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1 | INTRODUCTION AND PRELIMINARIES

The first result on stability issues, discussed in 1940 by Ulam,"? imposed the question of the stability of the Cauchy
equation, and in 1941, Hyers® solved it. After 38 years on the first ideas about the stability of Ulam-Hyers, Rassias* pro-
vided a generalization of Hyers theorem by proving the existence of unique linear mappings near approximate additive
mappings. Numerous important articles with relevant results on the Ulam-Hyers stability of solutions of differential
equations have been published.>®

On the other hand, the fractional calculus since its first ideas, and consequently its consolidation in several areas of
knowledge, allowed and has belonged and providing results of great impact in the scientific community, in particular,
involving applications in biology, medicine, engineering, among others'®-'? and references therein. We want to highlight
the fundamental role of the theory of fractional differential equations, since it has been the target of investigation and
has been growing during these last decades, in particular, in the investigation of Ulam-Hyers stabilities, existence, and
uniqueness.!3-22

After the introduction of the fractional derivative w-Hilfer,”> which owns a wide class of fractional derivatives,
researchers around the world started several researches involving such operator, in particular, on the Ulam-Hyers
stability!31418.24 and references therein.

In 2012, Ibrahim? discusses the Ulam-Hyers stability of Cauchy fractional differential equations in the unit disk for
the linear and non-linear cases. In 2017, Wang and Xu?® investigate the Hyers-Ulam-Rassias stability of the nonlinear
fractional differential equations using the weighted space method and a fixed point theorem. Sousa and Oliveira!3 dis-
cussed results on the Ulam-Hyers and Ulam-Hyers-Rassias stabilities of the fractional integro-differential equation using
the Banach fixed point theorem.
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In 2018, Khan et al*’ discussed conditions to obtain the existence, uniqueness, and Hyers-Ulam stability of solu-
tions for the proposed coupled system of fractional differential equations with the nonlinear p-Laplacian operator and
Riemann-Liouville integral boundary conditions via the nonlinear Leray-Schauder alternative and the Banach fixed point
theorem. See also the work on stability investigated by Khan et al.?8

In 2018, Sousa et al** investigated the stability of Ulam-Hyers for a fractional integro-differential equation in a Banach
space, given by

t
HDEPYx(t) = gt x(t)) + / K(t,s,x(s))ds €]
0
where o Dgf Y() is the w-Hilfer fractional derivative, with 0<a<1, 0<f<1 and g:[0,T|xX—>X,

K:[0,T]x [0, T] XX — X, x:[0, T] - X are continuous functions, and X is a Banach space. One of the main objectives of
this paper (see Sousa et al.>*) was to investigate the following result:

Theorem 1. (Theorem 4)** Assume that Q is a Banach space and L, L1, L,, and P are positive constants for which
0<Ly+LoL <1 Letl:[0,P]xQ—Q K : [0,P]* x Q — Qand continuous map y : [0, P] — (0, o) satisfying

I€(z, 0) = E(z.V)le,_,, < Lallo = Ve, ,0p ()
I1K(z, 0, 0(0)) = K(z,0,v(0))llc,_,, < Lallo=Vlc, 0 (3

and
o { QY,(z, ) (o)do < Ly (), (4)

forall 7,6 €0, P], and w, v € Q. If the continuous map n : [0, P] - Q satisfying
n(@) - £, (o) - % / Q' (¢, 0)K(z, 0, n(0))do <o), ©
0

Ci_ewlO.P]

0 < 7 < P; thus, we can find a unique continuous map ny : [0, P] — Q such that for every = € [0, P],

no(7) = {(z,m0(7)) + % { Qu(7,0)K(z, 5, m0(0))do, (6)
and

(). (7

1
_ L—-
”’1(7‘-) nO(T)HCI—:;‘V - 1- [£1 + £2£]u/

The next theorem was introduced by Diaz and Margolis?® and used by Cidariu and Radu for studying the concept of
stability of functional equations.30-32

Theorem 2 (Alternative FPT). Let (T, §) be a complete [0, o [-valued metric space. Assume that A:T XTI is a strictly
contractive operator with the Lipschitz constant £ < 1. If there exists a nonnegative integer k such that 5(A*+'w, Akw) < 1,
for some w €T". Thus,

1. {AN"w} converges to a FP o* of A.
2. Ao* = 0¥, also w™ is the unique in

I = {vel; s\, v) < o).

