Communications in Nonlinear Science and Numerical Simulation 116 (2023) 106873

Contents lists available at ScienceDirect

Nonli nd
Numerical Simulation

Communications in Nonlinear Science and
Numerical Simulation

journal homepage: www.elsevier.com/locate/cnsns

Research paper

A numerical method based on the piecewise Jacobi functions A
for distributed-order fractional Schrédinger equation i

M.H. Heydari ®*, M. Razzaghi®, D. Baleanu -

2 Department of Mathematics, Shiraz University of Technology, Shiraz, Iran

b Department of Mathematics and Statistics, Mississippi State University, Mississippi State, MS 39762, USA
¢ Department of Mathematics, Cankaya University, Ankara, Turkey

d Institute of Space Sciences, Magurele-Bucharest, R76900, Romania

€ Lebanese American University, Beirut, Lebanon

ARTICLE INFO ABSTRACT

Article history: In this work, the distributed-order time fractional version of the Schrédinger problem
Received 22 April 2022 is defined by replacing the first order derivative in the classical problem with this
Received in revised form 21 July 2022 kind of fractional derivative. The Caputo fractional derivative is employed in defining

Accepted 3 September 2022

the used distributed fractional derivative. The orthonormal piecewise Jacobi functions
Available online 9 September 2022 P J

as a novel family of basis functions are defined. A new formulation for the Caputo

Keywords: fractional derivative of these functions is derived. A numerical method based upon
Jacobi polynomials these piecewise functions together with the classical Jacobi polynomials and the Gauss-
Piecewise Jacobi functions Legendre quadrature rule is constructed to solve the introduced problem. This method
Distributed-order fractional derivative converts the mentioned problem into an algebraic problem that can easily be solved.
Schrédinger equation The accuracy of the method is examined numerically by solving some examples.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

The precedent of fractional calculus dates back to more than 300 years ago [1]. This topic is an extension of the
traditional one that studies derivative and integral operators whose order may be non-integer. It has been shown that
fractional operators have diverse applications in science and engineering [1]. Indeed, the lucrative attributes of these
operators, such as a greater degree of freedom than the ordinary ones and their memory attributes have made it suitable
for these extensive applications [2-4]. In addition, a lot of attention has been paid to the numerical solution of fractional
equations in recent years. For instance, see [5-9].

As a generalization of the classical fractional derivatives, the distributed-order fractional derivatives are defined by the
integration of the classical ones over the order of the derivative within a specific domain [10,11]. These types of derivatives
play a middle role between the ordinary and fractional derivatives [12]. Differential equations defined by these fractional
derivatives can be seen as generalizations of single- and multi-order fractional differential equations [11,13]. During the
last years, such differential equations have been successfully applied to more accurately model diverse problems in the
fields of electrochemistry [14], signal processing [15], control [16], viscoelastic [17], diffusion [18] and etc.

The Schrédinger equation is an illustrious differential equation that mostly becomes manifest in physical problems [19]
It describes the quantum treatment alteration of disparate physical systems relative to time [19]. More precisely, this
equation explains the transmutation of a wave package of low rate alteration in amplitude in weak systems with very
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dispersive mediums [20]. The fractional models of this equation play a vital role in quantum mechanics [21]. Recently,
much attention has been paid to the numerical solution of fractional forms of this equation. In [22], the Legendre spectral
method is used to solve a fractional form of the one- and two-dimensional Schrédinger equations. A numerical method
based upon the reproducing kernel theory and collocation approach is developed in [23] for the time fractional form of
this problem. In [24], the linearized compact ADI algorithms are adopted for the time fractional version of this equation.
A hybrid approach based on the clique functions is proposed in [25] to solve space-time fractional form of this problem.

Due to the importance of the fractional form of this problem, in this paper, with the help of distributed-order fractional
derivatives, we introduce another fractional version of this equation and present a numerical method to solve it. So, we
concentrate on the distributed-order time fractional problem

1
i/ p(a) gDEW (2, t)dor + 0 Ws(z, £) + W (z, OPW(z, ) + D(2)¥(2,t) = G(z, 1), (z.t)€[0,a] x [0,b],  (1.1)
0

under the conditions

¥(z,0) = ¥(2), (12)
and

w(0, t) = Yy(t), w(a,t) = ¥(t), (1.3)

where i = /=1 is the imaginary unit, ¥ is the undetermined solution of the problem, w is a real function (expresses the
trapping potential), G, ¥, ¥, and ¥; are known functions, and ¢ and 7 are real numbers. Also, gD‘gw (z, t) is the Caputo
fractional derivative of order « relative to t of ¥. Moreover, the distribution function p : [0, 1] — R satisfies the
following conditions [26]:

1
Vacel0,1], plae) >0, and / pla)do = ¢y > 0.
0

Piecewise basis functions manufactured by the orthogonal polynomials possess many lucrative properties, such as
exponential accuracy, orthogonality, and locality [27]. During the last years, these functions have been efficiently employed
to construct appropriate methods for solving diverse problems. The orthonormal piecewise functions constructed using
the Legendre cardinal polynomials are applied in [28] for the fractional version of the Riccati equation. The orthonormal
piecewise functions generated by the Chebyshev cardinal polynomials have been used in [29] to solve fractional
optimization problems. The orthonormal piecewise functions generated based on the Legendre polynomials are utilized
in [30] for partial differential equations, in [31] for integro-differential equations and in [32] for fractional differential
equations. The orthonormal piecewise functions defined using the Taylor polynomials are employed in [33] to construct
a numerical method for fractional delay optimization problems.

To solve the above expressed equation, we first define another class of the piecewise functions called the orthonormal
piecewise Jacobi functions (JFs) and then obtain some useful properties about them. After that, we proposed a hybrid
method based on the orthonormal Jacobi polynomials (JPs) and orthonormal piecewise Jacobi functions. In fact, we expand
the solution of the problem in terms of the orthonormal JPs (in the spatial domain) and orthonormal piecewise Jacobi
functions (in the temporal domain) simultaneously. By computing fractional derivative of the orthonormal piecewise
JFs, employing the Gauss-Legendre quadrature formula as well as applying the derivative operational matrix of the
orthonormal Jacobi polynomials and the collocation approach, we transform solving this problem into solving an algebraic
system. The credibility of the method is examined in some examples.

This article is arranged as follows: Required preliminaries about fractional calculus are given in Section 2. The
orthonormal JPs and piecewise Jacobi functions are defined in Section 3. Some matrix relationships regarding the
orthonormal JPs and orthonormal piecewise JFs are obtained in Section 4. The numerical technique is explained in
Section 5. Some examples are provided in Section 6. The conclusion of this study is provided in Section 7.

2. Definitions and preliminaries

Here, we provide some preparations about fractional calculus that are needed in this study.

Definition 2.1 ([1]). The Mittag-Leffler function is defined as
00 .

t

E ()= ———, eRT, teC. 2.1

(1) ;rw+n n (2.1)

Definition 2.2 ([1]). Let g is a differential function over [cy, c;] and 0 < @ < 1 is a real number. The Caputo fractional
derivative of order « of g is given by

1 t
. —— | (t—s)"%g'(s)ds, O<a<l,
SDfg(t) =3 r(1—a) /q & (2.2)
g'(t), a=1.
2
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Note that for @ = 0, we have Cfo’g(t) = g(t).

Property 2.3 ([1]). For 0 < o < 1 and k € N U {0}, we have

0, k=0,
R L) L
I'k—a+1) oo

3. Orthonormal Jacobi polynomials and piecewise Jacobi functions
Here, we introduce the orthonormal JPs and employ them to define piecewise JFs.
3.1. Orthonormal Jacobi polynomials

The JPs are defined on [0, b] as follows [34]:
/3 J/)( ) =1

1 2 1
t) = - w+y+a(t—0+5w—yx
B = (aﬁﬁ’” (%r - 1) y - )J‘f‘y( )= cPVRE e, =

where § > —1 and y > —1 are given constants, and
g FHE+y + 12+ E+y+2)

i 20+ D) +B+y+1)

B _ (-8 @2+B+r+1)

! 20+ 100 +B+y+1)2+B+y)
BY) G+B)+v)2+B+y+2)

ER I (R RN Yy Y

The above polynomlals can also be generated as follows [34]:

ﬂ V) t) — Zh;ﬂjky) k, ] > O,

where
1, ji=o.

