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Abstract

In this paper, the k-integral operators for analytic functions de�ned in the open unit disc U = {z ∈ C : |z| < 1}
are introduced. Several new subclasses of analytic functions satisfying certain relations involving these oper-
ators are also introduced. Further, we establish the inclusion relation for these subclasses. Next, the integral
preserving properties of a k-integral operator satis�ed by these newly introduced subclasses are obtained.
Some applications of the results are discussed. Concluding remarks are also given.
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1. Introduction

Geometric function theory is one of the most important branches of complex analysis which focus on the
geometric properties of analytic functions. Geometric function theory was evolved around the turn of the 20th

century and developed deep connections with other �elds of mathematics and physics like hyperbolic geome-
try, theory of partial di�erential equations, �uid dynamics etc. In this paper, we study certain classes based
on some important geometric properties like starlikeness, convexity, close-to-convexity and quasi-convexity
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of univalent analytic functions and associated with certain k-integral operators.

Let A be the class of analytic functions of the form

f(z) = z +

∞∑
n=2

anz
n, (1)

where f is analytic in the open unit disc U = {z ∈ C : |z| < 1}.

Let P be the class of function h(z) of the form

h(z) = 1 +
∞∑
n=1

hnz
n (z ∈ U),

which are analytic and convex in U and satisfy the following condition:

Re(h(z)) > 0 (z ∈ U).

For the analytic functions f and g in U , we say that the function g is subordinate to f in U [10], and
write

g(z) ≺ f(z) or g ≺ f ,

if there exists a Schwarz function w, which is analytic in U with

w(0) = 0 and |w(z)| < 1,

such that

g(z) = f(w(z)) (z ∈ U).

Al-Shaqsi and Darus [1] de�ned the subclasses S∗(µ;φ), K(µ;φ), C(µ, η;φ, ψ) and C∗(µ, η;φ, ψ) of the
class A in terms of the subordination principle between certain analytic functions. These subclasses are as
follows:

S∗(µ;φ) =

{
f ∈ A :

1

1− µ

(
zf ′(z)

f(z)
− µ

)
≺ φ(z)

(φ ∈ P ; 0 ≤ µ < 1; z ∈ U)

}
, (2)

K(µ;φ) =

{
f ∈ A :

1

1− µ

({
1 +

zf ′′(z)

f ′(z)

}
− µ

)
≺ φ(z)

(φ ∈ P ; 0 ≤ µ < 1; z ∈ U)

}
. (3)

C(µ, η;φ, ψ) =

{
f ∈ A : ∃ g ∈ S∗(µ;φ) such that

1

1− η

(
zf ′(z)

g(z)
− η
)
≺ ψ(z) (φ, ψ ∈ P ; 0 ≤ µ, η < 1; z ∈ U)

}
. (4)
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C∗(µ, η;φ, ψ) =

{
f ∈ A : ∃ g ∈ K(µ;φ) such that

1

1− η

({
1 +

zf ′′(z)

g′(z)

}
− η
)
≺ ψ(z) (φ, ψ ∈ P ; 0 ≤ µ, η < 1; z ∈ U)

}
. (5)

The classes S∗(µ;φ), K(µ;φ), C(µ, η;φ, ψ) and C∗(µ, η;φ, ψ) consist of all analytic functions which are
starlike of order µ, convex of order µ, close to convex of order η and quasi-convex of order η, respectively
(see e.g. [3], [4], [7], [9], [13], [16]).

Now, we recall that the Jung-kim-Srivastava integral operator Qµλ are de�ned as [7, p. 1788 (1.10)]:

Qµλf(z) =

(
λ+ µ

λ

)
µ

zλ

∫ z

0

(
1− t

z

)µ−1
tλ−1f(t)dt

= z +
Γ(λ+ µ+ 1)

Γ(λ+ 1)

∞∑
n=2

Γ(λ+ n)

Γ(λ+ µ+ n)
anz

n,

(6)

where (λ > −1; µ > 0; f ∈ A). The Bernardi integral operator Jµf(z) are de�ned as [2]:

Jµf(z) =
µ+ 1

zµ

∫ z

0
tµ−1f(t)dt

= z +
∞∑
n=2

(
µ+ 1

µ+ n

)
anz

n ( µ > −1; f ∈ A),

(7)

where f(t) = t+
∑∞

n=2 ant
n.

Next, we recall the k-Gamma function, given by [5]:

Γk(z) =

∫ ∞
0

e
−tk
k tz−1dt (Re(z) > 0; k > 0), (8)

satisfying the following properties [5]:
Γk(k) = 1

and
Γk(z + k) = zΓk(z). (9)

Also, the Pochhammer k-symbol is de�ned as [5]:

(γ)n,k =


Γk(γ + nk)

Γk(γ)
, k ∈ R, γ ∈ C/ {0}

γ(γ + k)(̇γ + (n− 1)k), n ∈ N, γ ∈ C.
(10)

The k-Beta function is de�ned as [5]:

Bk(x, y) =
1

k
B
(x
k
,
y

k

)
=

1

k

∫ 1

0
t
x
k−1 (1− t)

y
k−1 dt , (11)
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where k > 0, Re(x) > 0 and Re(y) > 0 and it satis�es the following property [5]:

Bk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
. (12)

It is clear that, for k = 1, equations (8), (10) and (11), give the Gamma function Γ(z), Pochhammer
symbol (γ)n and Beta function B(x, y), respectively.

In the next section, we de�ne certain k-integral operators and then, we introduce four subclasses Sαβ,k(µ;φ),
Kα
β,k(µ;φ), Cαβ,k(µ, η;φ, ψ) and QCαβ,k(µ, η;φ, ψ) of the class A. These subclasses contain functions satisfying

certain relations involving these newly introduced k-integral operators. Further, we deduce certain inclusion
relations for the classes Sαβ,k(µ;φ), Kα

β,k(µ;φ), Cαβ,k(µ, η;φ, ψ) and QCαβ,k(µ, η;φ, ψ).

2. Inclusion Results

First, we de�ne the k-integral operator Mα
β,k : A→ A as:

Mα
β,kf(z) =

Γk(α+ β + k)

kzβ/kΓk(α)Γk(β + k)

∫ z

0
t
β
k−1

(
1− t

z

)α
k−1

f(t)dt,

(α > 0; β > −1; k > 0; f ∈ A), (13)

which for k = 1, β = λ and α = µ, give the Jung-kim-Srivastava integral operator Qµλ, given by equation (6).