3. Ifver®, s(v,0") < Z=d(Av, v).
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In the proof of Theorem 1, the authors defined the mapping, A : M — M, by

t
Aw(z) = 15" c(r,w(r>)+$ / Q' (z, 0)K(c, 0, w(0))do
0

t
=I5 [z (o] + 10 % / Q!(r,0)K(¢, 0, (0))do |, (8)
0

which is not suitable for fractional integral equations. More exactly, since by Theorem 2 the fixed point of A is the unique
solution of (9) and the operator A helps to find a solution for integral Equation (9), so could not be an integral operator
as above, then Sousa et al?* could not find an accurate approximation.

Consider continuous map w : [0, P] — Q which Q is a Banach space. Motivate by Equation(1) and by Equation(8), in this
paper, we apply a fixed point theorem (FPT) to study Ulam-Hyers stability (UH-stability) of the solution of the fractional
Volterra integral equation

o(t) = {(z.0(0) + I3, K(z.0,0(c)), )

where Igj\}' is the W-Riemann-Liouville fractional integral defined by

15 (1) = % / Q%(z, 0)a(0)do, (10)
0

where QU/(7,0) := V' (6)(¥(r) — ¥(0))°1,'*? with0<p <1,and { : [0,P] x Q = Q, K : [0,P]* x Q — Q. In this sense, in
order to elucidate the investigated result, we present an example using the a-resolvent operator theory.
We work on the weighted space C; _ ¢ . [0, P] of continuous mappings w which defined in previous studies?*?* and with

norm ||.llc,_, ,0.p1-
For a continuous map w(r), satisfying

¢ @) + 15 K@ 0 060D - 00|, <wi,
1-&¥
with w(7)>0and 0 <7 <P, we can find a solution v(z) of (9) such that

lo(2) = v(lle,_y0p1 < Kw (@),

for some K> 0, so (9) has the UH-stability. Note that (9) can be considered as integral equation

t
(1) = {(r, (1)) + % { Q4 (z,0)K(x, 0, w(0))do. 11

In Proposition 1 of Sousa et al,* the authors proved that if (€, ||. ”'31—:«) is anormed space, then the function 6 : QxQ —
R, 6(w,v) = |lw— "”Ckw is a metric on Q. By Kreyszig,> every normed space induce a metric by equality §(w,v) =
|lo — v||; then Proposition 1 of Sousa et al?* is obvious and no need any proof.

2 | ULAM-HYERS STABILITY (PROOFTO THEOREM 1)

In this section, we present a correct proof to Theorem 1 by defining a suitable function A : M — M.

Proof. Set M = {w : [0,P] - Q, @ is continuous} and define a mapping 6 : M? — [0, oo] by

5(@,v) = \(C20: o) - Vo)llc,,, < Cv(e),0 <o <P).

8518017 SUOWIWIOD 3AIEaID) 3|qedl|dde 8y Aq pauenob aie I YO ‘@SN JO S3|Nu Joj Aig 1T 8UIIUO /8|1 UO (SUORIPUOD-PUR-SWLBY W00 A3 | 1M AReq 1 Ul [UO//SARY) SUOBIPUOD Pue SWB | 34} 83S *[£202/20/80] U0 ARIGITaUIIUO A8|IM ‘AseAIN eABNURD AQ 8PEL BWW/Z00T OT/I0P/W00" A3 1M Afe.q|UljuC//SdnY Wo1) pepeojumoq ‘€T ‘TZ0Z ‘9LyT660T



10908 Wl L EY BALEANU ET AL.

In previous studies,?*3%-32 the authors proved that (M, §) is a complete [0, oo ]-valued metric space. Consider A : M —
M, such that

Ao(7)) = (7, (7)) + m / Qu(7,0)K(z, 0, 0(0))do.

Suppose w, v € Q, Cy,, € [0, o0], and §(w, v) < C,,. So, for every = € [0, P],
lox®) = v(Dlle, ,, < Coreb(D).
Using (2) to (4), we get

IA@@) = AV@lc,_,, < 1@ o) = @, + |15 (K 0,0(0) - Kig.0,v@)||

I -5

< Lillo(@) = v@lie, , + I3 Lallo@) —v©llc, .,

< L1Coup(7) + Lo107 [Conpr(0)]
S [£1 + EZE]C(U\/II/(T)

In this sense, we have
6(Aw, Av) < [L1 + L2L]6(w, v), (12)

which implies that the contraction property of A, because 0 < £, + £,L£ < 1. Since # € M and using (5), we obtain

