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a b s t r a c t 

The current study employs the novel Hirota bilinear scheme to investigate the nonlinear model. Thus, we 

acquire some two-wave and breather wave solutions to the governing equation. Breathers are pulsating 

localized structures that have been used to mimic extreme waves in a variety of nonlinear dispersive 

media with a narrow banded starting process. Several recent investigations, on the other hand, imply 

that breathers can survive in more complex habitats, such as random seas, despite the attributed phys- 

ical restrictions. The authenticity and genuineness of all the acquired solutions agreed with the original 

equation. In order to shed more light on these novel solutions, we plot the 3-dimensional and contour 

graphs to the reported solutions with some suitable values. The governing model is also stable because 

of the idea of linear stability. The study’s findings may help explain the physics behind some of the chal- 

lenges facing ocean engineers. 

© 2021 Shanghai Jiaotong University. Published by Elsevier B.V. 

This is an open access article under the CC BY-NC-ND license 
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. Introduction 

In the form of nonlinear evolution model, various complicated 

onlinear integrable system can be depicted. Such system could 

e utilised to express multifarious physical nonlinear phenomena 

1–11] . The aspect of soliton solutions is one of the relevant and 

aptivating subjects for examining the propagation of soliton via 

onlinear optical fibres, water waves, rogue waves [14] . Increas- 

ng attention has been paid to nonlinear model, which are crucial 

n the fields of physics, mathematics, and engineering science Us- 

ng several effective approaches, many particular solutions to the 

onlinear evolution model are found [12,13,15–37] . Lump solutions 

re a type of rational solution that arises in many of the above- 

entioned nonlinear physical characteristics. Another significant 

nd intriguing aspect of many physical disciplines is the interplay 

etween lump solutions with other soliton solutions. Collisions in- 

olving interactions between a lump and a soliton might be elastic 
∗ Corresponding author. 

E-mail address: mustafabayram@biruni.edu.tr (M. Bayram). 

φ

o

ttps://doi.org/10.1016/j.joes.2021.09.012 

468-0133/© 2021 Shanghai Jiaotong University. Published by Elsevier B.V. This is an open

 http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
r completely non-elastic [38] . There are several studies in this di- 

ection [39–49] . 

However, in this study the approach by Hirota [50] is used in 

onstructing some new two-wave and breather wave solutions to 

he model [51] . 

The model is provided by Yang et al. [51] 

tt + φxxxt + 6 φx φt + 3 φφxt + 3 φxx χt + σφyt + δφxt = 0 , (1) 

nd χx = φ and σ , δ indicate not nonzero constants. 

The model has been derived for small-amplitude surface waves 

n a channel or strait with slowly changing depth and breadth and 

on-vanishing vorticity [52] . 

Eq. (1) may be equivalently written as 

xtt + χxxxxt + 6 χxx χxt + 3 χx χxxt + 3 χxxx χxt + σχxyt + δχxxt = 0 . 

(2) 

Using the Cole–Hopf transformations [50] 

= 2(ln f ) xx and χ = 2(ln f ) x , (3) 

n Eqs. (1) and (2) , yields [51,53,54] : 
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(

2( f tt f − f 2 t + f xxxt f − 3 f xxt f x + 3 f xt f xx − f xxx f t + σ ( f yt f − f y f t ) 

+ δ( f xt f − f x f t )) = 0 . (4) 

n Hirota bilinear operator, Eq. (4) is given by Yang et al. [51] 

(D 

2 
t + D 

3 
x D t + σD y D t + δD x D t ) f · f = 0 . (5)

. Two-wave solutions 

To search for the two-wave solutions, the form below for 

q. (1) is written as: 

f (x, y, t) = a 1 e 
η1 + a 2 e 

−η1 + a 3 sin (η2 ) + a 4 sinh (η3 ) , (6)

here η1 = � 1 x + � 2 y + � 3 t , η2 = � 4 x + � 5 y + � 6 t , η3 = � 7 x +
 8 y + � 9 t , and a 1 , a 2 , a 3 , a 4 , � 1 , � 2 , � 3 , � 4 , � 5 , � 6 , � 7 , � 8 , � 9 are

onstants to be resolved later. 

