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Abstract In the present research article, we implemented two well-known analytical techniques to
solve fractional-order multi-dimensional Navier—Stokes equation. The proposed methods are the
modification of Adomian decomposition method and variational iteration method by using natural
transformation. Furthermore, some illustrative examples are presented to confirm the validity of the
suggested methods. The solutions graphs and tables are constructed for both fractional and integer-
order problems. It is investigated that the suggested techniques have the identical solutions of the
problems. The solution comparison via graphs and tables have also supported the greater accuracy

and higher rate of convergence of the present methods.
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1. Introduction

In 1822 a popular governing equation of viscus fluid flow
movement was obtained, called the Navier—Stokes (NS) equa-
tion. This equation can be termed as the second law of New-
ton’s motion for fluid, and is a mixture of continuity
equations, energy equations and moment equations. Navier—
Stokes equations are useful in describing the physics of many
scientific and engineering phenomena of interest. This equa-
tion identifies several physical things around the wings of the
aircraft, such as liquid flow in pipes, blood flow and air flow
[1-5]. The Navier—Stokes equation create the link between
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pressure and fluid-acting external forces to the fluid flow
response [6-9]. The Navier—Stokes equation and classical fluid
dynamics have been extremely effective in gaining quantitative
knowledge of shock waves, turbulence, and solitons [10,11]. In
many significant phenomena such as their thermodynamics,
aeronautical sciences, geophysics, the petroleum industry,
plasma physics and so on, Navier-Stoke’s equations, provides
a natural description of the interaction of a viscous fluid with a
rigid body, and are considered as important computational
tools for greater understanding of a number of real problems
[12,13].

Fractional calculus is a general expansion of the calculus of
integer order to arbitrary order and was described previously
in a letter between Leibniz and L’Hospital mathematicians in
1695. Due to its distinctive capacity to explain anomalous
behavior and memory impacts, which are the vital features
of complicated phenomena, fractional calculus is increasingly
placed to enhance current mathematical models [14-16]. The
mathematical basis for fractional order derivatives was set by
the combine attempts of researchers like Caputo, Riemann,
Liouville, Ross and Miller, Podlubny, and others.
Fractional-order calculus theory was connected to practical
applications and applied to the theory of chaos, electrodynam-
ics, signal processing, thermodynamics, economics and other
fields [17-21].

In fractional calculus, we often model different physical
phenomena rather in a sophisticated manner as compare to
ordinary calculus. The present method is based on the direct
implementation of the natural transformation on the Caputo
defined fractional-order derivatives. At the end of the pro-
posed algorithm, we get the solution of the fractional-order
Navier—Stokes equation in terms of the given fractional order.
As a result, we can get different solutions at different
fractional-order of the Navier—Stokes equations. The contribu-
tion of the present methods is that, we can analyze different
dynamics of the Navier—-Stokes equations by using different
fractional order derivative in the model. We can choose an
optimal fractional-order to obtain a solution which is in close
contact with the exact solution of the problem.

In this work, we consider a time-fractional NS equation for
an incompressible fluid flow of density p, ¢ is density and kine-
matic viscosity v = % It is indicated as

o )
DV + (VN)V = pVV — - Vp,
A

V=0, on Qx(0,T)

Here, V' = (u, v, w), p and 5 represent fluid vector, pressure and
time, respectively. («, 8,7) represent the spatial components in
Q.

The above equations can also be defined as

5 oy o o |Pu y Pu Pu| 10
D'l('u)+’ué7a+v8/3+w87_p|:0a2+5)/53+8y2 Ik

o oy oy o Py Py Py| 10
Dy(v) +ug+vg+og = p|:00<2 o +0~,r2} ‘

0 o 4 00 o — 2o 4 Po Pl _
D;](w) tug TVt oy = p[ao@ +or t e
Here, some significant contribution from the researchers are

discussed; see, for example, Herrmann [22] and Hilfer [23],
particularly fractional partial differential equations such as

time-fractional Navier—Stokes equations, which was derived
by applications in various areas of science and engineering.
El-Shahed and Salem first performed fractional modeling of
NS equations in 2005 [24]. The authors [24] used Laplace
transformation, finite Hankel transformation and finite Four-
ier Sine transformation to generalize the classical NS equa-
tions. Kumar et al. [25] analytically solved a nonlinear
fractional model of NS equation by combining HPM and
LTA. Ganji et al. [26] and Ragab et al. [27] have resolved
the non-linear time fractional NS equation by implementing
homotopy analysis method. Odibat [28], Momani, and Biraj-
dar [29] have introduced adomian decomposition method
(ADM) for the numerical algorithms of the time fractional
NS equation. Analytical solution of time-fractional NS equa-
tion is achieved by Kumar et al. [30] using combination of
ADM and Laplace transform while Chaurasia and Kumar
[31] have solved the same equation by combining finite Hankel
transform and Laplace transform.

In 2014, M. Rawashdeh and S.Maitama first introduced the
Natural Decomposition Method (NDM) [32,33] to solve linear
and nonlinear ODEs and PDEs. A large number of physical
problems have been studied by using NDM, such as the study
of the fractional telegraph equation [34], fractional-order
Whitham-Broer-Kaup equations [35] fractional-order heat
and wave equations [36], non-linear PDEs [37,38], the frac-
tional uncertain flow of a system of polytropic gas [39], frac-
tional physical models [40], fractional-order PDE’s with
proportional delay [41] and fractional-order diffusion equa-
tions [42].

The Natural variational iteration method (NVIM) is a com-
bination of the variational iteration technique and the Natural
transformation method (NTM). This technique enables us to
achieve the problems that arise in the identification of the gen-
eral Lagrange multiplier [43]. The Lagrange multiplier tech-
nique [44] has been commonly used to address a number of
nonlinear issues that occur in mathematical physics and other
related fields and has been developed into a strong analytical
method, i.e. the method of variational iteration [45,46] to solve
differential equations. Non-linear time-fractional wave-like
equations with variable coefficients using NVIM [47].