Using equations (11) and (12), we obtain that the function Mα
β,kf , de�ned in the open unit disc U =

{z ∈ C : |z| < 1} has the following series representation:

Mα
β,kf(z) = z +

∞∑
n=2

Γk(α+ β + k)Γk(β + nk)

Γk(β + k)Γk(α+ β + nk)
anz

n,

(α > 0; β > −1; k > 0; f ∈ A) (14)

which on using equations (9) and (10), gives

Mα
β,kf(z) = z +

∞∑
n=2

(
α+ β

β

)
(β)n,k

(α+ β)n,k
anz

n,

(α > 0; β > −1; k > 0; f ∈ A). (15)

Using equations (9) and (14), we can verify that the function Mα
β,kf satis�es the following recurrence

relation:

z
(
Mα+k
β,k f(z)

)′
=

(
α+ β + k

k

)
Mα
β,kf(z)−

(
α+ β

k

)
Mα+k
β,k f(z). (16)

Remark 2.1. Substituting k = 1, β = λ and α = µ in equation (16), we get the recurrence relation satis�ed
by the integral operator Qµλ [7, p. 1790 (2.2)].
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Also, we de�ne another k-integral operator ðσk by putting α = k and β = σ in equation (2.1), as:

ðσkf(z) =
(σ + k)

kz
σ
k

∫ z

0
t
σ
k−1f(t)dt (σ > −1; k > 0; f ∈ A; z ∈ U) (17)

which has the following series representation:

ðσkf(z) = z +
∞∑
n=2

(
σ + k

σ + nk

)
anz

n (σ > −1; k > 0; f ∈ A; z ∈ U). (18)

In view of equations (7), (17) and (18), it is clear that for k = 1 and σ = µ, the k-integral operator ðσk
reduces to the Bernardi integral operator Jµ.

In view of the de�nitions of the subclasses S∗(µ;φ), K(µ;φ), C(µ, η;φ, ψ) and C∗(µ, η;φ, ψ) of A, deduc-
ing from the equations (2), (3), (4) and (5), respectively, we de�ne the following classes of analytic functions
satisfying certain relations involving the function Mα

β,kf :

De�nition 2.2. The function f ∈ A is said to be in the class Sαβ,k(µ;φ), if it satis�es the following di�erential
subordination:

1

1− µ

z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

− µ

 ≺ φ(z), (19)

where α > 0; β > −1; k > 0; φ ∈ P ; 0 ≤ µ < 1; z ∈ U .

De�nition 2.3. The function f ∈ A is said to be in the class Kα
β,k(µ;φ), if it satis�es the following di�erential

subordination:

1

1− µ


1 +

z
(
Mα
β,kf(z)

)′′
(
Mα
β,kf(z)

)′
− µ

 ≺ φ(z), (20)

where α > 0; β > −1; k > 0; φ ∈ P ; 0 ≤ µ < 1; z ∈ U .

De�nition 2.4. The function f ∈ A is said to be in the class Cαβ,k(µ, η;φ, ψ), if it satis�es the following
di�erential subordination:

1

1− η

z
(
Mα
β,kf(z)

)′
Mα
β,kg(z)

− η

 ≺ ψ(z), (21)

where g ∈ Sαβ,k(µ;φ); α > 0; β > −1; k > 0; φ, ψ ∈ P ; 0 ≤ µ, η < 1; z ∈ U .

De�nition 2.5. The function f ∈ A is said to be in the class QCαβ,k(µ, η;φ, ψ), if it satis�es the following
di�erential subordination:

1

1− η


1 +

z
(
Mα
β,kf(z)

)′′
(
Mα
β,kg(z)

)′
− η

 ≺ ψ(z), (22)

where g ∈ Kα
β,k(µ;φ); α > 0; β > −1; k > 0; φ, ψ ∈ P ; 0 ≤ µ, η < 1; z ∈ U .
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Taking α = k and β = σ in the De�nitions 2.1-2.4, we de�ne the classes Sσk (µ;φ), Kσ
k (µ;φ), Cσk (µ, η;φ, ψ)

and QCσk (µ, η;φ, ψ) of analytic functions, which satisfy certain relations involving the function ðσkf(z), as :

Sσk (µ;φ) =

{
f ∈ A :

1

1− µ

(
z (ðσkf(z))′

ðσkf(z)
− µ

)
≺ φ(z)

(σ > −1; k > 0; φ ∈ P ; 0 ≤ µ < 1; z ∈ U)

}
. (23)

Kσ
k (µ;φ) =

{
f ∈ A :

1

1− µ

({
1 +

z (ðσkf(z))′′(
ðσkf(z)

)′
}
− µ

)
≺ φ(z)

(σ > −1; k > 0; φ ∈ P ; 0 ≤ µ < 1; z ∈ U)

}
. (24)

Cσk (µ, η;φ, ψ) =

{
f ∈ A : ∃ g ∈ Sσk (µ;φ) such that

1

1− η

(
z (ðσkf(z))′

ðσkg(z)
− η
)
≺ ψ(z)

(σ > −1; k > 0; φ, ψ ∈ P ; 0 ≤ µ, η < 1; z ∈ U)

}
.

QCσk (µ, η;φ, ψ) =

{
f ∈ A : ∃ g ∈ Kσ

k (µ;φ)such that

1

1− η

({
1 +

z (ðσkf(z))′′(
ðσkg(z)

)′
}
− η

)
≺ ψ(z)

(σ > −1; k > 0; φ, ψ ∈ P ; 0 ≤ µ, η < 1; z ∈ U)

}
.

It is clear from the De�nitions 2.2-2.5 and equations (23)-(26) that the classes Sαβ,k(µ;φ), Kα
β,k(µ;φ),

Cαβ,k(µ, η;φ, ψ), QCαβ,k(µ, η;φ, ψ), Sσk (µ;φ),
Kσ
k (µ;φ), Cσk (µ, η;φ, ψ) and QCσk (µ, η;φ, ψ) are the subclasses of the class A of analytic functions of the

form (1) and de�ned in the open unit disc U .

Remark 2.6. In view of the De�nitions 2.2-2.5 and equations (2)-(5), we obtain the following relations:

f ∈ Sαβ,k(µ;φ) ⇔Mα
β,kf ∈ S∗(µ;φ), (25)

f ∈ Kα
β,k(µ;φ)⇔Mα

β,kf ∈ K(µ;φ), (26)

f ∈ Cαβ,k(µ, η;φ, ψ)⇔Mα
β,kf ∈ C(µ, η;φ, ψ) (27)

and
f ∈ QCαβ,k(µ, η;φ, ψ)⇔Mα

β,kf ∈ C∗(µ, η;φ, ψ). (28)

Similarly, in view of equations (2)-(5) and equations (23)-(26), we obtain the following relations:



E.S.A. AbuJarad et al., Adv. Theory Nonlinear Anal. Appl. 4 (2020), 459�482. 465

f ∈ Sσk (µ;φ)⇔ ðσkf ∈ S∗(µ;φ), (29)

f ∈ Kσ
k (µ;φ)⇔ ðσkf ∈ K(µ;φ), (30)

f ∈ Cσk (µ, η;φ, ψ)⇔ ðσkf ∈ C(µ, η;φ, ψ) (31)

and
f ∈ QCσk (µ, η;φ, ψ)⇔ ðσkf ∈ C∗(µ, η;φ, ψ). (32)

Remark 2.7. Since, it is easy to verify that z
(
Mα
β,kf(z)