Inserting Eq. (6) into Eq. (4) , provides a polynomial in exponen- 

ial and trigonometric functions. A system of equations is gener- 

ted by considering the coefficients of the exponential and trigono- 

etric functions of the same power and equating each collection 

o zero. To determine the values of the parameters, the gathered 

ystem of equations is solved. Using Eqs. (6) and (3) , yields the 

ovel two-wave solutions to the governing equation. 

Set-1: When 

a 1 = 0 a 2 = 0 , a 3 = 0 , a 4 = a 4 , � 1 = −� 7 , � 2 

= −−4 � 

3 
7 − δ� 7 + � 3 

σ
, � 3 = � 3 , � 4 = � 4 , 

 5 = � 5 , � 6 = � 6 , � 7 = � 7 , � 8 = � 8 , � 9 = −4 � 

3 
7 − σ� 8 − δ� 7 , 

e have 

f 1 (x, y, t) = a 2 e 
� 7 x + 

(−4 � 3 
7 

−δ� 7 + � 3 ) 
σ y −� 3 t 

− a 4 sinh (−� 3 x − � 8 y + (4 � 

3 
7 + δ� 8 + σ� 7 ) t) , (7) 

1 = 2 

(
� 

2 
7 

(
a 2 e 

� 7 x + 
(−4 � 3 

7 
−δ� 7 + � 3 ) 
σ y −� 3 t − a 4 sinh (−� 3 x − � 8 y 

+ (4 � 

3 
7 + δ� 8 + σ� 7 ) t) 

)

×
(

a 2 e 
� 7 x + 

(−4 � 3 
7 

−δ� 7 + � 3 ) 
σ y −� 3 t − a 4 sinh (−� 3 x − � 8 y 

+ (4 � 

3 
7 + δ� 8 + σ� 7 ) t) 

)

− � 7 

(
a 2 e 

� 7 x + 
(−4 � 3 

7 
−δ� 7 + � 3 ) 
σ y −� 3 t + a 4 cosh (−� 3 x − � 8 y 

+ (4 � 

3 
7 + δ� 8 + σ� 7 ) t) 

)
2 

)/
(

a 2 e 
� 7 x + 

(−4 � 3 
7 

−δ� 7 + � 3 ) 
σ y −� 3 t − a 4 sinh (−� 3 x − � 8 y 

+ (4 � 

3 
7 + δ� 8 + σ� 7 ) t) 

)
2 , (8) 

1 = 

2 � 7 

(
a 2 e 

� 7 x + 
(−4 � 3 

7 
−δ� 7 + � 3 ) 
σ y −� 3 t + a 4 cosh (−� 3 x −� 8 y +(4 � 3 7 + δ� 8 + σ� 7 ) t) 

)

a 2 e 
� 7 x + 

(−4 � 3 
7 

−δ� 7 + � 3 ) 
σ y −� 3 t −a 4 sinh (−� 3 x −� 8 y +(4 � 3 

7 
+ δ� 8 + σ� 7 ) t) 

. 

(9) 

Set-2: When 

a 1 = a 1 a 2 = a 2 , a 3 = 0 , a 4 = a 4 , � 1 = −� 7 , 

 2 = 

4 � 

3 
7 + δ� 7 − � 3 

σ
, � 3 = � 3 , � 4 = � 4 , 

 5 = � 5 , � 6 = � 6 , � 7 = � 7 , � 8 = � 8 , � 9 = −4 � 

3 
7 − σ� 8 − δ� 7 , 
468 
e have 

f 2 (x, y, t) = a 1 e 
−� 7 x + 

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y + � 3 t + a 2 e 
� 7 x −

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y −� 3 t 

−a 4 sinh 

(
− � 7 x − � 8 y − (−4 � 

3 
7 − σ� 8 − δ� 7 ) t 

)
, 

(10) 

2 = 2 

(
� 

2 
7 

(
a 1 e 

−� 7 x + 
(4 � 3 

7 
+ δ� 7 −� 3 ) 

σ y + � 3 t + a 2 e 
� 7 x −

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y −� 3 t 

− a 4 sinh 

(
− � 7 x − � 8 y − (−4 � 

3 
7 − σ� 8 − δ� 7 ) t 

))
×

(
a 1 e 

−� 7 x + 
(4 � 3 

7 
+ δ� 7 −� 3 ) 

