5.2), we have

(@O gy () 4+ (B0 ) ) — (B 1)(2)] g ()

Aoyt Loy, Ak Lyt
Ebtm (Z=Y1) &5 m g’ (\/1)| g’ (@)
- @S DEIg0)| < SR @ET D[ LR 4
O - Ein | g’ (Yz)l lg' (@)
" 2 ((E/I‘TU DG )[ ef102) etz |

Viely,yl 0,6 eR

Definition 5.1. Let g : [y1,y1 + €2, y1)] = R is a function, and g is exponentially symmetric about
2y1+6Gn.y1) -
o If

g8 g2y + &M, y1) —2)

ot - e02y1+£(y2.y1)-2)

, O€eR. (5.20)

Lemma 5.1. Let g : [y, y1 + (2, y1)] = R be exponentially symmetric, then

0 €R. (5.21)

2y + &E(ya, y1) < (I +m)g(z)
g( 2 ) - 2se€Z
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Proof. For g is exponentially (s-m) preinvex, therefore

g(2Y1 + f(hdl)) < gy1 +6&(y2.1)) gy + (1 =6)é2,y1))

2 2501 +6£(y2.y1)) m 25001 +(1-0)E(2.y1)) (5.22)

Lett = y; + 6&(y2, y1), where t € [y;,y1 + &2, y1)], and then 2y, + E(y2, y1) = y1 + (1 = 0)é(y2, y1), we
have

2y1 + £, y1)y _ 8(2) g2y + E(a, y1) = 2)
g 2 )< 2 T sl (5.23)

applying that g is exponentially symmetric, we obtain

g(2y1 + f(yz,yl)) < (I +m)g(z)

: S (5.24)

O

Theorem 5.3. Suppose a real valued function g : [y, y1 +&(y2, y1)] — R is exponentially (s-m) preinvex
and symmetric about exponentially w, then the following integral inequality for (3.1) and (3.2)
holds:

2S
1+m

2y1 + &2, y1)
2

(/J 'an)m (u '76f)m
f( )[€9y1 ((E/l,tjr,f;(yﬁf(yz,yl))‘ 1)@1) + ((Eﬁ’é":;yT 1)()]1 + 5()’2, yl))]
(/J isTj)m (/1 isTj)m
<) 5 L0y 8@ + (E) &)1 + €02, Y1)

< f()’z,h)(g()’l + &0, 1)) + g()’l))

s+ 1 e0101+6(2,y1)) et

% [((Ea,fr,gj;(yl réraon) D@+ (B 6y vem - D01+ 02,y 1))]' (525)
Proof. For z € [y}, y1 + £(y2,y1)], we have

(2= YD) T £z = y)) < (€ y)) T 5 (L€ y))), (5.26)

the real value function g is exponentially (s-m) preinvex, then for z € [y, y; + £(y2, y1)], we get

2=y )Sg()’1 + &0, 1)) N m((Yl + &2, y1) — Z))Sé’()’l)
EOa,y1) et 1+602.y1) EOva,y1) et

Conducting product of (5.26) and (5.27), and integrating with respect to z from y; to y,, we get

2@ < (5.27)

. 5 €DmA ¢ " 51 EmA ¢
=y Lz = y1))g(z)dz < EG2 YD) gy (G E 2, y1)))
yi Y1
2=y &1 + €02, y1) 01+ &G, y1) — 2y g0n)
% [(f(yz, yl)) AOTE) m( £(ra, 1) ) PO ]dz’ (5.28)
then we have
(@ £)(2)

4,080 +E(2.31))”
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< @Oy ey S B )

@& f(yz,yl)[g(yl + &0, )1)) N g()’l)]

= (B t6r402y- D) s+ 1 20101+ oo | (5.29)

Analogously for z € [y, y; + &(y2, y1)], we have

1+ E0231) = DTz = y)F) < EQa YDV T T (EE y)ID). (5.30)

Conducting product of (5.27) and (5.30), and integrating with respect to z from y; to y,, we have

V2
1+ E0231) = 2P (L2 = y))g(2)dz

Y1
V2 _ s ’
< [ € P )| (7525) g0 om b
(1 + &2, y1) — 2y 80n)
+m( E2,y1) ) et ]dz
= EOn I,y L2 UL D2 I)  SOD)
then
(0 8)(@)