)′
= Mα

β,k (zf ′(z)) and hence z (ðσkf(z))′ =

ðσk (zf ′(z)), in view of De�nitions 2.2-2.5 and equations (23)-(26), we deduce the following relations:

f ∈ Kα
β,k(µ;φ)⇔ zf ′ ∈ Sαβ,k(µ;φ), (33)

f ∈ QCαβ,k(µ, η;φ, ψ)⇔ zf ′ ∈ Cαβ,k(µ, η;φ, ψ), (34)

f ∈ Kσ
k (µ;φ)⇔ zf ′ ∈ Sσk (µ;φ) (35)

and
f ∈ QCσk (µ, η;φ, ψ)⇔ zf ′ ∈ Cσk (µ, η;φ, ψ). (36)

In particular, for the special choice of the function φ(z), we set

Sαβ,k

(
µ;

1 +Az

1 +Bz

)
= Sαβ,k(µ;A,B) (−1 ≤ B < A ≤ 1),

Kα
β,k

(
µ;

1 +Az

1 +Bz

)
= Kα

β,k(µ;A,B) (−1 ≤ B < A ≤ 1),

Sσk

(
µ;

1 +Az

1 +Bz

)
= Sσk (µ;A,B) (−1 ≤ B < A ≤ 1)

and

Kσ
k

(
µ;

1 +Az

1 +Bz

)
= Kσ

k (µ;A,B) (−1 ≤ B < A ≤ 1).

Now, we proceed to establish several inclusion properties of the subclasses Sαβ,k(µ;φ), Kα
β,k(µ;φ),

Cαβ,k(µ, η;φ, ψ) and QCαβ,k(µ, η;φ, ψ) associated with the function Mα
β,kf , given by equation (14).

First, we need to mention the following lemma [6] to establish the inclusion property of the class Sαβ,k :

Lemma 2.8. Let u, v ∈ C and p(z) be convex and univalent in U such that p(0) = 1 and Re(up(z) + v) > 0.
If q(z) is analytic in U with q(0) = 1, then the subordination

q(z) +
zq′(z)

uq(z) + v
≺ p(z),

implies q(z) ≺ p(z) (z ∈ U).

Next, we establish the following inclusion relation for the class Sαβ,k(µ;φ):
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Theorem 2.9. Let 0 ≤ µ < 1 and φ ∈ P , then

Sαβ,k(µ;φ) ⊂ Sα+kβ,k (µ;φ), (37)

where

Re (φ(z)) > max

{
0,−α+ β + µk

(1− µ)k

}
(α > 0; β > −1; k > 0). (38)

Proof. Let f ∈ Sαβ,k(µ;φ), then from De�nition 2.2, we have

1

1− µ

z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

− µ

 ≺ φ(z). (39)

We assume that

u(z) :=
1

1− µ

z
(
Mα+k
β,k f(z)

)′
Mα+k
β,k f(z)

− µ

 , (40)

where u is analytic in U and u(0) = 1. Making use of equation (16) in the above equation, we get

(1− µ)u(z) + µ+

(
α+ β

k

)
=

(α+ β + k)Mα
β,kf(z)

k Mα+k
β,k f(z)

. (41)

Taking Logarithm of equation (43), then di�erentiating with respect to z and multiplying the resultant
equation with z, yields

zu′(z)

(1− µ)u(z) + µ+
α+ β

k

=
1

(1− µ)

z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

− µ


− 1

(1− µ)

z
(
Mα+k
β,k f(z)

)′
Mα+k
β,k f(z)

− µ

 . (42)

Using equation (42) in equation (44), we get

zu′(z)

(1− µ)u(z) + µ+
α+ β

k

+ u(z) =
1

(1− µ)

z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

− µ

 . (43)

From subordination (41), we have

zu′(z)

(1− µ)u(z) + µ+
α+ β

k

+ u(z) ≺ φ(z). (44)

Since u(0) = 1, therefore in view of Lemma 2.1, the subordination (46) implies

u(z) ≺ φ(z) (45)

with the condition

Re

(
(1− µ)φ(z) + µ+

α+ β

k

)
> 0. (46)
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Since α, β, µ ∈ R, therefore the condition (48) is equivalent to the condition (30).

Using equation (42) in subordination (47), we get

1

1− µ

z
(
Mα+k
β,k f(z)

)′
Mα+k
β,k f(z)

− µ

 ≺ φ(z), (47)

which in view of the De�nition 2.2, gives

f ∈ Sα+kβ,k (µ;φ).

Hence, we establish the inclusion relation (39) subject to the condition (40).

In view of the Theorem 2.9, we get the following corollary by mathematical induction:

Corollary 2.10. Let 0 ≤ µ < 1 and φ ∈ P such that condition (40) holds, then

Sαβ,k(µ;φ) ⊂ Sα+nkβ,k (µ;φ) (n ≥ 1; α > 0; β > −1; k > 0).

Taking φ(z) =

(
1 +Az

1 +Bz

)
(−1 ≤ B < A ≤ 1; z ∈ U) in Corollary 2.10, we obtain the following corollary:

Corollary 2.11. Let 0 ≤ µ < 1, then

Sαβ,k(µ;A,B) ⊂ Sα+nkβ,k (µ;A,B)

(n ≥ 1; −1 ≤ B < A ≤ 1; α > 0; β > −1; k > 0) ,

where
1 +Az

1 +Bz
> max

{
0,−α+ β + µk

k(1− µ)

}
. (48)

Again, taking α = k and β = σ in Theorem 2.9 and Corollary 2.10, we obtain the following result for the
k-integral operator ðσk :

Corollary 2.12. Let 0 ≤ µ < 1 and φ ∈ P , then

Skσ(µ;φ) ⊂ Snkσ (µ;φ) (n > 1; σ > −1; k > 0) ,

where

Re (φ(z)) > max

{
0,−σ + (1 + µ)k

(1− µ)k

}
. (49)

Also, taking φ(z) =

(
1 +Az

1 +Bz

)
(−1 ≤ B < A ≤ 1; z ∈ U) in Corollary 2.12, we obtain the following

corollary:
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Corollary 2.13. Let 0 ≤ µ < 1, then

Skσ(µ;A,B) ⊂ Snkσ (µ;A,B) (n > 1; −1 ≤ B < A ≤ 1; σ > −1; k > 0) ,

where
1 +Az

1 +Bz
> max

{
0,−σ + (1 + µ)k

(1− µ)k

}
. (50)

Next, we establish the following inclusion relation for the subclass Kα
β,k:

Theorem 2.14. Let 0 ≤ µ < 1 and φ ∈ P . If the condition (40) holds, then

Kα
β,k(µ;φ) ⊂ Kα+k

β,k (µ;φ) (α > 0; β > −1; k > 0). (51)

Proof. Making use of relation (35) and Theorem 2.9, we have

f ∈ Kα
β,k(µ;φ)⇔ zf ′ ∈ Sαβ,k(µ;φ)

⇒ zf ′ ∈ Sα+kβ,k (µ;φ) with the condition (40)

⇔ f ∈ Kα+k
β,k (µ;φ).

Hence, we get the inclusion property (53) .