σ y + � 3 t + a 2 e 
� 7 x −

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y −� 3 t 

− a 4 sinh 

(
− � 7 x − � 8 y − (−4 � 

3 
7 − σ� 8 − δ� 7 ) t 

))
− � 7 

(
− a 1 e 

−� 7 x + 
(4 � 3 

7 
+ δ� 7 −� 3 ) 

σ y + � 3 t + a 2 e 
� 7 x −

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 4 cosh 

(
− � 7 x − � 8 y − (−4 � 

3 
7 − σ� 8 − δ� 7 ) t 

))
2 

)/
(

a 1 e 
−� 7 x + 

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y + � 3 t + a 2 e 
� 7 x −

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y −� 3 t 

− a 4 sinh 

(
− � 7 x − � 8 y − (−4 � 

3 
7 − σ� 8 − δ� 7 ) t 

))
2 , 

(11) 

2 = 2 � 7 

(
− a 1 e 

−� 7 x + 
(4 � 3 

7 
+ δ� 7 −� 3 ) 

σ y + � 3 t + a 2 e 
� 7 x −

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 4 cosh 

(
− � 7 x − � 8 y − (−4 � 

3 
7 − σ� 8 − δ� 7 ) t 

))/

 1 e 
−� 7 x + 

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y + � 3 t + a 2 e 
� 7 x −

(4 � 3 
7 

+ δ� 7 −� 3 ) 

σ y −� 3 t 

− a 4 sinh 

(
− � 7 x − � 8 y − (−4 � 

3 
7 − σ� 8 − δ� 7 ) t 

)
. 

(12) 

Set-3: When 

a 1 = − a 2 4 

4 a 2 
, a 2 = a 2 , a 3 = 0 , a 4 = a 4 , � 1 = � 7 , 

 2 = − (8 � 

3 
7 + σ� 8 + 2 δ� 7 + 2 � 9 ) 

σ
, 

 3 = � 3 , � 4 = � 4 , � 5 = � 5 , � 6 = � 6 , � 7 = � 7 , � 8 = � 8 , � 9 = � 9 , 

e have 

f 3 (x, y, t) = − a 2 4 e 
� 7 x −

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 
σ y + � 9 t 

4 a 2 
+ a 4 sinh ( � 7 x + � 8 y + � 9 t) 

+ a 2 e 
−� 7 x + 

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y −� 9 t , (13) 

3 = 2 

(
� 

2 
7 

(
− a 2 4 e 

� 7 x −
(8 � 3 

7 
+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y + � 9 t 

4 a 2 
+ a 4 sinh (� 7 x + � 8 y + � 9 t)

+ a 2 e 
−� 7 x + 

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y −� 9 t 
)

×
(

− a 2 4 e 
� 7 x −

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 
σ y + � 9 t 

4 a 2 
+ a 4 sinh (� 7 x + � 8 y + � 9 t) 

+ a 2 e 
−� 7 x + 

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y −� 9 t 
)

− � 7 

(
− a 2 4 e 

� 7 x −
(8 � 3 

7 
+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y + � 9 t 

4 a 2 
+ a 4 cosh (� 7 x + � 8 y + � 9 t) 

− a 2 e 
−� 7 x + 

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y −� 9 t 
)

2 

)/

− a 2 4 e 
� 7 x −

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 
σ y + � 9 t 

4 a 2 
+ a 4 sinh (� 7 x + � 8 y + � 9 t) 

+ a 2 e 
−� 7 x + 

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y −� 9 t 
)

2 , 

(14) 
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3 = 2 � 7 

(
− a 2 4 e 

� 7 x −
(8 � 3 

7 
+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y + � 9 t 

4 a 2 
+ a 4 cosh (� 7 x + � 8 y + � 9 t) 

− a 2 e 
−� 7 x + 

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y −� 9 t 

)/

− a 2 4 e 
� 7 x −

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 
σ y + � 9 t 

4 a 2 
+ a 4 sinh (� 7 x + � 8 y + � 9 t) 

+ a 2 e 
−� 7 x + 

(8 � 3 
7 

+ σ� 8 +2 δ� 7 +2 � 9 ) 

σ y −� 9 t , (15) 