W =1 gy PGty +DIGHE+ A4y + 1)
DRIG— KT (k+y + DG+ B+y +1)

The set {](ﬂ ”)( [ 20 produces an orthogonal set over [0, b] with respect to the weigh function

(B 2\
w7 () = <7> (b-0ftr.

b

In addition, the orthogonal property of these polynomials is as follows:

/ P w0t = 5087,

where §; is the Kronecker delta, and
PHIP(B 4+ ) (y +1)

, i=0,
S _ b r(g+y+2)
b,i -

2| 2P+ B+ D+ y + 1)
QRi+B+y+DIri+p+y+1)
Based on the JPs, we define the orthonormal ]Ps over [0, b] by the following formula:

J
()= Zh;’i{)tk i=o,

i>0.

(2.3)

(3.3)
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where
n(B.y)
h(m) hb,jk
b.jk B.7)
Gb,j

Any function f € Lﬁjb ([0, b]) can be expanded via the orthonormal JPs as follows:

Zfb( (/3 V (F(A‘3 V)) J(ﬂ V)( t), (3.4)

where M ¢ Z*,

T
F(ﬂy) [f(ﬁy &) _“f(ﬂ;y)] ’

b,M—1
with
(B,v) b (B,v)
157 = [ wS s .
0
and

o= [ witw o) 5s)
3.2. Orthonormal piecewise Jacobi functions

The orthonormal piecewise JFs can be defined over [0, b] as

VNS (Ne—nby,  te [”—bw]

o () = N N (3.6)
0, otherwise,
where NN M € Zt,n=0,1,...,N—1landm=0, 1,..., M — 1. They are orthonormal with respect to the weigh function
2\t nb (n+1)b
Z n+ 1)b — Nt)? (Nt — nb)”, te|—, ———|,
w1 (e) = (b) (1) = No7( ) [N N ] (37)
0, otherwise,
where n = 0, 1,..., N — 1. The orthonormal piecewise JFs can be employed to express a function g(t) € L,zvb’n [0, b] as
follows:
N—-1M-1 T
g0 =YY ek el = () oo, (38)
n=0 m=0
where
T
(B,v) B.v) (B,v) (B, (B, ) (B,v) (B,v) (B,7) (B,v)
GNMy = [g v gm gO(My 1)|g 7 811 v - 8 My 1)| |g(N y1)0 &N J/1)1 i g(N*VU(M*U] ’
with
’ (B,y) (B,y)
)= /0 w0y (g (t)dt,
and
By (1) = [sol?f’og ) <p{;"0¥ () - s—n(Oleia (O @57 (0) - ool -
| O 60010 ] (39)
‘/’b (N 10 N nitt) @y NnZ1ymM-1) . .

3.3. Hybrid approximation

A function u(z, t) defined on [0, a] x [0, b] may be approximated via the above two classes of basis functions as follows:

z)
=

M

BB 1) & (mey)(z)) U;f:&,w%ﬂwﬁ( ), (3.10)
j=1

I}
[S)
-

4
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where@,ﬁ’j”(t)_wgﬂnfn( )Withj:nM+m~|—1forn:O,l,‘..,N—1andm:O,l,...,M—l,andUi\fZ‘Xy;M:[ufjﬁ”)]

is an M x NM matrix with entries

) // EN ()@ Outz, tdzde, 0<i<W—1 1<j<NM.

4. Operational matrices

In this section, some matrix relationships regarding the ordinary and fractional derivatives of the basis functions
introduced in the previous section are expressed.

Theorem 4.1. The differentiation of the vector_lzﬂ I;;)(t) in (3.5) can be represented as
d_](ﬁly)(t)
b.M (1.B.¥){(B.v)
dt =D, 5" Yy (O (4.1)

where D ’3 ") is an M x M matrix as

1
p(LA7) — A6 y)Dl)(A(ﬂy) ,
b.M bM M

with

\/ 2r(B+y +2) il
[a%2] - b2PH (B + 1) (y + 1) )
Pl LB, 2<i<M,1<j<i
0, otherwise,

in which

B(ﬂy)—( 1)1+j ri+y)ri+j+pg+y—-1) 2Qi+B+y —1)(i— )T+ B+ vy)
b b1 — DI =G+ y) T+ B+ y) b2B+Y 1 (i + B)C(i + y)

and

(4.3)

[f)(l)] CJie1, o 2<isM1<j<i-li=j+1,
ij 0, otherwise.