In view of Theorem 2.14, we get the following corollary by mathematical induction:

Corollary 2.15. Let 0 ≤ µ < 1, φ ∈ P with condition (2.28) holds, then

Kα
β,k(µ;φ) ⊂ Kα+nk

β,k (µ;φ) (n ≥ 1; α > 0; β > −1; k > 0).

Taking φ(z) =

(
1 +Az

1 +Bz

)
(−1 ≤ B < A ≤ 1; z ∈ U) in Corollary 2.15, we obtain the following

Corollary:

Corollary 2.16. Let 0 ≤ µ < 1 and the condition (40) holds, then

Kα
β,k(µ;A,B) ⊂ Kα+nk

β,k (µ;A,B)

(n ≥ 1; −1 ≤ B < A ≤ 1; α > 0; β > −1; k > 0) .

Again, taking α = k and β = σ in Corollary 2.15, we obtain the following corollary for the subclass
Kk
σ(µ;φ) associated with the k-integral operator ðσk :

Corollary 2.17. Let 0 ≤ µ < 1, φ ∈ P and the condition (51) holds, then

Kk
σ(µ;φ) ⊂ Knk

σ (µ;φ)

(n > 1; σ > −1; k > 0) .
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Also, taking φ(z) =

(
1 +Az

1 +Bz

)
(−1 ≤ B < A ≤ 1; z ∈ U) in Corollary 2.17, we obtain the following

corollary:

Corollary 2.18. Let 0 ≤ µ < 1 and the condition (52) holds, then

Kk
σ(µ;A,B) ⊂ Knk

σ (µ;A,B)

(n > 1; −1 ≤ B < A ≤ 1; σ > −1; k > 0) .

Further, we need to mention the following lemma [11] to establish the inclusion property for the subclass
Cαβ,k(µ, η;φ, ψ) :

Lemma 2.19. Let h(z) be convex and univalent function in U and q(z) be analytic in U with Re(q(z)) ≥ 0.
If ϕ(z) is analytic in U with ϕ(0) = h(0), then the subordination

ϕ(z) + q(z)zϕ′(z) ≺ h(z) (z ∈ U),

implies ϕ(z) ≺ h(z).

Now, we establish the following inclusion relation for the subclass
Cαβ,k(µ, η;φ, ψ):

Theorem 2.20. Let 0 ≤ µ, η < 1 and φ, ψ ∈ P . If the condition (40) holds, then

Cαβ,k(µ, η;φ, ψ) ⊂ Cα+kβ,k (µ, η;φ, ψ) (α > 0; β > −1; k > 0). (52)

Proof. Let f ∈ Cαβ,k(µ, η;φ, ψ), then from De�nition 2.4, we have

1

1− η

z
(
Mα
β,kf(z)

)′
Mα
β,kg(z)

− η

 ≺ ψ(z), (53)

with g ∈ Sαβ,k(µ;φ). Hence, by Theorem 2.9, if condition (40) holds, then we have g ∈ Sα+kβ,k (µ;φ), which in
view of De�nition 2.2, gives

1

1− µ

z
(
Mα+k
β,k g(z)

)′
Mα+k
β,k g(z)

− µ

 ≺ φ(z), (54)

where 0 ≤ µ < 1 and φ ∈ P .

Let

p(z) =
1

1− µ

z
(
Mα+k
β,k g(z)

)′
Mα+k
β,k g(z)

− µ

 , (55)

which gives

[p(z)(1− µ) + µ]Mα+k
β,k g(z) = z

(
Mα+k
β,k g(z)

)′
. (56)
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Next, we suppose that

w(z) =
1

1− η

z
(
Mα+k
β,k f(z)

)′
Mα+k
β,k g(z)

− η

 , (57)

or, equivalently

[(1− η)w(z) + η]Mα+k
β,k g(z) = z

(
Mα+k
β,k f(z)

)′
, (58)

where w is analytic in U with w(0) = 1. Making use of recurrence relation (16) in the above equation, we
get

[(1− η)w(z) + η]Mα+k
β,k g(z) =

(
α+ β + k

k

)
Mα
β,kf(z)

−
(
α+ β

k

)
Mα+k
β,k f(z). (59)

Di�erentiating both the sides of equation (61) with respect to z and then multiplying the resultant
equation with z, we obtain

[(1− η)w(z) + η]

(
z
(
Mα+k
β,k g(z)

)′)
+(1− η)zw′(z)Mα+k

β,k g(z) =

(
α+ β + k

k

)(
z
(
Mα
β,kf(z)

)′)
−
(
α+ β

k

)(
z
(
Mα+k
β,k f(z)

)′)
. (60)

Using equation (58) in the left hand side of equation (2.50), we get

[(1− η)w(z) + η] [(1− µ)p(z) + µ]Mα+k
β,k g(z)

+(1− η)zw′(z)Mα+k
β,k g(z)

=

(
α+ β + k

k

)(
z
(
Mα
β,kf(z)

)′)
−
(
α+ β

k

)(
z
(
Mα+k
β,k f(z)

)′)
. (61)

Using equation (60) in the right hand side of equation (63), we get

[(1− η)w(z) + η] [(1− µ)p(z) + µ]Mα+k
β,k g(z) + (1− η)zw′(z)Mα+k

β,k g(z)

=

(
α+ β + k

k

)(
z
(
Mα
β,kf(z)

)′)
−
(
α+ β

k

)
[w(z)(1− η) + η]Mα+k

β,k g(z). (62)

On simplifying equation (64), we get

(1− η)zw′(z)

(1− µ)p(z) + µ+
α+ β

k

+ [w(z)(1− η) + η]

=
(α+ β + k)/k

(1− µ)p(z) + µ+
α+ β

k

z
(
Mα
β,kf(z)

)′
Mα+k
β,k g(z)

 . (63)
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Now, using recurrence relation (16) for the function g in equation (58), we get

(α+ β + k)/k

(1− µ)p(z) + µ+
α+ β

k

=
Mα+k
β,k g(z)

Mα
β,kg(z)

. (64)

Using equation (66) in the right hand side of equation (65), we get

(1− η)zw′(z)

(1− µ)p(z) + µ+
α+ β

k

+ [w(z)(1− η) + η] =
z
(
Mα
β,kf(z)

)′
Mα
β,kg(z)

(65)

or, equivalently

zw′(z)

(1− µ)p(z) + µ+
α+ β

k

+ w(z) =
1

1− η

z
(
Mα
β,kf(z)

)′
Mα
β,kg(z)

− η

 . (66)

Using subordination (55) in equation (68), we get

zw′(z)

(1− µ)p(z) + µ+
α+ β

k

+ w(z) ≺ ψ(z). (67)

Subordination (56) and equation (57), give

p(z) ≺ φ(z), (68)

with the condition (40) which is equivalent to

Re

(
(1− µ)φ(z) + µ+

α+ β

k

)
> 0.

Further, if we take q(z) =
1

(1− µ)p(z) + µ+
α+ β

k

, then from subordination (60) and the above inequal-

ity Re(q(z)) > 0.