Set-4: When 

a 1 = 0 , a 2 = a 2 , a 3 = a 3 , a 4 = a 4 , � 1 = −� 7 , 

 2 = 

8 � 

3 
7 − 3 � 

2 
4 � 7 + δ� 7 − � 3 

σ
, 

 3 = � 3 , � 4 = � 4 , � 5 = − (3 a 2 3 � 

2 
4 � 

2 
7 − a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

, 

 6 = 

a 2 4 � 3 � 7 

� 

2 
3 
� 4 

, � 7 = � 7 , 

 8 = 

8 � 

3 
7 − 3 � 

2 
4 � 7 + δ� 7 + � 3 

σ
, � 9 = � 3 

e have 

f 4 (x, y, t) = a 2 e 
� 7 x −

(8 � 3 
7 

−3 � 2 
4 
� 7 + δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 3 sin 

(
� 4 x − (3 a 2 3 � 

2 
4 � 

2 
7 −a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

y + 

a 2 4 � 3 � 7 
� 2 

3 
� 4 

t 

)
+ a 4 sinh 

(
� 7 x − (8 � 3 7 −3 � 2 4 � 7 + δ� 7 + � 3 ) 

σ y + � 3 t 

)
, 

(16) 

4 = 2 

((
a 2 � 

2 
7 e 

� 7 x −
(8 � 3 

7 
−3 � 2 

4 
� 7 + δ� 7 −� 3 ) 

σ y −� 3 t 

− a 3 � 

2 
4 sin 

(
� 4 x − (3 a 2 3 � 

2 
4 � 

2 
7 −a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

y + 

a 2 4 � 3 � 7 
� 2 

3 
� 4 

t 

)
+ a 4 � 

2 
7 sinh 

(
� 7 x − (8 � 3 7 −3 � 2 4 � 7 + δ� 7 + � 3 ) 

σ y + � 3 t 

))
×

(
a 2 e 

� 7 x −
(8 � 3 

7 
−3 � 2 

4 
� 7 + δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 3 sin 

(
� 4 x − (3 a 2 3 � 

2 
4 � 

2 
7 −a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

y + 

a 2 4 � 3 � 7 
� 2 

3 
� 4 

t 

)
+ a 4 sinh 

(
� 7 x − (8 � 3 7 −3 � 2 4 � 7 + δ� 7 + � 3 ) 

σ y + � 3 t 

))
−

(
a 2 � 7 e 

� 7 x −
(8 � 3 

7 
−3 � 2 

4 
� 7 + δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 3 � 4 cos 

(
� 4 x − (3 a 2 3 � 

2 
4 � 

2 
7 −a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

y + 

a 2 4 � 3 � 7 
� 2 

3 
� 4 

t 

)

+ a 4 � 7 cosh 

(
� 7 x − (8 � 3 7 −3 � 2 4 � 7 + δ� 7 + � 3 ) 

σ y + � 3 t 

))
2 

)/

a 2 e 
� 7 x −

(8 � 3 
7 

−3 � 2 
4 
� 7 + δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 3 sin 

(
� 4 x − (3 a 2 3 � 

2 
4 � 

2 
7 −a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

y + 

a 2 4 � 3 � 7 
� 2 

3 
� 4 

t 

)
+ a 4 sinh 

(
� 7 x − (8 � 3 7 −3 � 2 4 � 7 + δ� 7 + � 3 ) 

σ y + � 3 t 

))
2 , 

(17) 

4 = 2 

(
a 2 � 7 e 

� 7 x −
(8 � 3 

7 
−3 � 2 

4 
� 7 + δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 3 � 4 cos 

(
� 4 x − (3 a 2 3 � 

2 
4 � 

2 
7 −a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

y + 

a 2 4 � 3 � 7 
� 2 

3 
� 4 

t 

)

+ a 4 � 7 cosh 

(
� 7 x − (8 � 3 7 −3 � 2 4 � 7 + δ� 7 + � 3 ) 

σ y + � 3 t 

))/

 2 e 
� 7 x −

(8 � 3 
7 

−3 � 2 
4 
� 7 + δ� 7 −� 3 ) 

σ y −� 3 t 

+ a 3 sin 

(
� 4 x − (3 a 2 3 � 

2 
4 � 

2 
7 −a 2 3 � 

4 
4 + δa 2 3 � 

2 
4 + a 2 4 � 3 � 7 ) 

σa 2 
3 
� 4 

y + 

a 2 4 � 3 � 7 
� 2 

3 
� 4 

t 

)
+ a 4 sinh 

(
� 7 x − (8 � 3 7 −3 � 2 4 � 7 + δ� 7 + � 3 ) 

σ y + � 3 t 

)
. 