5@2,)’1)[g(y1+§()’2,)’1)) N gO)

(gj’ﬂj)rrz
< ((E/l,a';(y1+§(y2’yl))—1)(yl + é(yZ7 )’1)) s+ 1 691(}’1+§(y2,y|)) m 691}’1 ] (531)

Summing (5.29) and (5.31), we obtain
02, 31) 801 + &2, y1))

s+ 1 ( e 1+£02.y1)

(‘fj’(sj)m (fjs/lj)m
((E/l,a,{ 01+ 8 )@) + (Gaﬁ,cr,(;yl* 8@ <

+m

g(yl ) ({: 50 )m (f 4 m
o )[((Emfr,gj;m%(yz,y])) D@ + (@ g2 DO+ 802,y 1))]' (5.32)

Take the product of Eq (5.21) with (z —y;)™J E’T‘]’))"’i({ (z — y1)*) and integrating with respect to ¢ from y;
to y,, we have

2 + ( ’ ) v T Jjoms i
g(%) f (e =y IE" N E(@ — y))dz

V1
(L+m) .. .8
< @ =y IE A @ = ) 2 dz (5.33)
" JIm> e
using definition (3.1), we have
2y1 + 50)2’ yl) (llj’Tj)m (1 + m) (ﬂjsTj)m
s > (A U gt B g e )- (5.34)

Taking product (5.21) with (y; +&(y2, y1)—2)%] (“;j’)):;(g (1 + €(y2,y1) — 2)*) and integrating with respect
to variable z from y; to y,, we have
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291 + €02 YD\ s
4%)(@%&;;1)@1 + &2, y1))

(1 +m) ey
S 2Y691(y1+§(y2,y1)) ((E/l70_7[,y-fg)(‘)]1 + g(y29 yl))' (5'35)

Summing up (5.34) and (5.35), we get

2% 291+ EO2 YONT oy /et
1+m ( 2 )[e ’ (GE/LO',{;(yHg(yz,yl))— 1)(y1)

50 m 5T m 5T Dm
@D+ E02y))| <@L 0y @ + (B0 + G2, (5.36)

Now, combining (5.32) and (5.36), we get inequality

202y A+ EO2 YO oy e tistim (1.6
s [ @ gy DOV + (@D + 02 9)]

j’Tj)m jﬂ’j)m
< (@I e D@ + (E )1 + 02, 31)
< f@z,yl)(g(yl + &0, )1)) N g(yl))

s+ 1 e0101+&6(v2,y1)) et

(&0 Im (fs/l Im
x [((EAfr,é;@l+fcyz,y1>>- D@ + (@) 15140250 DO+ E02,31))-

O
Corollary 5.7. Setting £(y,,y1) = Y2 — Y1, then under the assumption of theorem (5.3), we have
2S yl + yz Oy (ﬂjsTj)m (ﬂjﬂéj)m
(7 [ @ T DO + (@ D)
(e (e 02 =y1),802=y1) | 8()
< (Ga/l’a',fzy;g)(z) + ((Eﬂ»0»§§y1+g)@Z) = s+ 1 ( 01 02—y1) +m e )
(‘fjafsj)m (fj’ﬂj)m
X[ @0 D@ + @ 1000 (5.37)

6. Some Pélya-Szego type integral inequalities of fractional operators

In this section, we derive some Pdlya-Szegd inequalities for four positive integrable functions
having fractional operator (E(f’fj I (z) in the form of theorems.

Theorem 6.1. Let h and | are integrable functions on [y, 00). Suppose that there exist integrable
functions 6, 6,,Y and ¥, on [y, ) such that:

(R1) 0 < 61(b) < h(b) < 6:(D),0 <1 (b) < U(b) < ya(b) (b € [y1,2],2> y1).

Then, for z > y1,y1 2 0, §,,6;,4 € C,(j = 1,--- ,m), R(D) > 0,R(5;) > —I,Z;”:] R(&); > max{0 :
R(o) — 1}, 0 > 0 and (z — b) € Q, then the following inequalities hold:
@l [N QET 2 [(6:6)P1(2)

oLy oLyt

[E7" [(B1y + Oo902)hII(2)]?