I1An(z) = n(@lc,_,, = ||€(z. (7)) + m / Qy(1,0)K(,0,0(c))do — n(z) <wy(2),

Crgw

and so,
6(An,n) <1< oo. (13)

Now, using Theorem 2, let us find a unique map 7o € M* = {v € M : §(An,v) < oo} such that Ay = 9 and so
no(7) = §(z,m0(7)) + I3, Y[K(c. 0, 10(0))]. (14)

Using Theorem 2 and (13), we have

1 1
5(mny) £ ————d(Af, ) £ —————,
.m0) < T L M D S T T oo
which implies that (7). Set
1
f=——-—.
1-[L,+L,L]

Consider another continuous map @ satisfying (6) and (7). Thus, n € M, 6(, 6) < f, and

0(r) = ¢(7,0(7)) + m / Q;(T, 0)K(7,0,0(c))do. (15)

We prove that, § € M* is a FP of A.
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By (15), we have A8 = 0. Now, we are ready to prove that §(A#, ) < o0. Using (15) and 6(7, 6) < #, imply that

IAn() = 6@)lc, .,

£(e (o) + % / QL(z,0)K(x, 0, n(0))do — n(z) + 1(z) — ()
0

Crew

IA

(o)

Cr ) + = / Q!,(z, 0)K(z, 0, n(0))do — n(z) - n(2)

0 Cl—:;‘l‘
+lIn@) = 00l .,

<+ P,

which implies that §(A#n, 0) <1+ f < co. O

3 | EXAMPLE

To conclude this paper, in this section, we present an example, in order to elucidate the result investigated in Section 2.
We recall that for a Banach space Q, a one parameter family {S,(f)};9, a > 0 in B(€), the space of all bounded linear
operators, is called an a-resolvent operator function if the following conditions are satisfied:

1. S,(¢) is strongly continuous on R* and S,(0) = I;
2. Sa(£)Sy(s) = Se(s)Sk(t), for all t,5 > 0;
3. The functional equation
Sy Sa(t) = Iy Sa(8)Sa(t) = Iy, Sa(s) — I Sa(t)

holds for all ¢, s > 0. The generator A of S, is defined by

=0 goi1 t

D(A) = {x € Q, limw exists}

where gy41(f) = —— and Ax = lim Sa(0x—x

x € D(A). Note that, limS,(t)x = x for xe Q.
I'(a+1) t—0 &ay1(D) X € (A) ’ t—)OSa() €

Consider the following conditions:

Cl. Letg:[0,P]xQ—Q,K:[0,P]x[0,P]xQ—Qand ¢ : [0,P] — (0, o0) be continuous functions satisfying

llgt,x) — gt, »Il < L1 llx —yll, (16)
IK(t,s,x) — K(t,s, )|l <Lz |lx—yll, a7
t
/ $()ds < Lo (18)
0

foralls,t€[0,P] and x,y € Q.
C2. Assume that A generates an a-resolvent family {S,(f)},5 such that ||S,(t)|| < e™'M (M >0, a > 0) for all ¢t > 0.

Example 1. Suppose Q is a Banach space, P € (0, o) and S,(¢) is a a-resolvent operator with generator (A, D(A)).
Let B € C ([0, P], B(2)), the space of all continuous function from [0, P] into B(Q2). For x, € D(A), consider the integral

equation
t

u(t) = Se(txp + / Sy (t — 5) B(s)u(s)ds, (19)

0

t€ [0, P]. This equation has a solution.
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Define g: [0, P]xQ — Qand K: [0, P] X [0, P] x Q — Q by
g(tyx) = Sa(t)x()’

K(t,s,x) = S, (t — s) B(s)x.

Note that, for any x,y € Q, ||g(t,x) — g(t, y)|| = 0. Also, from condition C2, we know that there exist m, w > 0, such that
forall t>0, ||S,(?)|| £ My, for some M, >0 and all s € [0, P]. Thus,

“K(t’ S,X) - K(t9 S, y)” = ”Stl (t - S)B(S) (-x - y)”
< MMoe® |lx - y||.

Now suppose 0 < L < ! _ For fixed a > % and p> 0, if ¢(t) = pe*, then the conditions (16), (17), and (18) hold.

MM,ePe
Thus, if
t

u(t) — Sa(t)xo — / S (t = 5) B(s)u (s) ds|| < (1)

0
t€ [0, P], by Theorem 1, there exists a unique solution uy(t) of (19) such that

1

u(t) —ug(d|| < ————
) = Ol < Ty

).

Hence, it conclude the Hyers-Ulam stability of (19).
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