(18) 

. The breather wave solution 

Here, the breather wave solution to the model are constructed. 
469 
To establish for this solution, Eq. (1) is supposed as 

f (x, y, t) = e −r 1 (x + a 0 y + b 0 t) + a 1 cos (r 0 (x + c 0 y + d 0 t)) 

+ a 2 e 
r 1 (x + a 0 y + b 0 t) , (19) 

here r 0 , r 1 , a 0 , a 1 , a 2 , b 0 , c 0 , d 0 are constants to be resolved

ater. 

Inserting Eq. (19) into Eq. (4) , provides a polynomial in trigono- 

etric and exponential functions. Taking the coefficients of the 

ame-power exponential and trigonometric functions and equating 

ach sum to zero, generates an equations. The attained equations 

re solved to evaluate the parameters values. Using the attained 

alues in Eq. (19) , and Eq. (3) , yields the novel interaction solu- 

ions to the governing equation. 

Set-1: When 

 0 = − (σ c 0 a 
2 
1 r 

2 
0 − a 2 1 r 

4 
0 + 3 a 2 1 r 

2 
0 r 

2 
1 + δa 2 1 r 

2 
0 − 12 a 2 r 

2 
0 r 

2 
1 + 4 a 2 r 

4 
1 + 4 δa 2 r 

2 
1 ) 

4 σa 2 r 
2 
1 

, 

r 0 = r 0 , 

 0 = 

a 2 1 r 
2 
0 (σ c 0 − r 2 0 + 3 r 2 1 + δ) 

4 r 2 
1 
a 2 

, c 0 = c 0 , d 0 = −σ c 0 + r 2 0 − 3 r 2 1 − δ, 

 1 = a 1 , a 2 = a 2 , 

 1 = r 1 , we have 

f 1 (x, y, t) 

= e 
−r 1 

(
x − (σ c 0 a 

2 
1 

r 2 
0 

−a 2 
1 

r 4 
0 

+3 a 2 
1 

r 2 
0 

r 2 
1 

+ δa 2 
1 

r 2 
0 

−12 a 2 r 
2 
0 

r 2 
1 

+4 a 2 r 
4 
1 

+4 δa 2 r 
2 
1 
) 

4 σa 2 r 
2 
1 

y + a 
2 
1 

r 2 
0 
(σ c 0 −r 2 

0 
+3 r 2 

1 
+ δ) 

4 r 2 
1 

a 2 
t 

)

+ a 1 cos 

(
r 0 (x + c 0 y + (−σ c 0 + r 2 0 − 3 r 2 1 − δ) t) 

)

+ a 2 e 
r 1 

(
x − (σ c 0 a 

2 
1 

r 2 
0 

−a 2 
1 

r 4 
0 

+3 a 2 
1 

r 2 
0 

r 2 
1 

+ δa 2 
1 

r 2 
0 

−12 a 2 r 
2 
0 

r 2 
1 

+4 a 2 r 
4 
1 

+4 δa 2 r 
2 
1 
) 

4 σa 2 r 
2 
1 

y + a 
2 
1 

r 2 
0 
(σ c 0 −r 2 

0 
+3 r 2 

1 
+ δ) 

4 r 2 
1 

a 2 
t 

)
, 

(20) 

1 = 2 

{(
r 2 1 e 

−r 1 

(
x − (σ c 0 a 

2 
1 

r 2 
0 

−a 2 
1 

r 4 
0 

+3 a 2 
1 

r 2 
0 

r 2 
1 

+ δa 2 
1 

r 2 
0 
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Fig. 1. Features of Eq. (8) at (a,d) y = −2 , (b,e) y = 0 , (c,f) y = 2 . 
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Fig. 2. Features of Eq. (9) at (a,d) y = −2 , (b,e) y = 0 , (c,f) y = 2 . 
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Fig. 3. Features of Eq. (21) at (a) y = −2 , (b) y = 0 , (c) y = 2 . 