The present manuscript is concerned with the analytical
solution of fractional-order Navier—Stokes equations. The
solution of the classical Navier—Stokes equations is a topic
for the researchers since long. Recently the analytical solutions
of fractional-order Navier—Stokes equation is the main focus
of the researchers and mathematicians. This was the challeng-
ing work to extend or develop the existing techniques for the
solutions of fractional-order Navier—Stokes equations. Many
of them have got success and developed innovative techniques
to solve fractional-order Navier—Stokes. In this regard, the
current research work is a novel contribution towards the ana-
lytical solution of fractional-order Navier-Stokes equations.
In this work, we not only implemented two analytical tech-
niques namely NVIM and NDM, but also done their compar-
ison and confirmed the applicability of the proposed
algorithms. The present research work is conducted in a very
simple and straightforward manner to achieve the analytical
solutions of the targeted problems with a small amount of
numerical calculations. The convergence of the proposed
methods is trivial. In conclusion the proposed techniques are
considered to be the sophisticated contribution towards the
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analytical solution of fractional-order partial differential equa-
tions which are frequently arising in science and engineering.

2. Preliminaries concepts

2.1. Definition

The natural transform of the function f{(y) is defined by
N[f(n)] for 7 € R and is denoted by the function f{(n) € R

N[f(n)] = G(s,u) = 7 e™"f(n)dn;

s,u € (—00,00),

where the natural transform variables are s and u. If f{3)Q (i)
is expressed on the actual positive axis, the natural transform is
defined as

N[f(n)0(n)]

S’u e (07 Cm)7

=N*[fn)] =

and né€R

Gt (s,u) =

J," e f(n)dn;

where Q(n) describes the Heaviside function. Actually, for
u = l,the equation is reduced to the transform of Laplace,
and for s = 1,is the Sumud transform.

2.2. Theorem

Let G(s,u) be the natural transform of the f{;) variable, then
the natural transform Gs(s,u) of the Riemann-Liouville frac-
tional derivative of f{(n) is described by D;f(y) and is repre-
sented as

m—1

NE[Dfn)] = Gols,u) = 5G(s,u) = Y 35 [D°7 )],

Jj=0

m—1<dé6<m

2.3. Theorem

Let G(s, u) be the natural transformation of f(i7), then the nat-
ural transformation G;(s,u) of the Caputo fractional deriva-
tive of f{(y)) is represented by °cDsf(1) and described as

-1

0~ S i),

3

N¥[D°f(n)] = Gs(s,u) = £G(s,

<.
Il
=3

2.4. Definition

Caputo operator of fractional partial derivative

2Iw  §—me N,

(),,m )

Fn1 9) ‘/;) n— ¢ m - m(¢)6¢7

m—1<y<m

Dyf(n) =

2.5. Definition

Function of Mittag—Leffler, E;(z) for 6 > 0 is defined as

o0 m

z
Es(z) = —
5(2) ’;:0 Tom 1) >0zeC

3. The procedure of NVIM

This section describes the NVIM solution system for fractional
partial differential equations.

Dyu(om) + G, v) + N1 (1, v) = Pi(2,1) = 0,

Div(e,n) + Ga,v) + Na(p, v) — Pa(a, ) =0, (1)
m—1<dé<m

with initial conditions

(e, 0) = g (), v(2,0) = ga(a). 2)

where is D‘S the Caputo fractional derivative of order

311
5,61,G, and N, N, are linear and non-linear functions,
respectively, and Py, P, are source operators.
The natural transformation is applied to Eq. (1),

Nt [Diu(o@ n)} + N7 [Gi(1,v) + N1 (1, v) — Pi(a, )] =0,
Nt [Djv(oc, ;7)} + N [Ga(u,v) + N, v) — Pa(a, )] =0,

3)
Using the Natural Transform differentiation property, we get

m—1

k=1 o (o,
]\/v+[‘l,L(OC7 71)} - Z‘“’ﬁ SE:;'/) |n:0

k=0
= 7N+ @1(#, V) +N1(,U,V) 77)1(067 '/I):Ia

ml?lxlr/‘vz (4)
N* oo, m)] = Y S S|,

k=0
= —N"[Ga(1,v) + Na(p,v) = Pa(o, )],

The iteration technique for the Eq. (4) may be used to indicate
the major iterative system requiring the Lagrange multiplier as
N [t ()] = N* [, (o)

m—1

+A(s) {;%#m(oc,ﬂ) - Z";’,;—‘,"’“;;f" ymo — NP1 ()] = N {Gi (1,v) + Ny (ﬂn‘)}} ,

k=0

N+[Vru +1 (“7’7)] =N* [VW(“" '7)]
m—1
HAS) | Svm o) =D ”AQ;EZ"’) o = N* (P2, )] = N*{Ga () + N2 (,v) }} .
k=0
(5)
A Lagrange multiplier as
5
u
)= =%, (6)

using inverse Natural transformation N~, Eq. (5) can be writ-
ten as

R
=
=
Il
=
=
R
=

Hmr (

“;,af," o= NP1 (oom)] = N* (G (1) + w}H,

Vot (21) =V (21) @)

LA N [Pa(a)] N Gl V)+Nz(u~,V)}H-,
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the initial iteration can be find as

m—1
— | $O—k— ()/L
o) = N [{z s e H
k=0
m—1
— | 0" (01,1
i =[S o]

k=

The converges of this technique is shown in [48,49].

4. The procedure of NDM

We describe in this section the NDM solution for system of
partial differential fractional equations.