A,0.0y7

< 6.1)

Bl —
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Proof. From (R1), for b € [y, 2], 2 > yi, we have

hb) _ 6:(b)
6.2
1b) ~ %(b) (©2)
the inequality write as
6,(b)  h(b)
G 1) (©3)
Similarly, we get
0,(0) _ hd)
6.4
l//z(b) (b’ ©4
thus W) 6ib)
1
(7 ) (©2)
Multiplying Eq (6.3) and Eq (6.5), it follows
6,(b)  h(D)\(h(b) 61(b)
_ 6.6
o~ 6\~ om) ° ©0
i.e.
6:(b)  61(b) \h(b) _ B*(b) =~ 6i(D)b,(D)
> . 6.7
(5.6 " 5:0) 15 > 70 * 51000 ©
The last inequality can be written as
(01(D)1 (D) + 62 (BWra(B)R(DY(D) = Y1 (D)o (D)’ (b) + 61 (D)0 (D) (D). (6.8)
Consequently, multiply both sides of (6.8) by (y; — b)‘sf'Jgj;:fT({ (y1 — b)%), (z — b) € Q and integrating
with respect to b from y; to z, we get
EL 1O + 09)hllR) = Gyl [Yawah’1(2) + Bl [616:P]1(2). 6.9)

3,0,80n RN 0.5

Besides, by AM-GM (arithmetic mean- geometric mean) inequality, i.e., a;+b; > 2 Va by a;, by € R*,
we get

ES0 [0 + Ou)hl](x) 2 2 ELD" k) + S 10,621, (6.10)

Ao dy* Lodiyt 0,051

and it follows straightforward the statement of Eq (6.1). O

Corollary 6.1. Let h and [ be two integrable functions on [0, 00) and satisfying the inequality
(R2) 0<s<h(b)<S,0<k<lb)<K®bEIly,tl,z2>y). (6.11)

Forz > yi,y1 2 0, é,6;,4 € C,(j = 1,--- ,m),R(D) > 0,R(5;) > —1,2’;1:1 R(E); > max{0 :
R(o) — 1}, 0 > 0 and (z — b) € Q, then the following inequalities hold:

E o PIQEL PN 1 (8 VSK v—)
@y AUk K

4,051

(6.12)
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Theorem 6.2. Let h and | are positive integrable functions on [y, o). Suppose that there exist
integrable functions 0y, 0,,¥ and ¥, on [y, o) satisfying (R1) on [y, o). Then, for z > y;,y; = 0,
£,0, € C,(j = 1,---,m),R(A) > 0,R(5)) > -1,37, R(&); > max{0 : R(o) - 1},0 > 0 and
(z = b), (t — 2) € Q, then the following inequalities hold:

@, IPIDE L e [0,:0:1()E, L P1E)

Aoy 1,082 Loyt A0y~ < 1 (6.13)
[E [0hRE " [ih)(2) + B [h@QE " [yl 4
Proof. By condition (R1), it is clear that
6,(b)  h(b)
(l,/ll(a/) - m) >0, (6.14)
n W) 0,
60,
(o - l/’z(a)) =0 ©1
these inequalities implies that
01(b)  0,(b) \h(b) _ *(b)  61(b)6x(b)
. 6.16
(wzm) * w1<a))l<a) 2@ @@ (10
The Eq (6.16), multiply by i, (a@)y»(a)?(a) of both sides, we have
01 (D)D) (@) (@) + O,(b)h(b)r(a)(a)
> Y1 (@ (@)h*(b) + 6,(b)0~ (D) (). (6.17)
Hence, the Eq (6.17) multiply both sides by
(z = B)IE (L2 = b)), (@ = VT (La - ). (6.18)

(6 )m-0r (6 Dmso

And integrating double with respect to » and a from y; to z and 7 to y, respectively, we have
'36' m "5' m '»6' m ',(5' m
E L [ORIQE LT [l)@) + G 10 [yl (2)

> @ PN el ED 7 [0 6:1E 7 [P1E). (6.19)

oLt 005y A,0.0) 0.8y

At last, we come to Eq (6.13) by using the arithmetic and geometric mean inequality to the upper
inequality. O