Proof. From (3.3) and (3.5), it is obvious that] (#. y)( t) can be rewritten as

1
t

By _ alBr) |

Jb,1\7l (t)= Ab,M . ’
tM—1

where the entires of the matrix A '3 ) are calculated using (4.2). Thus, we have

1 0
t 1 t
d (/31)/) t
By (0 _arn 4| _ |2 _ABnpo | £
dt bM dt | . by | . bM M | .
tl\?l—l (M _ 1)tl\7172 tl\?l—l

where the entires of the matrix 65\7]1) are computed using (4.3). Thus, from the above two relations, we get

a0
i =

which completes the proof. O

1
B.)p» (plB-y) (B.Y) 4y & pL.B.Y){(B.v)
AbM DM (A ) )Jb,M (0= Db,M JbJ\A/I (©),
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Corollary 4.2. From the above Theorem, we have
2y(B.7)
G NPR0)

_ (Lﬁ,y) (1.8.y)y(B.y) Zﬁy) (B.v)
e = Dy D) & DT, (44)
As a numerical example, for M = 5, we have
0 0 0 0 0 0 0 0 0 0
2./5 0 0 0 o0 0 0 0 0 0
pLLD 1 0 V70 0 0 0 p&1D _ 1]110v14 0 0 00
b5 ) b5 =
’ bls3 6 ’ b 42
—+/30 0 — /105 0 0 0 Ve 0 00
5 5 56 /55 364/770
0 2J11 0  2V66 0 = 0 —— 00
eorem ssume t) are the functions expressed in (3.6) and 0 < « < 1 is a real number. Then, we have
Th 43. A @i7)(t) are the functi d in (3.6) and 0 1i | number. Th h
g, a=0,
(B, d V)t
SDeglne) 2 gt o) = Ld"?( A (45)
goganﬁy)(t), O<a<l1
where
0, m=020,
dgyfw)(t) 3, (8 nb (n+ 1)b
—thm 22 PN S kAP (NE—nb) <, te | —, , 46
dt Z bk ( ) N’ N m=1,2,...,M—1, (46)
0, otherwise,
and
0, m =0,
o, nb (n+1)b
Oy (), e[N, N },
Cham” (1) = (4.7)
" (@.B.) (n+1)b m=12...,M—1,
Opoom (), te b,
N
0, otherwise,
with
(wpr) g - "'h;ﬂ "
a.By a+ m k—a
oh =N Z T (Nt — nb)k | (4.8)
and
3 m k 1 k—1
(a,B,7) /-‘3 ) k—a
DBV 1) = Z hf 7 {Hl_a (k — 1) (Nt — nb)
k I=1 I=1
b k—r
—ZH ]_[ )| Nk (N> (Nt —(n+ )by | }. (4.9)
r=1 I=1 [—o
(ﬂ(ﬂ y)( t)
Proof. For « = O, the proof is obvious. For « = 1, from (3.3) and (3.6), we get b";? = 0. Meanwhile, for
m=1,2,...,M—1, we have
(8, y) k1 nb (n+ 1)b
Ay (£) _ N2 Zkhbmk (Nt — nb)<1, te[N, |
dt
0, otherwise.

In the case of 0 < @ < 1, from Property 2.3 and relations (3.3) and (3.6), we get

6D ot (1) = 0,
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and form=1,2,...,M — 1, we obtain
(
D (B.v) (t) (pbﬂ”;( )dS
t(pb nm 1 _ Ol) ds
B b) nb (n+1)b
1"(1—0() /"N(r 5)@ (1,, (Ns — nb))ds, te [N, — .
= JN (s ) (n+ 1)b (4.10)
7/ (t —s) (]ﬁ”(Ns—nb)>ds, te b,
r(—a)fum N
0, otherwise.
Using (3.3) and (4.10), we obtain
b\ b 1)b
Zkhéﬂmyk)N"/ o (s— ) s, te|m b
N N N
D (B.y) (n+1)b _
@pypm (1) = p\ K1 b (4.11)
D bum Zkhﬁ,ﬂmyk)zv"f s <s - "—) ds, te [(” +1) ,b} ,
N N
0, otherwise.
In addition, Property 2.3 yields
t b\*! k— 1)1 — b\
/ (t—s)® (s - ") gs = K- D1 —a) (r — 1) , (4.12)
m N rk—a+1) N
and integration by parts gives
(n+1)b k k—1

o » nb k—1 1 — nb k—a
/’h" (t —s) (s—N) ds:l_[_—a]_[(k—l)<t—ﬁ>

I= =1

1
k r 1 r—1 b k—r (n + ])b r—a
_ Z mn(k— ) [(N> (t - ) ) (4.13)