Dyl n) + G, v) + N (1, v) = Pi(a,m) = 0,

Dyv(o 1) + Ga(,v) + N, v) = Pafo, ) = 0, ©)
m—1<dé<m
with initial conditions
w(e,0) =g (),  v(x,0) = gs(a). (10)

where is D:; :0"—;7; the Caputo fractional derivative of order

3,G1,G, and N|,N, are linear and non-linear functions,
respectively, and Py, P, are source operators.
The natural transformation is applied to Eq. (9),

N*[Diuta )] + N [Galw,v) + N (,v) = Palom)] =0,
Nt [Djv(cx, n)} + N [Ga(u, v) + Na(u, v) = Pa(o )] = 0.

(11)
Using the Natural transform differentiation property, we get
m—1
W k=1 9K u(a, w)
N u(on )] =63 S T g + 5N [P (o)
k=0

— NG (1 v) + N 1w, )},
m—1

k=1 9Fv(an) |
K Py In=0

k=0
7%N+{§2(:u7

N [v(o, )] =

+%:N+[’P2(“7'7) V)‘FNQ(/J,V)}L

(12)

NDM describes the solution of infinite series u(«, ) and
v(e,n),

an) = S ), V) =3 () (13)

m=0 m=0

Adomian polynomials decomposition of nonlinear terms of
N\ and N, are described as

Nl(u,v):iAm, Nz(u,v):ZBm, (14)

m=0 m=0

All forms of nonlinearity the Adomian polynomials can be
represented as

efo(Smn)l]
sl (gl

A, = mw

Substituting Eq. (13) and Eq. (14) into (12), gives

m—1
Wk
Nt [Zum an } — N e NP ()

m=0 k=0

_ u_N+{ (gym, ivm> + iAm},

m=0 m=0

oy
e S| o+ S NP, 1)}

’Y

- (16)
N* {Z»m %, n} =%

m=0 k=0

—5&N* {(Z’z (iu i») + ZX:B,,, }

m=0 m=0 m=0

Applying the inverse Natural transformation to Eq. (16),

m—1

.
N 8
S )= [f» e
k=

m=0
—en{, (zum,zvm) +iAH

m=0 m=0 m=0

0 m—1
> vaon) =N {%E‘;ﬁ;' o) LN (Poo)}

m=0 k=0

—LN* {?z (iu,,,,ivm> + iBm H .

m=0 m=0 m=0

we define the following terms,

:u()(av ’7) =N

—1
>A|d/ o,
.&OE w0k M '7)"1 0+3" N+{Pl( )}:|7

k=0
m—1

— | Ok 0'( (ot
vo(o, ) = N {Z F | 5 NP, n)}]

k=0

(18)

(o) = =N (5N {Ga g, v0) + Ad}]

vi(e,n) = —N" [?T(;N+{§2(M07V0) + BO}]7

the general for m > 1, is given by
SN (G (1 v) + An} ],
+{§2 (,le, vm) + Bm}] )

:um+l o ]7 -N~ [
Vm+l o, '7 -N~ |:
5. Numerical examples

5.1. Example 1

Consider fractional order system of NS equation

D)+ nge+ v = P[d "+§ﬁé‘} +4q,

(19)

DY) + v = p[ B+ 2] g,
with initial conditions
{ (o, ,0) = —sin(a + B),

v(a, B,0) = sin(o + f).

we solve this with NDM first we will solve this scheme.
After the Natural transformation of Eq. (19), we get

(20)
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+ [\ _ A+ Pu Pu = . o
N{ = N[ (o) + (B e} ) Sty o) = —sin(e + )+ 2
m=0
0 v v 2y 5%y
) = ) {5 -] e .
| |- (a3
SN ulos )}y = e ,0) mo e
2 2, -~ X . = 2,

:N*[ <#aa+v )+p{3ﬁ 37;2}4-(1}7 N |4 N |:p{ "d'+zf’0;}”

m=0 m=0

(23)

j;_(;NJr{:u(o@ .57 1’[)} - %V(% ﬁ7 0)

— NT v v L)z
=N [ (e +vi) +o{23+ 22} - o]
The above algorithm is reduced to simplified

N+{H(av B, '7)} = i{:u(av B, O)}

+A" N+|: (ui)x—’_vall) +p{ﬁaz d_ﬂ} +q:|

(21)
N {w(o, B} = {v(2, B,0)}
o (a8 ol 5]
Applying inverse natural transformation, we get
(e, Bon) = (e, B,0) + N[N (g}
v (e ) +ofi o 5]
(22)

(o Br) = V(1 B,0) = N [5N{g}

V[V = (o) + o+ ]
Assume that the unknown functions u(e, ,1) and v(e, f,1)
have infinite series solution as follows:

(o, B.m) Zum o B,n), and

m=0
a ﬁ7 ZV"? a ﬁ7
m=0
Remember that

b= D oA, Vg = > om0 B vy, = 30 Con and
v = > D, are the Adomian polynomials and the nonlin-
ear terms were characterized. Using such terms, Eq. (22) can be
rewritten in the form

;umw, o) = (o ,0) + N~ [£ N {g)]
i - (Sa Sm) +ofpe )
o |-(Sen+ oo ofg )

J’_

|
|

m) = (. ,0) = N[5 N {q)]

+N |5

m=0

va((L ﬁ?

m=0

2]

According to Eq. (15), all forms of non-linearity the Adomian
polynomials can be defined as

()
=sin(a+ f) — (m)

+N |5

o op Ay
Ao = 157, Al*#o ot
— . 9 — . 9 oy
BO =Vog5 o Bl VO op + v op
v _ vy vy
CO*#O()“ cl*HO()a—i_‘uldat’
vy 0
DOZVOWa Dl—V()aa-i‘Vl g

Thus, we can easily obtain the recursive relationship by com-
paring two sides of Eq. (23)

to(o, By 1) = —sin(a + ) + qn”])
vo(a, B, 1) = sin(a + ) — _an’

r(o+1)*

Form=0
(o, o) = sin(a + ) 222
Vi (av ﬁv 1’[) = - Sln(a + ﬁ) r%f;’ﬁ) .