Thus, applying Lemma 2.19 to subordination (69), we get

w(z) =
1

1− η

z
(
Mα+k
β,k f(z)

)′
Mα+k
β,k g(z)

− η

 ≺ ψ(z). (69)

Since g ∈ Sα+kβ,k (µ;φ), therefore in view of De�nition 2.4, subordination (71), gives

f ∈ Cα+kβ,k (µ, η;φ, ψ).

Hence, we establish the inclusion relation (54) subject to the condition (40).

In view of Theorem 2.20, we get the following corollary by mathematical induction:
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Corollary 2.21. Let 0 ≤ µ, η < 1 and φ, ψ ∈ P . If the condition (40) holds, then

Cαβ,k(µ, η;φ, ψ) ⊂ Cα+nkβ,k (µ, η;φ, ψ) (n ≥ 1; α > 0; β > −1; k > 0).

Taking α = k and β = σ in Corollary 2.21, we obtain the following corollary for the subclass Ckσ(µ, η;φ, ψ)
associated with the k-integral operator ðσk :

Corollary 2.22. Let 0 ≤ µ < 1 and φ, ψ ∈ P . If the condition (51) holds, then

Ckσ(µ, η;φ, ψ) ⊂ Cnkσ (µ, η;φ, ψ) (n > 1; σ > −1; k > 0) .

Next, we establish the following inclusion relation for the subclass
QCαβ,k(µ, η;φ, ψ):

Theorem 2.23. Let 0 ≤ µ, η < 1 and φ, ψ ∈ P . If the condition (40) holds, then

QCαβ,k(µ, η;φ, ψ) ⊂ QCα+kβ,k (µ, η;φ, ψ) (α > 0; β > −1; k > 0). (70)

Proof. Making use of relation (36) and Theorem 2.20, we get

f ∈ QCαβ,k(µ, η;φ, ψ)⇔ zf ′ ∈ Cαβ,k(µ, η;φ, ψ)

⇒ zf ′ ∈ Cα+kβ,k (µ, η;φ, ψ) with the condition (40)

⇔ f ∈ QCα+kβ,k (µ, η;φ, ψ).

Hence, we establish the inclusion property (72).

In view of Theorem 2.23, we get the following corollary by mathematical induction:

Corollary 2.24. Let 0 ≤ µ, η < 1 and φ, ψ ∈ P . If the condition (40) holds, then

QCαβ,k(µ, η;φ, ψ) ⊂ QCα+nkβ,k (µ, η;φ, ψ) (n ≥ 1; α > 0; β > −1; k > 0).

Taking α = k and β = σ in Corollary 2.24, we obtain the following corollary for the subclasses
QCkσ(µ, η;φ, ψ) associated with the k-integral operator ðσk :

Corollary 2.25. Let 0 ≤ µ, η < 1 and φ, ψ ∈ P . If the condition (41) holds, then

QCkσ(µ, η;φ, ψ) ⊂ QCnkσ (µ, η;φ, ψ) (n > 1; σ > −1; k > 0) .

In the next section, we establish the integral preserving property of the k-integral operator ðαk and satis�ed
by the subclasses Sαβ,k(µ;φ), Kα

β,k(µ;φ),
Cαβ,k(µ, η;φ, ψ) and QCαβ,k(µ, η;φ, ψ) of the class A.



E.S.A. AbuJarad et al., Adv. Theory Nonlinear Anal. Appl. 4 (2020), 459�482. 473

3. Integral Preserving Properties

In this section, we obtain the conditions under which the preserving property of the k-integral operator
ðαk is satis�ed by the classes Sαβ,k(µ;φ),
Kα
β,k(µ;φ), Cαβ,k(µ, η;φ, ψ) and QCαβ,k(µ, η;φ, ψ) .

For this, we de�ne the integral operator Jαβ,σ,k in terms of the functionMα
β,kf , given by equation (14), as:

Jαβ,σ,kf(z) := ðσk
(
Mα
β,kf(z)

)
=

(σ + k)

kz
σ
k

∫ z

0
t
σ
k−1Mα

β,kf(t)dt (71)

where α > 0; β, σ > −1; k > 0; f ∈ A.

Remark 3.1. Using equations (14) and (16), we get ðσk
(
Mα
β,kf(z)

)
= Mα

β,k (ðσkf(z)); that is, from equation

(73), we get Jαβ,σ,kf(z) = Mα
β,k (ðσkf(z)) .

First, we establish the following integral preserving property satis�ed by the class Sαβ,k(µ;φ):

Theorem 3.2. Let f ∈ Sαβ,k(µ;φ) with φ ∈ P and

Re(φ(z)) > max

{
0,− σ + µk

(1− µ)k

}
(α > 0; β, σ > −1; k > 0), (72)

then ðσkf , de�ned by equation (17), belongs to the class Sαβ,k(µ;φ).

Proof. Let f ∈ Sαβ,k(µ;φ), then from De�nition 2.2, we have

1

1− µ

z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

− µ

 ≺ φ(z). (73)

We take

Y (z) =
1

1− µ

z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kf(z)

− µ

 , (74)

where Y is analytic in U with Y (0) = 1 .

Multiplying equation (73) with z
σ
k and then di�erentiating both sides of resultant equation with respect

to z, we get

σ

k
+
z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kf(z)

=
(σ
k

+ 1
) Mα

β,kf(z)

Jαβ,σ,kf(z)
. (75)

Using equation (76) in the left hand side of equation (77), we get

(1− µ)Y (z) + µ+
σ

k
=
(σ
k

+ 1
) Mα

β,kf(z)

Jαβ,σ,kf(z)
. (76)
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Taking the logarithm of equation (78), then di�erentiating with respect to z and multiplying the resultant
equation with z, yields

(1− µ)zY ′(z)

(1− µ)Y (z) + µ+
σ

k

=
z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

−
z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kf(z)

, (77)

or, equivalently

zY ′(z)

(1− µ)Y (z) + µ+
σ

k

=
1

(1− µ)

z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

− µ


− 1

(1− µ)

z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kf(z)

− µ

 ,

which on using equation (76), gives

zY ′(z)

(1− µ)Y (z) + µ+
σ

k

+ Y (z) =
1

(1− µ)

z
(
Mα
β,kf(z)

)′
Mα
β,kf(z)

− µ

 . (78)

Again, using subordination (75) in equation (80), we get

zY ′(z)

(1− µ)Y (z) + µ+
σ

k

+ Y (z) ≺ φ(z). (79)

In view of Lemma 2.8, subordination (81) implies

Y (z) ≺ φ(z), (80)

with the condition Re
(

(1− µ)φ(z) + µ+
σ

k

)
> 0, which is equivalent to the condition (74).

Using equation (76) in subordination (82), we get

1

1− µ

z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kf(z)

− µ

 ≺ φ(z). (81)

In view of Remark 3.1, subordination (83) has the following equivalent form:

1

1− µ

z
(
Mα
β,k (ðσkf(z))

)′
Mα
β,k

(
ðσkf(z)

) − µ

 ≺ φ(z).