r=1 I=1 I=1
Substituting (4.12) and (4.13) into (4.11) gives

6B, te [”b’('””)b],

b,nm

N N
o (/3)/
1)b
o=, re[300.]
0, otherwise,

where 9(“ A, J/)( t) and ﬂéfﬁ,’i’”(t) are introduced in (4.8) and (4.9), respectively. Thus, the proof is completed. O
5. The proposed method
For gaining a numerical solution for the distributed-order time fractional problem introduced in (1.1)-(1.3), we let
W(z,t) = (2, 0) +i%(2, 1), Gz,t) = Gi(z, 1) +iGa(z, 1), W(2) = ¥n(2) +i(2),
Po(t) = Wi (t) + 1 Woa(t), Fy(t) = Pyq(t) + 1 Wa(0),

where W, W, Gy, Gy, ¥y, ¥y, Wo1, Yoo, Wrq and Wy, are real functions. This leads to the equivalent problem

(5.1)

1
i (/ p(e) SDI Wi (z, )dar + 0 Woy(z, t) + 1 (WE(z, £) + WE(z, 1)) ¥a(z, ) + W(2)¥a(z, t) — Ga(z, t))
0

1
- (f p(a) DX Ws(z, t)dor — o Wi(z, t) — 1 (PE(z, t) + WE(z, 1)) ¥(z, t) — W(2)¥(z, ) + Gi(z, t)) =0, (52)
0

or equivalently

1
/ () DX Wy (z, t)do + oWy (z, t) + 1 (WE(z, t) + Wi (z, 1)) ¥a(z, ) + W(2)¥(z, ) — Gylz, t) = O,
0
(5.3)

1
/ pla) §DEW(z, t)da — o Wi(z, t) — 0 (Wi(z, t) + Wiz, 1)) Wi(z, t) — ©(2)¥1(z, 1) + Gi(z, ) = 0.
0

7
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under the conditions

¥(z,0)=¥r(z),  W(z,0) = ¥(2), (54)
and
(0, t) = ‘1:’01(f), (0, t) = ‘{’oz(f), (55)
Yi(a, t) = ¥i(t), Wy(a, t) = ¥ra(t).
To solve the system extracted in (5.3)-(5.5), we assume
M—1 NM
Z Z ulf?) ﬂly) oF y)( () & (1213,;)(2)) Uﬁj VN)M@IE%( ),
== (5.6)
M—1 NM

T
~ (B, V) (ﬂ V) (B,7) 2 (yB.Y) (B.v) (B,v)
~ 33 @00 2 (197@) v o),
i=0 j=1

where Ul\f yle = [u £, V)] and V(A’: VIJM = [v,g-ﬂ’y)] are undetermined M x NM matrices. Using (4.5) and (5.6), we have

=

-1 N

1
| ptesprune. oda = 35 alf i f P’ (e,
0

(5.7)

—_

™
évmg

=

1
/ pla) SDEWs(z, t)dor = v I ) [ p(a)py7(t, a)dar,
0 0

i j=1

Il

<)
-
Il

wherega(ﬂy)( a) = ¢éﬁni’n(t,a)withj:nM+m+lforn:O,l,...,N—1andm:0,l,...,M—1.Their1tegralsin

(5.7) can be calculated by an N -point Gauss-Legendre integration formula as

1 I
- 1 1 . = 1 .
2(B.v) ~ ~ =(B,v)
/0 p(“)‘/’b,j (t, a)da =~ 3 ;71 Wy P (2 (tr + 1)) Py (t, 3 (tr + 1)) , (5.8)

where
2

(1-2) (1 @)

and {fr}’r\]:l are the Gauss-Legendre integration nodes in [—1, 1]. For more details, see [35]. Substituting (5.8) into (5.7),
results in

A

Wr

1
| ptaripronte. e = v 0,
0

1 (5.9)
/ pla) SDWs(z, t)da ~ VPY)(z, 1),
0
where
1 M—1 NM N ] ~ 1
U, = 2 Z WD ( P 1)) G (t’ LYC 1)> 7
i=0 j=1 r=1
1 M—1 NM N 1
B.7) _ (8.1 ﬂy) Z(B.y) 2
Vﬂy(z,t)_i > o) (zZ ( tr—i—l)) o <t,§(tr+1)>.