Form=1
2.2
pa (o, B, ) = —sin(a+ ) G55,

va(at, Bon) = sin(o+ B) L0

Form=2

36

(o, Bn) = sin (e + ) 2870

V3 (O(7 B, ’7) = - Sln(a + ﬁ) rz(l;()ﬂ])

In same technique, the remaining y,, and v,, (m > 3) elements
of the NDM solution can be collected smoothly. Therefore, we
define the series of alternatives as
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=3 e %, B) + i1 (0 )
Li( B+ sl )+ -

v(a, B,n) va o, B) = vo(at, B) + vi (2, B)
i\i(fx, B)+ vy, f) + -

[1(0(7ﬁ7 1’[) = _Sln(a_'_ﬁ) (S+1) +Sln(0(+ﬁ) 2:3)11)

—sin(o + f) (22)511 + sin(o + [3) 2 e
_2 m.mo
—51n(a+[3) e ;?HI)

v(o, Byn) = sm(oc +8) - r("ofﬂrl) —sin(a + f) 2511)

3 '(0
sin(o + ﬁ) 2o+1 —sin(o+ ﬁ) r(z&ﬂ +

. 2 m’mfr
sin(o + ﬁ)z (r(,525+11) .

m=0

The exact solution of Eq. (19) at 6 =1 and ¢ =0,
(e, o) = —e " sin(o + f),

v(a, B,n) = e sin(o + B).

The approximate solution by NVIM.

According to the Egs. (7) the iteration formulas for system
(19), we get

(24)

i (2, B,11) = (o, Bo7)
i (e dr(82) 0]

Vi1 (O(7ﬁ7]7) = vm(oC ﬁ ]7)
N~ [%N*{u‘; Bt 1, Bt v, G — p (‘7 o+ ‘;,;z) + q}] :

(25)
where
V()(OQﬁ,i’]) = Sin(“"‘ﬁ)' (26)

For m=0,1,2,---
(o Bym) = o (e, By)

N[N e e e o (G 5) g,
vi (o, B,m) = vo(or, B,1)

N[N e e v — o [+ 5] + a ]

wi (o, By y) = —sin(o + B) + sin(o + f) ZS’L) + r(‘fﬂl

vi(o, B, 1) = sin(a + ) — sin(o + f) 1—%(,?11) - r((sﬂﬂ) )

o (ot Bon) = py (o, Bom) —

N~ |&N {%%‘ﬂt %+V1%7p<0;::l +”{f/¢“) 7q}],
va (o, Bn) = vi (. B.n) = 5

N7[§N{ ?7_+/‘1(23x‘+ VigE— p(%ng—ﬂ‘;‘—)quH,

HZ(“: ﬁv ’1)

va(ot, B,17) = sin(a + B) — sin(a + B) 224 —

sin(o + )2

—sin(o + ) + sin(o + f) 1-2511)"‘ ‘311 rz(m

r(5+|) +sin(e+ B) 4 r(zo+1>

15 (o, B, ) = oo, Byyg) = N [ N*{%%Jruza;‘,ﬂz%— [‘“ +0,f]—qH.,
;

e o) = vala o) = N[N {8 Gt 2 v - 0 [53 452 - a} .

(e, ) = —SIn(oc+ﬁ)+31n(oc+ﬁ) R ((5+1)

T(6+1)

2 2)
—sin(o + f) ¢ ’;)(H"l + sin(o + B) f-(‘;(m
vi(o, B, 1) = sin(o + B) — sin(o + B) r?f;'ll) - r(‘glrl)

2 2 336
+sin(o+ ) 2221 —sin(x + f) <r(§a+1

. > o\, md an’
(e, B,m) Zum (2. ) = = sin(o+ )Y Ty + iy
m=0
v(a, By17) Z,umocﬁ = sin oc—i—[fz f;:oﬂm— al).
m=0
(27)
The exact solution of Eq. (19) at 6 =1 and ¢ =0,
,u(ot, ﬂ7 7’) = _e72p’1 Sil’l(O( + ﬁ)v (28)

v(a, B,n) = e #"sin(o + B).
5.2. Example 2

Consider two-dimensional fractional order system of NS
equation

Dy () + ug + v = p[ﬁu’fﬂ ﬂ +4,

é (29)
Dy (v )+ﬂ8z+vg_;f7p|:ga‘ +()/:2] -4
with the initial conditions
(e B,0) = =7, “
v(a, B,0) = e*tF. (30)

First, by using NDM, we will solve this scheme.
After the Natural transformation of Eq. (29), we get

o ) ol )
N+{g:] } :N+|: (/Jt()a‘l‘\}g};) +p{0u2 +d‘} 7qi|7

u>N+{:u’((x ﬁ7 )} - (;o] ,u(O( ﬁv )

:N[ (ug‘;+va,;)+p{§£ g;/;zl}"'q}»

0]

%N+{“(“7ﬁ7 n}— o v(e, B,0)

:N+[ <ﬂg;+v()\)+p{dv } :|

The above algorithm is reduced to simplified
N ()} =, B, 00} + SN[~ (v + p{ 24 281 4 ],
N By = (e, B,0)) = SN [ (4 i) + p{Ze 4 22) ]

Applying inverse natural transformation, we get
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b =stepo e [ ] o [ oz eod) oo {845

v(a, i) =v(et, B,0) — N~ [’:—jN*{q}} + N~ [’\’—TN'{ (ug;Jrvg},) +p{" Ly 2y ‘}H

o

(32)

Assume that the unknown functions u(e, 8,1) and v(e, f,1)
have infinite series solution as follows:

= Z#m(“’ ﬁ7 ]1)7

m=0
) = va(fl, B, 7/)'
m=0

Remember  that Hy = Yoo A, Vit = D0 By vy, =
S oCm and vvy =3~ D, are the Adomian polynomials
and the nonlinear terms were characterized. Using such terms,
Eq. (32) can be rewritten in the form

Zum o Bn) =

m=0

and

(o, B,0)+ N~ [" N*{q}}

m=0 m=0

u

+N~

)
|

va(‘xﬁ B.n)=v(a,B,0) —

m=0

N [5N g}

<Zcm + ZDW> + p{‘} +Zy }

m=0 m=0

u

(a+B)+

why——e

> i

m=0

According to Eq. (15), all forms of non-linearity the Adomian
polynomials can be defined as

_ Ko _ ., Ou Duo
AO*#OW A=y Gr+ 1

_, O Y ey
BO Vo35 op Bl Voo op + Vi op

v vy
Ci= w5 + 14 52

(')v vy
Dl = Vo5, . + V| 0

oA
Co=1o5,

o
Dy = Vo 52,

Thus, we can easily obtain the recursive relationship by com-
paring two sides of Eq. (33)

Ho(% ﬁ7 '7) = —ertf + I( r)Jrl)7

0

vo(o, o) = e — Form) -

Form=0

o
:ul(aaﬁan) = ewrﬁr%gii]w
vi(a, Byn) = —e**F 2pn°

o+

.
e[S ) || o ({2
m=0 m=0 m=0 m=0
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Form=1
(o, Bomp) = —e*tF 2(2)::1,;7
vz(oc, B, ;1) — o*th r2(pz)(>f|;
For m =2
e )=
o) =t

using the same technique, the remaining g, and v,, (m > 3)
elements of the NDM solution can be obtained smoothly.
Therefore, we define the series of alternatives as

p(o, Bm) Zum(a B) = (e, B)+ py (2, B) + 1o (o ) + s (2, B) + -
v(avﬁvr’) :ivm(aaﬁ) :Vo(aaﬁ) + (aaﬁ) +V2(aa/j) +V3(°‘a/j) +

m=0

a1’
[ sy

x
L E Vi (2 )=
m=0

(33)
_an® B 2pn +B 2ol Cp)l’n?
(e Br) = e 4 i o4 R — e PR o e R —
+ m m)
ey,
m=0
201°
v(o, B,i7) = e — F(?H) ‘)H/ir(([iil)
B COPE ot QoY
r(zo‘+1) T(36+1)
1+/3 ( 2/))711)71714)
T(mo+1) *
m=0
The exact solution of Eq. (29) at 6 =1 and ¢ =0,
o — _ea+ﬁ+2pq
‘Lt( b ﬁ, r’) bl (34)

V(e o) = b,

The approximate solution by NVIM.

According to the Eqgs. (7) the iteration formulas for system
(29), after the Natural transformation of Eq. (29), we get
o (0 ,0) =t (o, Bo) = N[5 {5 2, B, o (D4 2t — g},
Vi1 (0 B11) = Vi (2, By 1) = N~ [i’%?N‘ {*’T,Jru?ﬂ’o,, fp(i,;‘é” +’,7) +qH-

(35)

where
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to(a, ) = —e*7, (o, B, 7,0) = =050+ f + 7,
vo(a, 1) = e (36) V(2 B,7,0) = o — 058+, (40)
(o, B,7,0) = o+ f —0.5y.
For m=0,1,2,--- Further, if p is known, then ¢, = —ig—i,qz _%g_lg} and

() = i (0 m) = N [N {520 g 2y 20— p (P24 28) — g }],

(o) = oo Bon) = N [N+ {52y vy 28— p (S20+2) + ¢}

B

.ul(fxvﬂv )

— B _ B 2om° g’
vi(oe, B,n) =e ¢ U Tor) T T

__Lutp a+p _2pn° _qn’
el e ()+1)+ T

s Bon) = g () = N [N {5 %y B B p (554 5) — a .

O a2 p-
(o ) =wlofon) =N (SN {55 mGen - o (B 5) +a} |
B B 20 +5 20
to(, Byn) = —e*F + e 5+1)+r(5+1) e e

— ortB _ prth 200 ot (20)° 1%
va(a, Bym) = e T(o+1) 5+1 + e s
10 B = o, o) = N [N {5 2 g, 2y 28— p (D224 722) — g}
va (2, B,11) = va (o, By1) = N~ [fTN {‘; St GG p(a}_ %_) + }]

2.2
s(, Bom) = —eth 4 eth 2311) + r(?ﬂ) — et Lot +eth

T(20+1)
(2/})3”35
T(Go+1) *

_ B atp _2on° g’ B 20’0 atp
vi(o, Byn) = € o T e T T — ¢
(20)*n®
T(3o+1) ?

n = ium(fx

_ ewﬂ} : —2p)"y"™ qn’
F(n1¢)+1 r(o+1)?

m=0 (37)
o ( 2 )m mé 0o
v(, B, ) Z"m x,B) =e Hﬁ r(;ﬁ&ﬂ]) l"(%lrl)’
m=0
The exact solution of Eq. (29) at 6 =1 and ¢ = 0,
H(O(7 ﬂ7 71) = _ei+/f+2p177 (38)

v(o, B,n) = e P,
5.3. Example 3

Consider two-dimensional NS equation with time-fractional
order

5 0, 0, I’} o
Dz<#)+ﬂaa+vgg+w0‘::p[a;l+ )ﬂzﬂLa«;] + 4,

) v v o v v v
Dﬂ(v)-ﬁ-ﬂaa-i-va—ﬁ-i-wa—y—/)[@az W+p] + 4, (39)

D:?((l)) +‘udw+vam+wdw _ p[azw @4,

Po
022 T B2 875] + 45,

with initial conditions

g3 =—1 gg can be determined.