Therefore, in view of De�nition 2.2, we get

ðσkf(z) ∈ Sαβ,k(µ;φ).

Remark 3.3. If f ∈ Sαβ,k(µ;φ), then in view of subordination (83) and equation (2), we get Jαβ,σ,kf(z) ∈
S∗(µ;φ), provided the condition (74) holds.
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In view of Theorem 3.2, we get the following corollary by mathematical induction:

Corollary 3.4. If f ∈ Sαβ,k(µ;φ), and the condition (74) holds, then (ðσk)nf ∈ Sαβ,k(µ;φ)
(n ≥ 1; k > 0; 0 ≤ µ < 1; σ > −1; φ ∈ P ), where (ðσk)nf :=(ðσk · · · ðσk︸ ︷︷ ︸

n times

)f .

For the choice φ(z) =
1 +Az

1 +Bz
(−1 ≤ B < A ≤ 1; z ∈ U), we have the following corollary:

Corollary 3.5. Let f ∈ Sαβ,k(µ;A,B) with

1 +Az

1 +Bz
> max

{
0,− σ + µk

(1− µ)k

}
, (82)

then (ðσk)nf ∈ Sαβ,k(µ;A,B) (n ≥ 1; 0 ≤ µ < 1, k > 0, σ > −1) .

For the choices α = k and β = σ, we have the following corollary:

Corollary 3.6. If f ∈ Sσk (µ;φ) and the condition (74) holds, then (ðσk)nf ∈ Sσk (µ;φ) (n ≥ 1; k >
0; 0 ≤ µ < 1; σ > −1; φ ∈ P ).

Remark 3.7. In view of relation (31), the above corollary can be restated as:
�If ðσkf ∈ S∗(µ;φ) and the condition (74) holds, then (ðσk)nf ∈ S∗(µ;φ) (n > 1; k > 0; 0 ≤ µ < 1; σ >
−1; φ ∈ P ).�

Now, we establish the following integral preserving property satis�ed by the class Kα
β,k(µ;φ):

Theorem 3.8. Let f ∈ Kα
β,k(µ;φ) with φ ∈ P and the condition (74) holds, then ðσkf(z), de�ned by equation

(17), belongs to the class Kα
β,k(µ;φ)

(α > 0; β, σ > −1, k > 0; z ∈ U).

Proof. Making use of Remark 2.7, relation (35) and Theorem 3.2, we have

f ∈ Kα
β,k(µ;φ)⇔ zf ′ ∈ Sαβ,k(µ;φ)

⇒ ðσk(zf ′)(z) ∈ Sαβ,k(µ;φ) provided the condition (74) holds

⇔ z (ðσkf(z))′ ∈ Sαβ,k(µ;φ)

⇔ ðσkf(z) ∈ Kα
β,k(µ;φ).

In view of Theorem 3.8, we get the following corollary by mathematical induction:

Corollary 3.9. If f ∈ Kα
β,k(µ;φ), and the condition (74) holds, then (ðσk)nf ∈ Kα

β,k(µ;φ) (n ≥ 1; k >
0; 0 ≤ µ < 1; α > 0; β, σ > −1; φ ∈ P ), where (ðσk)nf :=(ðσk · · · ðσk︸ ︷︷ ︸

n times

)f .
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For the choice φ(z) =
1 +Az

1 +Bz
(−1 ≤ B < A ≤ 1; z ∈ U), Corollary 3.9 gives the following corollary:

Corollary 3.10. Let f ∈ Kα
β,k(µ;A,B) and the condition (84) holds, then (ðσk)nf ∈ Kα

β,k(µ;A,B) (n ≥
1; k > 0; 0 ≤ µ < 1; α > 0; β, σ > −1; −1 ≤ B < A ≤ 1).

For the choices α = k and β = σ, Corollary 3.9 give the following corollary:

Corollary 3.11. If f ∈ Kσ
k (µ;φ) and the condition (3.2) holds, then (ðσk)nf ∈ Kσ

k (µ;φ) (n ≥ 1; 0 ≤
µ < 1, k > 0, σ > −1, φ ∈ P ).

Remark 3.12. In view of the relation (32), the above corollary can be restated as:
�If ðσkf ∈ K(µ;φ) and the condition (74) holds, then (ðσk)nf ∈ K(µ;φ) (n ≥ 1; 0 ≤ µ < 1, k > 0, σ >
−1, φ ∈ P ).�

Next, we establish the following integral preserving property satis�ed by the class Cαβ,k(µ, η;φ, ψ):

Theorem 3.13. Let f ∈ Cαβ,k(µ, η;φ, ψ) with φ, ψ ∈ P and condition (74) holds, then ðσkf(z), de�ned by
equation (17), belongs to the class
Cαβ,k(µ, η;φ, ψ) (α > 0; β, σ > −1, k > 0; z ∈ U).

Proof. Let f ∈ Cαβ,k(µ, η;φ, ψ), then by using De�nition 2.4, we have

1

1− η

z
(
Mα
β,kf(z)

)′
Mα
β,kg(z)

− η

 ≺ ψ(z), (83)

with g ∈ Sαβ,k(µ;φ). Hence by Theorem 3.1 , we have ðσkg(z) ∈ Sαβ,k(µ;φ), which in view of De�nition 2.2,
gives

1

1− µ

z
(
Mα
β,k (ðσkg(z))

)′
Mα
β,k

(
ðσkg(z)

) − µ

 ≺ φ(z),

or, equivalently

1

1− µ

z
(
Jαβ,σ,kg(z)

)′
Jαβ,σ,kg(z)

− µ

 ≺ φ(z), (84)

with the condition (74).

If we take

V (z) =
1

1− µ

z
(
Jαβ,σ,kg(z)

)′
Jαβ,σ,kg(z)

− µ

 , (85)

then V is analytic in U with V (0) = 1.
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Next, we take

N(z) =
1

1− η

z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kg(z)

− η

 , (86)

where N is analytic in U with N(0) = 1. By using equation (77) in equation (88), we get

[N(z)(1− η) + η] Jαβ,σ,kg(z) +
(σ
k

)
Jαβ,σ,kf(z) =

(σ
k

+ 1
)
Mα
β,kf(z). (87)

By di�erentiating both sides of equation (89) with respect to z, then multiplying the resultant equation

with

(
z

Jαβ,σ,kg(z)

)
, we obtain

[N(z)(1− η) + η]

z
(
Jαβ,σ,kg(z)

)′
Jαβ,σ,kg(z)

+ (1− η)zN ′(z) +

σ

k

z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kg(z)

 =
(σ
k

+ 1
)z

(
Mα
β,kf(z)

)′
Jαβ,σ,kg(z)

 . (88)

Using equations (87) and (88) in equation (90), we get

[N(z)(1− η) + η] [V (z)(1− µ) + µ] + (1− η)zN ′(z) +

σ

k
[N(z)(1− η) + η] =

(σ
k

+ 1
)z

(
Mα
β,kf(z)