Theorem 6.3. Let h and | are integrable functions on [y, 0). Suppose that there exist integrable
functions 6., 6,,y and Y, on [y, o) satisfying (R1) on [y, ). Then, for z > y;,y1 2 0, £;,0;,4 €
C,(j=1,---,m),RQ)>0,R() > -1, 20, R(&); > max{0: R(o)—1},0 >0and (z-b),(a—2) €
Q, then the following inequalities hold:

@ P NQET S (P1) < EL (O [y |@E 0 [WahD /6], (6.20)

Aoyt 4,005y 4,000 4,0.8y2
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Proof. We have for any (z — b), (@ — 7) € Q, from Eq (6.2), thus

Z o V1 e 9
@ = PG - by < [ @ - 295 e - 99 D H@l@do.
i | b4 ' wl(a')
which implies
T [121(2) < @y (020D 91](2). 6.21)
and analogously, by Eq (6.4), we get
G (P10 < B [WahD)/6:1(2), (6.22)
hence, by multiplying Eq (6.21) and Eq (6.22), follow Eq (6.20). O

Corollary 6.2. Let h and [ be integrable functions on [y, o) satisfying (R2). Then, for z > y;,y; >0,
é‘:]’é‘J’/l € C’(] = 1’9m)5%(/1) > Oa%(é‘j) > _1927:1%(6)] > maX{O . %(0’)_1},0' > 0 and
(z—b), (@ —z) € Q, we obtain

E0 ) ()E [P](z) _SK

odyi* 005y~
5 3 <—. (6.23)
@O [h)QE " [hl)z) Sk

7. Chebyshev type integral inequalities of fractional operator

In this section, Chebyshev type integral inequalities established involving the fractional operator
(Efff’ n (z) and using the Pélya-Szego fractional integral inequalities of theorem (6.1) in the form of
theorem, and then discuss its corollary.

Theorem 7.1. Let h and [ be integrable functions on [y, ), and suppose that there exist integrable
Sfunctions 01,0,y and Y, on [y, o) satisfying (R1). Then, for z > yi,y1 > 0, &;,6;,4 € C,(j =
Lo ,m), R() > 0,R(5)) > —1, 3", R(&); > max{0 : R(o) - 1},0 > 0 and (z — b)(a — z) € Q the
following inequality hold:

|(E(§j’6j)m . [hl] (Z)(E(Vj"uj)m, [1](Z) + (E(Vj’/lj)m7 [hl] (Z)(E(E]’(Sj)m . [1](Z)

A045y1 ,0.0y2 ,0.0y2 4,001
'»6' m ViMj)m 'aé' m ViMj)m
—E T R (1) — B (1)@ (k)
1
< 2[Gy1,y2(h’ 01,92)Gy1,y2(la 17[/1"7[/2)]2' (71)

where

(&0 )m 2
HE ;[0 + 001D,
G}’I Y2 (b’ Y, X)(Z) = g (E(é:j’éj)m [yx] (Z) (E/l,a,(;yzf [1](Z)

Aoyt
Vol j)m 2
1IE " [(v + 0)b](2)] i
T E - [11G)
(E/l,o-,g;;yz" [yx] (Z) |
(0 m (VA’ )m
~E Ly PIQE 1)
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Proof. For (b,a) € (y1,2) (z> y1), we defined A(b, @) = (h(b) — h(a))(I(b) — l(@)) which is the same

A(b, @) = h(D)I(b) + h(a)l(a) — h(b)l(a) — h(a)l(D). (7.2)
Further, the Eq (7.2), multiply both sides by
(2= DI (L@ = b)) = )TN (L - 2), (7.3)

and integrating double with respect to b and a from y; to z and 7 to y, respectively, we get
f Z f - BYIIT" (L2 = bY@ = 230" (e = DA, @)dbdar
W Je

- [ (o= BN (1( ~ BB | " (@ - 21 g - 27da
yl .

. DY ({2 ~ bY)db f " (- "I (e = 2P Dh(@)(@)da
. :

- [ " = BT (e~ by | " - 21 G - @) da
. .