First, by using NDM, we will solve this scheme.
After the Natural transformation of Eq. (39), we get

a0 n n Pyl /Zl 92
N*{‘?-{,‘}:N*{ (u61+vg}+wd‘)] +N+{p{%+37‘;+%}+ql],
At SR G A A R A

N*{‘éﬁ :N+[7< Z“;+V?Tl/y]+wd“)} +N+|:p{r)2()+()‘m+d m}+q3:|7

SN (B9, )} = 5 1, 8,7,0) = N [ (e + v+ o)
+N* [o{Z+ 28+ 54} + ai],

%N*{v(oc,ﬁ,y,rl)}7"(;—;1»'(05,[3,);,0):N[ <,ug;+vg;3+ru9‘)]

+N+{p{a\+gﬂ\+o\}+q2}

,:_:)VNJr{w a7ﬁ777n)}_xTw(aaﬁﬁ%O):NJr{ (H(?()+‘,3<u+w )]
+N* {28+ 28+ 22} + a3,

The above algorithm is reduced to simplified

N*{ (o, Byy,m) } =1 (o By, )+AON*[ ( Frviit ol )}

v v v

Ly(a, B,7,0) [ ( Hgtvgtog )]

+z—§'N+{ {Oaz+§ﬁi+a—z}+qz},

N oo fr.m} =1 f7.0) + 4N |~ (4 v+ o) |

_._z_‘{:NJr{ {09(2—"_() w_,’_ }_._q3j|7

Applying inverse natural transformation, we get

(o, Byy,m) = (o, B,7,0) + N- [ N+[ ( ouvauwoﬂm
+N~ [‘;%NJr{ {w*a H+0>?}+q1H

V(o B, = (o B,7,0)+ N [N [ (e v+ o) ]|

0 B,7,0)+ N [4N* [~ (-4 v+ i) ]

— | u Po | Po_ | Po
+N [s"NJr{p{dv- +oe g }+q3H

N+{V(O(7ﬁ7'y7 )} -

(41)

(o, f,7,1) =

(42)

Assume that the unknown functions w(o, f,7, 1), v(a, B,7,71)
and (o, B, y,n) have infinite series solution as follows:

w(o, By,m) = Zumab’ 7.0

m=0
OC ﬁw)v va o, ﬁ Vs and
(o, B,7:m Zw VAN

m=0
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The Adomian polynomials of non-linear terms as, using such
terms, Eq. (42) can be rewritten in the form

Hy = iAma Vg = iBm:

m=0 m=0
00 00
wlv‘, = g cm; = E Dnn
m=0 m=0
00 00
Vg = E En, wvg = E F s
m=0 m=0

o0
vy = Z’Hm, and

= igmy

m=0 m=0
wwg = ZI,”,

m=0
> (e Boym) = (o B,7,0) + N~ [ N*{q, }]
m=0

lt

+N |4

| (g 50

+N- [;%N*{p{o um+0();;in+00;4_m} +q1“7
> v B, = v(28,7,0) = N[N {g}]
m=0
?_::NJr |:_ (me + Z‘gm + Zfrrl) :| :|
m=0 m=0 m=0
— | u® 2y, 2y, 0%y,
o p{g S} ),

= 0(xB.3,0) =N[4V {q5}]

+N~

Zwm CY RN

m=0
+N|5N { (ng+2m,+21m)ﬂ
m=0
+N- |:u { <11+((’)?Z2)+((9)2/a)}+q3:| .

(43)

According to Eq. (15), all forms of non-linearity the Adomian
polynomials can be defined as

— ;. 91 1 ey
Ao =B, A= B

. O — o OHg
BO_V()glja B V00ﬂ+vlaﬁ7

Cozwo%};‘, Ci=wy Oﬁ,urw]

Do= 5%, D= a;‘f'/v‘l()m
50:\’0%? 51:\’054—\)1%7
.7'-0—(1)0%2, .7-'1:(000“+a) %‘;
Go =2, Gi=nol e,
Ho = ‘)”]” Hi = "”” + v "“)”

[)u 8()
IO_wO(%Oa Il_w()al"—wl ‘07

Thus, we can easily obtain the recursive relationship by com-
paring two sides of Eq. (43)

:uO(va ﬁ: 7 17) = —0.5¢ + ﬁ + 7

VO(O(> ﬂv% '7) =0 Osﬁ + 7

CU()(O(, [))7 7 i’]) =o+ ﬂ - 05‘})
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Form=0
(e, By, m) = F2L
vi(o By ) = 22

—2.25p°

wl(a7ﬁ7y7n) = l"(-(5+‘]) .

Form=1
(o, B,7,m) = 2B (<050 + B+ 7),
va(a, B,y,m) = 22 (00— 0.58 + ),

e, B,7,1) = 2220 (o + f — 0.5).
Form=2

(e, Byy,m) = — 2 E—izo(:r)z)r ;j;éﬂn %»
() =~ P )
e — AT

using the same technique, the remaining p,,,v, and ®,,
(m = 3) elements of the NDM solution can be obtained
smoothly. Therefore, we define the series of alternatives as

B ) =S (06 8) = R B) + 1 (o, B) + 1o, B) 4 s (o, ) +

m=0
V(e B,7,m) = v (e, B) = vo (0, B) +v1 (2, B) + va (o, B) + v3 (a1, f) +
m=0
o 2(2.2 20
nu((xvﬁvyv ) —0. 50(+ﬂ+/*2205171’)+ ( 2(2:(;7)
, (2.25)%a(4(T(3+1))°+T(20+1) )
(=0.5¢+f+7) = T(20+1)(T(5+1)) T
o 2(2.2 20
V(O{, ﬁv% ) =a—0. Sﬂ + v f'(zt)sﬁyl’ + (1"(215))f1,1)
. (2.25)° B(4(T(5+1)*+T(20+1) )i
(@ =0.56+7) — T(20+1)(T(5+1))° T
o (2.2 n20
w(“aﬁ7% )_O(+B 05/722054;{)+ 22:11)
30
(a - O.Sy) (2.25)° ;(4(r(5+1) Y 4I( 25+1))