)′
Jαβ,σ,kg(z)

 . (89)

On simplifying equation (91), we obtain

zN ′(z)

V (z)(1− µ) + µ+
σ

k

+N(z) +
η

1− η
=

(σ
k

+ 1
)

V (z)(1− µ) + µ+
σ

k

 1

1− η

z
(
Mα
β,kf(z)

)′
Jαβ,σ,kg(z)


 . (90)

Using equation (77) for the function g in equation (92), then using equation (87) in the resultant equation,
we get

zN ′(z)

V (z)(1− µ) + µ+
σ

k

+N(z) =
1

1− η

z
(
Mα
β,kf(z)

)′
Mα
β,kg(z)

− η

 ,

which on again using subordination (85), gives

zN ′(z)

V (z)(1− µ) + µ+
σ

k

+N(z) ≺ ψ(z). (91)

Now, in view of subordination (86) and equation (87), we have

V (z) ≺ φ(z), (92)
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with the condition (74), which is equivalent to the condition

Re
(
φ(z)(1− µ) + µ+

σ

k
)
)
> 0.

Since, if we take q(z) =
1

V (z)(1− µ) + µ+
σ

k

, then from subordination (3.22) and the above inequality

Re(q(z)) > 0.

Therefore, in view of Lemma 2.19, subordination (93) implies N(z) ≺ ψ(z), which on using equation
(88), gives

1

1− η

z
(
Jαβ,σ,kf(z)

)′
Jαβ,σ,kg(z)

− η

 ≺ ψ(z)

or, equivalently

1

1− η

z
(
Mα
β,k (ðσkf(z))

)′
Mα
β,k

(
ðσkg(z)

) − η

 ≺ ψ(z), (93)

In view of De�nition 2.4, subordination (95) implies that
ðσkf(z) ∈ Cαβ,k(µ, η;φ, ψ).

In view of Theorem 3.13, we get the following corollary by mathematical induction:

Corollary 3.14. If f ∈ Cαβ,k(µ, η;φ, ψ) and the condition (74) holds, then (ðσk)nf ∈ Cαβ,k(µ, η;φ, ψ) (n ≥
1; 0 ≤ µ < 1; k > 0, ; α > 0; β, σ > −1; φ ∈ P ), where (ðσk)nf :=(ðσk · · · ðσk︸ ︷︷ ︸

n times

)f .

For the choices α = k and β = σ, Corollary 3.14 gives the following corollary:

Corollary 3.15. If f ∈ Cσk (µ, η;φ, ψ) and the condition (74) holds, then (ðσk)nf ∈ Cσk (µ, η;φ, ψ) (n ≥
1; 0 ≤ µ < 1, k > 0, σ > −1, φ ∈ P ).

Remark 3.16. In view of the relation (93), the above corollary can be restated as:
" If ðσkf ∈ C(µ, η;φ, ψ) and the condition (74) holds, then (ðσk)n

f ∈ C(µ, η;φ, ψ) (n ≥ 1; 0 ≤ µ < 1, k > 0, σ > −1, φ ∈ P )."

Finally, we establish the following integral preserving property satis�ed by the class QCαβ,k(µ, η;φ, ψ):

Theorem 3.17. Let f ∈ QCαβ,k(µ, η;φ, ψ) with φ, ψ ∈ P and the condition (74) holds, then ðσkf(z) de�ned
by equation (73) belongs to the class QCαβ,k(µ, η;φ, ψ) (α > 0; β, σ > −1, k > 0; z ∈ U).

Proof. Making use of Remark 2.7, relation (36) and Theorem 3.13, we have

f ∈ QCαβ,k(µ, η;φ, ψ)⇔ zf ′ ∈ Cαβ,k(µ, η;φ, ψ)

⇒ ðσk(zf ′)(z) ∈ Cαβ,k(µ, η;φ, ψ) provided the condition (74) holds

⇔ z (ðσkf)′ (z) ∈ Cαβ,k(µ, η;φ, ψ)
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⇔ ðσkf(z) ∈ QCαβ,k(µ, η;φ, ψ).

In view of Theorem 3.18, we get the following corollary by mathematical induction:

Corollary 3.18. If f ∈ QCαβ,k(µ, η;φ, ψ) and the condition (74) holds, then (ðσk)nf ∈ QCαβ,k(µ, η;φ, ψ) (n ≥
1; 0 ≤ µ < 1; k > 0; α > 0; β, σ > −1; φ ∈ P ), where (ðσk)nf :=(ðσk · · · ðσk︸ ︷︷ ︸

n times

)f .

For the choices α = k and β = σ, Corollary 3.19 give the following corollary:

Corollary 3.19. If f ∈ QCσk (µ, η;φ, ψ) and the condition (74) holds, then (ðσk)nf ∈ QCσk (µ, η;φ, ψ)
(n ≥ 1; 0 ≤ µ < 1; k > 0; σ > −1; φ ∈ P ).

Remark 3.20. In view of the relation (36), the above corollary can be restated as:
" If ðσkf ∈ C∗(µ, η;φ, ψ) and the condition (74) holds, then (ðσk)nf ∈ C∗(µ, η;φ, ψ) (n ≥ 1; 0 ≤ µ <
1; k > 0; σ > −1; φ ∈ P )."

In the next section, we discuss some applications of the results, established in the previous sections.

4. Application

4.1. First, we consider the Hypergeometric function F (a, b; c; z), de�ned as [15]:

F (a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)nn!

zn (a, b, c ∈ R, c > 0, z ∈ C).

The function F1(z) is de�ned as [12]:

F1(z) := zF (a, b; c; z) = z +

∞∑
n=2

(a)n−1(b)n−1
(c)n−1(n− 1)!

zn (a, b, c ∈ R, c > 0, z ∈ C).

Now, applying the integral operator Mα
β,k, de�ned by equation (15), on the function F1(z), we get

Mα
β,kF1(z) = z +

∞∑
n=2

(
α+ β

β

)
(a)n−1(b)n−1(β)n,k

(c)n−1(α+ β)n,k(n− 1)!
zn

(α > 0; β > −1; a, b, c ∈ R; c > 0; k > 0; z ∈ U).

For α = k and β = σ, the above equation gives ðσkF1(z), which is as follows:

ðσkF1(z) = z +
∞∑
n=2

(a)n−1(b)n−1(σ + k)

(c)n−1(n− 1)!(σ + nk)
zn

(σ > −1; a, b, c ∈ R; k > 0; f ∈ A; z ∈ U).
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1. Taking f(z) = F1(z) in Theorems 2.9, 2.14, 2.20, 2.23, Corollaries 2.10, 2.15, 2.21, 2.24 and then
combining the results, we get the following assertions for the function F1(z):

If condition (40) holds, then

F1 ∈ Sαβ,k(µ;φ)⇒ F1 ∈ Sα+nkβ,k (µ;φ).

F1 ∈ Kα
β,k(µ;φ)⇒ F1 ∈ Kα+nk

β,k (µ;φ).