Fig. 4. The 3D profile for the Eq. (28) when (a) p = 5 , ε = 0 . 1 , σ1 = 5 , δ = 1 k 2 = 0 , (b) p = 0 . 5 , ε = 0 . 1 , σ1 = 0 . 5 , δ = 0 . 01 , k 2 = 0 . 5 . 
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Fig. 5. Frequency of perturbation versus wave number K 1 when (a) p = 5 , ε = 0 . 1 , σ1 = 5 , δ = 1 , (b) p = 0 . 5 , ε = 0 . 1 , σ1 = 0 . 5 , δ = 0 . 01 . 
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. Stability analysis for the model 

The stability analysis for the equation under consideration is ex- 

mined herein [55–57] . 

.1. Dispersion relations 

Surmising that we have a function u (x, t, y ) ∈ R which holds for

onlinear and linear PDEs with constant coefficient. Take into ac- 

ount the solution as comes next 

 (x, t, y ) = e k 1 x + k 2 y −ωt . (23) 

lugging Eq. (23) into Eq. (2) , yields ω = ω(k 1 , k 2 ) which depicts

he dispersion relation (DR) e k 1 x + k 2 y . 

.2. Stability analysis 

Deducing that Eq. (2) has a perturbed solution expressed by 

 (x, t, y ) = 

√ 

P + 
(x, t, y ) e P (k 1 + P k 2 ε) t , (24)

t can easily be shown that any constant P generates a steady state 

olution for Eq. (2) . Plugging Eq. (24) into Eq. (2) , yields 

k 2 1 P 
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x + 2 k 1 k 2 P 

3 ε
x + 9 k 2 P 
2 ε
x 
xx e 

k 1 Pt+ k 2 P 2 tε

+ 3 k 2 P 
2 ε
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xxx e 

k 1 Pt+ k 2 P 2 tε
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x 
xx e 
k 1 Pt+ k 2 P 2 tε + 3 k 1 P
x 
xxx e 

k 1 Pt+ k 2 P 2 tε

+ 6
xx 
xt e 
k 1 Pt+ k 2 P 2 tε

+ 3
x 
xxt e 
k 1 Pt+ k 2 P 2 tε + 3
xxx 
xt e 

k 1 Pt+ k 2 P 2 tε

+ 2 k 1 P 
xt + δk 1 P 
xx + k 1 P σ
xy 

+ k 1 P 
xxxx + k 2 2 P 
4 ε2 
x + 2 k 2 P 

2 ε
xt + δk 2 P 
2 ε
xx 

+ k 2 P 
2 σε
xy + k 2 P 

2 ε
xxxx 
473 
+ δ
xxt + σ
xty + 
xtt + 
xxxxt = 0 . (25) 

y linearizing the above equation, we attain 

k 2 1 P 
2 
x + 2 k 1 k 2 P 

3 ε
x + 2 k 1 P 
xt + δk 1 P 
xx 

+ k 1 P σ
xy + k 1 P 
xxxx 

+ k 2 2 P 
4 ε2 
x + 2 k 2 P 

2 ε
xt + δk 2 P 
2 ε
xx 

+ k 2 P 
2 σε
xy + k 2 P 

2 ε
xxxx 

+ δ
xxt + σ
xty + 
xtt + 
xxxxt = 0 . (26) 

t surmises that the above equation leads to 

(x, t, y ) = βe k 1 x + k 2 y −ωt , (27) 

he normalized number of wave is represented by k 1 and k 2 . 

Plugging Eq. (27) into Eq. (26) , we get 

 = k 1 P + k 2 P 
2 ε or ω = k 3 1 + δk 1 + k 1 P + k 2 P 

2 ε + k 2 σ. (28)

y stimulating Raman scattering and modulation of the self-phase, 

he stage of stability is attained ( Figs. 1–3 ). 

. Conclusions 

Using the Hirota bilinear technique, two-wave and breather 

ave solutions to the model were developed. As a result of this, 

arious types of solutions have been established. To the best of our 

nowledge, these findings are unique and have never been pub- 

ished before for the model. Additionally, we examined the stability 

nalysis for the model under consideration. See Figs. 4 and 5 . The 

ndings of this investigation definitely added new information and 

utcomes to the model. The findings of this study may be useful in 

nderstanding the physical features of various maritime engineer- 

ng issues. 
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