T(20+1)(T(3+1)) T

The approximate solution by NVIM.
According to the Egs. (7) the iteration formulas for system
(39),
My (o, By10) = (2, B,7,m)
N[N e i oo (B4 254 5) 4}

Vst (0 857 1) = Vi (20, B, 7,m)

44
Vv et eo(Ggeg) vel,
Ot (2 B57,1) = (2, By7,1)
NSNS gl vl ol p(Bet 2+ 20) g, ]

with the initial conditions
,Ll(OC ﬁ?V? ):_05a+ﬁ+yv
V(O{,ﬁ," ) —O(*OSﬁ*F’y, (45)
(,U( 7ﬁay7 ):a+ﬂ_05’)}
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INCEE

2.250m°

=—05c+p+7y—

H (O(, ﬁa 7 ’1)
Vi ((17 ﬂv 7 7])

071727...

For m

T(+1)

2.25p°

o—0.50+7y

Ho (o, Byvsm)
2 2
N[N {5 %+ e vo Y+ oot p (S84 D+ 0) 4, ],

ﬂl(avﬁvy7rl)

2.25p°
T(o+1

) )

o+ —0.5y —

CU[(O(, ﬁa 7 ’7)

=VO(°‘7B7’V7’7)

Vl(%ﬁv’yvn)

= =
b -
= S
+ +
- =0
g P
+ +
g gs
+ +
<= &£
T Q
o +
s T
I S
g L
s &b
+ £
gz = 7
x = g8
£ < 3
+ 2+
d= o o
&5 § &5
S TN Y
NS N
+ = +
2 o=
s L 5
I s
Z = =
I

Fig. 3 NVIM solution u(a, f,1) of Example 1 at 6 = 1.

L.

of Example 1 at o

)

Fig. 1  Exact solution of pu(x, 8,1

Fig. 4 NDM and NVIM solutions u(a, f,17) of Example 1 at

0

=0.8.

1.

Fig. 2 NDM solution u(a, f,n) of Example 1 at ¢
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oo, By, m) = gy (o B,y m)

N[N {5 B e B o o (S S+ 52) 44},
va (o, B, 9, m) = vi (et B, 7, 1)

N [EN S S x B G o5+ (53 + 28+ 08) + 4,
oy (2, B, 7, 1) = i (o, B, 7, 1)

( ‘ L
N [j—jN*{;—Z%;Jrul xﬁ;—”;+vﬁ’5—j;+w%‘+p(%’r'+%—;r‘+%’%) +q3}],

Fig. 5 NDM and NVIM solutions u(o, f,17) of Example 1 at
0=0.6.

NDM 6=0.4
NVIM6=0.4

Fig. 6 NDM and NVIM solutions p(o, ff,17) of Example 1 at
0=04.

25u° | 2(2.25)an®
(e, By, 1) = =0.50 + B+ 7 — 2r(255ﬂ) + <r(25)+;1)
(_0.506 + ﬁ + 'Ya)

va(o, B,7,1) = o — 0.5 + y — 2200 4 220290

T(o+1) T(26+1)
(0 —=0.56+7),

- 25)yp20
w2(°‘: ﬁy 7 ’7) =o+ ﬁ - OSV - 12".(25511) + 2(1"2(;2211)
(e + p —0.5y),

Fig. 7

Fig. 8 NDM and NVIM solutions v(o, 8,17) of Example 1 at
s=1.
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Fig. 9 NDM and NVIM solutions v(a, f,1) of Example 1 at

0=0.8.

Fig. 10
0=0.6.

NDM and NVIM solutions v(«, 8,7) of Example 1 at

(e, Byy,m) = (s B,y m)
N[N {5 % x Bt %o p (S84 0+ 5E) + a1
V(o By m) = valet, By, )
N [EN S S x 0+ (3R + 22+ 2%) + 0}
w3(o, B, y,m) = (e, B, 7,m)

" 5 2 2 2 ?
N[N R iz et %2 o (58 4 02+ 5%) + 01},

1 10

Fig. 11 p(a, B,n) error plot of Example 1, using NDM and
NVIM.

Fig. 12 v(a, f,n) error plot of Example I, using NDM and
NVIM.

0 20
By (0 By 7m) = =050 + B4y — T4+ 2EC (—0.50 + f + )

(225 a(4(D(3+ 1) +T(25+1))y*
- T(26+1)(T(5+1))
25p0° | 2(2.25)py*°
V3(“7ﬁ777n) =0 — Osﬁ +v = %‘(25557) + (1“(2(;)4{}1”)

. (225 B(4(T(3+1))*+T(20+1) )y
(@—=0.58+7) - T(26+1)(F(0+1))°

225m° | 22.25)m*

w3(“7 ﬁv 7 '7) =o+ ﬁ - 057 T T+ + (1'(2512,;’)
. (2.25)%(4(0(6+1))* +T(20+1) )0

(24 f~0.5y) ~ To+1)(T(5+1)°




The analytical investigation 2953

Table 1  u(«, f,n) Comparison of NDM, NVIM and FRDTM [50] of Example 1 at p = 0.5.

n=1 AE of FRDTM AE of NVIM AE of NDM
1 1 1.0911579134E—09 1.0911469120E—09 1.0911567125E—09
2 2 9.0816287990E—10 9.0816299440E—10 9.0816299660E—10
3 3 3.3529869788E—10 3.3529859780E—10 3.3529849783E—10
4 4 1.1872298960E—09 1.1872298960E—09 1.1872298960E—09
5 5 6.5282533310E—10 6.5282533310E—10 6.5282533310E—10
6 6 6.4388750160E—10 6.4388750160E—10 6.4388750160E—10
7 7 1.1887288270E—09 1.1887288270E—09 1.1887288270E—09
8 8 3.4548398000E—10 3.4548398000E—10 3.4548398000E—10
9 9 9.0118469620E—10 9.0118469620E—10 9.0118469620E—10
10 10 1.0955343010E—09 1.0955343010E—09 1.0955343010E—09