F1 ∈ Cαβ,k(µ, η;φ, ψ)⇒ F1 ∈ Cα+nkβ,k (µ, η;φ, ψ).

F1 ∈ QCαβ,k(µ, η;φ, ψ)⇒ F1 ∈ QCα+nkβ,k (µ, η;φ, ψ),

for n ≥ 1, respectively.

2. Taking f(z) = F1(z) in Theorems 3.2,3.8,3.13, 3.18, Corollaries 3.4, 3.9, 3.14, 3.19 and then combining
the results, we get the following assertions for the function F1(z):

If condition (74) holds, then

F1 ∈ Sαβ,k(µ;φ)⇒ (ðσk)nF1 ∈ Sαβ,k(µ;φ).

F1 ∈ Kα
β,k(µ;φ)⇒ (ðσk)nF1 ∈ Kα

β,k(µ;φ).

F1 ∈ Cαβ,k(µ, η;φ, ψ)⇒ (ðσk)nF1 ∈ Cαβ,k(µ, η;φ, ψ).

F1 ∈ QCαβ,k(µ, η;φ, ψ)⇒ (ðσk)nF1 ∈ QCαβ,k(µ, η;φ, ψ),

for n ≥ 1, respectively.

4.2. Next, we consider the function up,b,c(z), de�ned as [14]:

up,b,c(z) =
∞∑
n=0

(−c/4)n

(q)nn!
zn (q = p+

b+ 1

2
> 0, p, b, c ∈ R, z ∈ U).

The function ω(z) is de�ned as [14]:

ω(z) := zup,b,c(z) = z +
∞∑
n=2

(−c/4)n−1

(q)n−1(n− 1)!
zn

(q = p+
b+ 1

2
> 0, p, b, c ∈ R, z ∈ U).

Now, applying the integral operator Mα
β,k, de�ned by equation (15), on the function ω(z), we get

Mα
β,kω(z) = z +

∞∑
n=2

(
α+ β

β

)
(−c/4)n−1(β)n,k

(q)n−1(α+ β)n,k(n− 1)!
zn

(α > 0; β > −1; c ∈ R; q > 0; k > 0; f ∈ A).

For α = k and β = σ, above equation gives ðσkω(z), which is as follows:

ðσkω(z) = z +
∞∑
n=2

(−c/4)n−1(σ + k)

(q)n−1(n− 1)!(σ + nk)
zn

(σ > −1; b, c, p, q ∈ R; k > 0; f ∈ A; z ∈ U).
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1. Taking f(z) = ω(z) in Theorems 2.9, 2.14, 2.20, 2.23, Corollaries 2.10, 2.15, 2.21, 2.24 and then
combining the results, we get the following assertions for the function ω(z):

If condition (40) holds, then
ω ∈ Sαβ,k(µ;φ)⇒ ω ∈ Sα+nkβ,k (µ;φ).

ω ∈ Kα
β,k(µ;φ)⇒ ω ∈ Kα+nk

β,k (µ;φ).

ω ∈ Cαβ,k(µ, η;φ, ψ)⇒ ω ∈ Cα+nkβ,k (µ, η;φ, ψ).

ω ∈ QCαβ,k(µ, η;φ, ψ)⇒ ω ∈ QCα+nkβ,k (µ, η;φ, ψ),

for n ≥ 1, respectively.

2. Taking f(z) = ω(z) in Theorems 3.2, 3.8, 3.13 and 3.18, Corollaries 3.4, 3.9, 3.14 and 3.19 and then
combining the results, we get the following assertions for the function ω(z):

If condition (74) holds, then

ω ∈ Sαβ,k(µ;φ)⇒ (ðσk)nω ∈ Sαβ,k(µ;φ).

ω ∈ Kα
β,k(µ;φ)⇒ (ðσk)nω ∈ Kα

β,k(µ;φ).

ω ∈ Cαβ,k(µ, η;φ, ψ)⇒ (ðσk)nω ∈ Cαβ,k(µ, η;φ, ψ).

ω ∈ QCαβ,k(µ, η;φ, ψ)⇒ (ðσk)nω ∈ QCαβ,k(µ, η;φ, ψ),

for n ≥ 1, respectively.

In the next section, some concluding remarks are given:

5. Concluding Remarks

In this section, we obtain the integral preserving properties of the k-integral operator Mα
β,k, de�ned by

equation (13). For this, we de�ne the integral operator Iαβ,σ,k in terms of the function ðσk , given by equation
(17), as:

Iαβ,σ,kf(z) := Mα
β,k (ðσkf(z))

=
Γk(α+ β + k)

kzβ/kΓk(α)Γk(β + k)

∫ z

0
t
β
k−1

(
1− t

z

)α
k−1

ðσkf(t)dt

(α > 0; β, σ > −1; k > 0; f ∈ A), (94)

which in view of Remark 3.1, gives Iαβ,σ,k = Jαβ,σ,k.

In view of equations (13)-(16) and equation (96), we obtain the following integral preserving properties
of ðσk by using the same steps involved in the proofs of Theorems 3.2, 3.8, 3.13 and 3.18 :

Theorem 5.1. Let f ∈ Sσk (µ;φ) with φ ∈ P and

Re(φ(z)) > max

{
0,− β + µk

(1− µ)k

}
(α > 0; β, σ > −1; k > 0), (95)

then Mα
β,kf , de�ned by equation (14), belongs to the class Sσk (µ;φ) and hence (Mα

β,k)
nf ∈ Sσk (µ;φ) (n ≥

1; 0 ≤ µ < 1, k > 0, σ > −1, φ ∈ P ).
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Theorem 5.2. Let f ∈ Kσ
k (µ;φ) with φ ∈ P , satisfying the condition (97), then Mα

β,kf , de�ned by equation
(14) belongs to the class Kσ

k (µ;φ) and hence (Mα
β,k)

nf ∈ Kσ
k (µ;φ) (n ≥ 1; 0 ≤ µ < 1, k > 0, σ >

−1, φ ∈ P ).

Theorem 5.3. Let f ∈ Cσk (µ, η;φ, ψ) with φ ∈ P , satisfying the condition (97), then Mα
β,kf , de�ned by

equation (14) belongs to the class Cσk (µ, η;φ, ψ) and hence (Mα
β,k)

nf ∈ Cσk (µ, η;φ, ψ) (n ≥ 1; 0 ≤ µ <
1, k > 0, σ > −1, φ ∈ P ).

Theorem 5.4. Let f ∈ QCσk (µ, η;φ, ψ) with φ ∈ P , satisfying the condition (97), then Mα
β,kf , de�ned by

equation (14) belongs to the class QCσk (µ, η;φ, ψ) and hence (Mα
β,k)

nf ∈ QCσk (µ, η;φ, ψ) (n ≥ 1; 0 ≤
µ < 1, k > 0, σ > −1, φ ∈ P ).

Since Iαβ,σ,k = Jαβ,σ,k, therefore, in view of equations (31)-(44), Theorems 5.1-5.4 give Remarks 3.7, 3.12,
3.16 and 3.21.
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