V1 Y2
_ f (2= DY (L = bPNIBYD | (@~ "I (L@ ~ 2 )h(a)da

(Vj)m,o'
Zz

— (E(f_j,éj)m [hl](Z)CE(Vj,ﬂj)m_[1](Z) + (E(fj’é_i)m+[1](Z)(E(Vj’/v‘j)m [hl](Z)

oLyt 1.0.8y2 Aoy A0.¢3y2”
(":js(sj)m (Vjsﬂj)m (E/»dj)m (Vjv/lj)m
- @&, @E, 7 () — € L (E, 0 - [R](2). (7.4)

Now, applying Cauchy-Schwartz inequality for integrals, we get

(6_/' YnsT

4 V2
f f (2= DY (L (z = bY@ = 230" (e = DA, a)dbda‘
Y1 vz ’
"z V2
<( f f (2= DYTTE (L (e~ Y — T (L@ = 2 )alh(b) P dbda
Y1 Z
4 Y2
+ f f (z = DT Lz = b)) @ = )3 (¢ (@ = 2y [h(e)dbda
Y1 Z
e £ 1€Dm 65 A - 2
-2 f (z = BYII ) (L (2 = b)) = )T (e = z)ﬂf)h(b)h(a)dbda)
Y1 4
4 V2
X ( f f (z = DTN (L (z = bY@ = 2T (e = 2 )all(b) dbda
Y1 vz ’ ’
4 V2
+ f f (2= YT (L (z = bY@ = 23" (e = ) @) Pdbder
Y1 Z
C £ 1A 5, ) (el . i
-2 f (z = bYTg " (L2 = b)) = )T (L e - z)”f)l(b)l(a)dbda) , (15)
Y1 Z

it follow as

(‘;/)m 0 (V_/)m 0

f | f = B G bY@ - I — 2P DA, a)dbda
V1 Z
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< 2{1/2GE} 7 IR, 1) + 1727 [1EE o (1))

0.1 4,005 0,1 3,0,y

— EBE TR ) X {1 /2@ [PI)E " [1](2)

AoEn A,0.4y2” 0.4y 0.4y
+12@E T [N@E L (P1@) — G [NE@E ) @) 2. (7.6)

0.0y ,0.45y2 Lo dy* .0.4y2

By applying lemma (6.1) for ¢1(z) = ¥»2(z) = I(z) = 1, we get for any Jfﬁéi)’"(z)‘sf e
216+ )M @)
@ 1(6:62)](2)

08yt
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E o P10 < 53—
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this implies
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g @, 2 16:62)](2) ’

= Gyl,yz(h’ 91 ’ 92)' (7'8)

Analogously, it is clear when 6,(z) = 6,(z) = h(z) = 1, according to Lemma (6.1), we get

126E4° 1R1)E ™ [11(z) + 1/2E@<°" [11)E " [1P](2)

Lo gyt 3,0,y 4,00y A0,y

o) -  [ET 0 [ + vl
~ E gy NQE - (D) < o — 255
3} [(W1¥2)](2)

ALyt

[, 1 + Y1)
@, [Wny2)]()

=Gy, (LY, ). (7.9)

Thus, by resulting Eqs (7.4), (7.6), (7.8) and (7.9), we get the desired inequality (7.1). |

E [1](z)

,0,43y2

— @S QE 1)

Lo gyt 4,02

| TS
+ @& 1E)

Corollary 7.1. Let h and | be integrable functions on [y, ), suppose that there exist integrable
functions 6y,60,,¢, and Y, on [y;,o0) satisfying (R1). Then, for z > y,y1 = 0,
£,0;,1€C,(j=1--,m,RQA) > 0,R(6) > -1,2%, R(E); > max{0 : R(o) — 1},0 > 0 and
(z = b), (@ — 7) € Q the following inequalities hold:

I R [116) = B [DE L (@)

A0,y Lo.lyrt Lo lyt RN
< [Gyy s (B, 01,02)Gy, 4, (1, 61, 0012,
where
[E [ + 0B

Lo G0 1] = (@S [b](2))°

(&0 dm A0y 0,001
E o i X1

1
Gyl,yl (ba Y, X)(Z) = Z
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8. Conclusions

This article analyzed the generalized fractional integral operator having nonsingular function
(generalized multi-index Bessel function) as kernel and developed a new version of inequalities. We
estimate some inequalities (Hermite Hadamard type Mercer inequality, exponentially (s — m) preinvex
inequality, Pdlya-Szegd type integral inequality and the Chebyshev type inequality) with the
generalized fractional integral operator in which nonsingular function as the kernel. Introducing the
new version of inequalities of newly constricted operators have strengthened the idea and results.
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