Table 2 v(a, f,n) Comparison of NDM, NVIM and FRDTM [50] of Example 1 at p = 0.5.

n=2 AE of FRDTM AE of NVIM AE of NDM

” B s=1 5=1 =1

1 1 2.90975176E—09 2.90975176E—09 2.90975176E—09
2 2 2.42176798E—09 2.42176798E—09 2.42176798E—09
3 3 8.94129594E—10 8.94129594E—10 8.94129594E—10
4 4 3.16594638E—09 3.16594638E—09 3.16594638E—09
5 5 1.74086755E—09 1.74086755E—09 1.74086755E—09
6 6 1.71703333E—09 1.71703333E—09 1.71703333E—09
7 7 3.16994353E—09 3.16994353E—09 3.16994353E—09
8 8 9.21290613E—10 9.21290613E—10 9.21290613E—10
9 9 2.40315919E—09 2.40315919E—09 2.40315919E—09
10 10 2.92142484E—09 2.92142483E—09 2.92142480E—09

Fig. 13 NDM and NVIM solutions u(a, f,n) of Example 2 at

different fractional-order o.

Fig. 14 NDM and NVIM solutions v(«, 8,1) of Example 2 at
different fractional-order o.
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A OSSO

Fig. 15 NDM and NVIM solutions u(a, 8,7, 1) of Example 3 at
different fractional-order o.

Fig. 16 NDM and NVIM solutions v(a, f3,7,7) of Example 3 at
different fractional-order o.

In the same procedure, the remaining p,,, v,, and w,, (m = 3)
components of the NDM solution can be obtained
smoothly.

Fig. 17 NDM and NVIM solutions w(a, f8,7,1) of Example 3 at
different fractional-order J.

and 25)an?®
13 (o Boyom) = =050+ B4y — o 4 222

(225 2(4(T(3+1))° +T(20+1) )0

(=0.50+ B +7y) - T2+ 1)(T(6+1)) T
V(e ) = o 0.5 4y — B0 4 20250
(o= 0.56 +3) - SO
O3 (0, B,7,m) = o+ B — 0.5y — EEI 4 22300
(@4 f—0.5) (2257 (4(T(G+1)*+T(26+1))

T2o+1)(T(5+1)) T

The exact solution of Eq. (39) at d =1 and ¢, = ¢, = ¢; =0,

n(ot, By, ) = ~LSzbi-22sm
—0.54+7-2.2

Vo Bm) = S, (46)

w(fl, ﬂa 7 7’) = 535, ,

6. Results and discussion

The aim of the present work is to find an analytical solution of
fractional-order Navier-Stokes equations, using an efficient
analytical techniques. The Natural decomposition method
and Natural variational iteration method are used to solve
the targeted problems. The Caputo definition of fractional
derivative is used to express fractional-derivative. To check
the validity of the suggested techniques, the solution of some
illustrative examples are presented. The solutions graphs are
plotted for both fractional and integer-order problems. In
Fig. 1, the exact solution u(o, f8,1) of Example 1 is shown. Sim-
ilarly in Fig. 2, the graph of NDM solution is discussed in
Fig. 3 at 6 = 1. It is observed that the exact, NDM and NVIM
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solution are in closed agreement with the exact solutions of the
problems. Also in Figs. 4-6 the NDM and NVIM solutions of
Example 1 are calculated at different fractional-order
0=0.8,0.6,0.4. It is confirmed that NDM and NVIM solu-
tions are in strong agreement with each other. The similar
graphical investigation and discussion can be made for the
solutions v(a, f,1) of Example 1 in Figs. 7-10. In Figs. 11
and 12 the error graph have been plotted for NDM and NVIM
respectively. In these graphs it is analyzed that both the tech-
niques have the sufficient degree of accuracy. In Tables |
and 2 the NDM, NVIM and FRDTM solutions are compared
in terms of absolute errors for u(o, f,1) and v(a, f,1) respec-
tively. It has been shown that the proposed method have the
identical accuracy. Figs. 11 and 12 represents the NDM and
NVIM solutions u(a, f,1) and v(a, f, 1) of Example 2 at differ-
ent fractional-orders 6 = 1,0.8,0.6 and 0.4. It is analyzed that
solution of fractional-order problems are convergent to an
integer-order solution as fractional-order approaches to
integer-order. At the end Figs. 13-15 are plotted to show the
solutions u(a, B,7,n),v(a, B,7,1) and w(a, f,y,n) at different
fractional-order 6 = 1,0.8,0.6,0.4 respectively for Example 3.
The same convergence phenomena of the fractional-order
solutions towards integer-order solutions is observed (see
Figs. 16 and 17).

7. Conclusion

In the current article, different hybrid technique are used to
solve fractional-order multi-dimensional Navier—Stokes equa-
tions. The analytical solution of some examples are calculated
to confirmed the reliability and effectiveness of the current
techniques. The solutions graphs are plotted to show the
closed contact between the exact and obtained solutions. It is
also investigated that natural decomposition method simple
and straight forward as compared natural variational iteration
method. Furthermore, the proposed methods provide the ser-
ies form solutions with easily computable components. It is
analyzed that the obtained series form solutions have the
higher rate of convergence towards the exact solutions of the
problems. The suggested techniques have a small number of
calculations to obtain the analytical solutions. On the basis
of sufficient degree of accuracy the current techniques are pre-
ferred to solve other complicated non-linear fractional-order
partial differential equations.

Declaration of Competing Interest
None.
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