Il
o

j=1 r=1

th . y)) U(ﬁ ) b ”)(t),

From (4.4) and (5.6), we get
E X DM (5.10)

lI/lzz(z, t) = (J(ﬂ y) )
T
2,
l1/222(‘2» t) (J M ) D( by ) 15XVI3M¢bﬂNK}(t),

Substituting (5.6), (5.9) and (5.10) into (5.3) yields

T T
(B.y) (B.v) (2,8.7) B.y) ~ (B.v) (B.v)
Uiz, o)+ Ja,M (Z)> |:G (Da,M ) V(MXNM + w(z)vaNMi| @y (£)

8
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2
e (e vinotio) « () vietio) |

x (10 ) V8N o) — Galz. 1) £ AV (2. 1) > 0, (5.11)
Ve 0= (@) [0 (020) ui, + meul, | i
2 2
o] () wizotin) « () wietio) |
x (JfMsz))TUifj&ﬂf@(r)+cl(z )2 Az, t)~0 (5.12)

From (5.4)-(5.6), we get

T
Fr(zy) wlr) @) By
( " ) Ul @fi(0)— ¥n(2) 2 R (z) ~ 0 )
/31/) TBY) 5B 2 ~ oBy) (5.13)
(J ) Vo o o (0) — Wa(2) = Ry (z) = 0,
and
T ~
(J AC ) E\foNM bﬁNyM)( t) — Woi(t) 2 $P7(e) ~ 0,
T
(‘l ) V;fxypimq)t(;ﬁNyM( ) — Tea(t) 2 8P (t) ~ 0
T B gBy) 7 (B.v) (5.14)
(‘l ) U Pomm (8 — W1 (t) £ 8577(t) ~ 0,
T ~
( (B, V) ) ‘,(Afxypim¢fgﬂN11(4)( ) — Wpy(t) & Siﬁ’y)(t) ~0.
From (5.11)-(5.14), we extract the following 2(M x NM) system:
AP (z,.5) =0, 1=1,2, 2<i<M—1, 2<j<NM,
R/"(@) =0, 1=1,2, 2<i<M—1, 515
s" ") =0, 1=1,2,3,4, 1<j<NM,
where

a( ((2i—1)n>>

zi=—=—|1—cos| ———— s

2 2M

ti==-(1—-cos| ——+— .
2 2NM

After solving system (5.15) and obtaining matrices Uﬁg’x”l\iM and V(Af; ‘XV;M, a numerical solution for the problem is found via
(5.6). The “fsolve” command in Maple 18 (with 25 decimal digits) is used to solve the system (5.15).

6. Numerical examples

In this section, we have applied the method stated in the previous section for some examples. The accuracy of the
derived results is evaluated by the formulae

’ ‘ 2 1/2
) (/0 /o (%(z’t)_(]giwy )(Z)) Ui, Vﬁﬂé%(t)) dzdt) ,
b 5 172
ey, = (/ / (le(Z, £)— (]iﬂ-y) ) whfxy;M%ﬂNmt)) dzdt) |
0 0 M

where ¥; and ¥, are respectively the real and imaginary parts of the exact solution. For numerical integration, we put
N = 15.

Example 1. Consider the problem
1
i/ r4-— a)gD‘t"lI/(z, do + W (z, t) + | (z, )PP (z, t) + cos(z)¥ (z, t) = G (z,t), (z,t) €]0,2] x [0,2],
0

9
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Table 1 R

The results obtained for errors via (M = 4, N = 2) and several M in Example 1.
M M N B=y=00 p=y=-1 B=y=1 p=-1y=1

ey €y2 ey €y ey1 €y ey €y2

5 4 2 2.2657E—03 14715E—-03  2.2657E—03 1.4715E-03 2.2657E—03 1.4715E-03 2.2657E—03 1.4715E—03
7 1.2471E—-05 8.0589E—06 1.2471E—-05 8.0589E—06 1.2471E-05 8.0589E—06 1.2471E—-05 8.0589E—06
9 4.1630E—08 2.6836E—08 4.1630E—08 2.6836E—08  4.1630E—08 2.6836E—08  4.1630E—08 2.6836E—08
11 9.2514E—-11 5.9561E—11 9.2514E—-11 5.9561E—11 9.2514E—-11 5.9561E—-11 9.2514E—-11 5.9561E—11

x10710
25
777
A »
i 5
it/ o
ll[ 6
1.5
Q
Qo
=
o 1
(2]
Ke)
<05
0
2
(a) o

Fig. 1. Approximate solution ¥i(z, t) (1(a)) and corresponding absolute error function (1(b)) with (1\71 =11,M =4,N=2)and g =y = 0.0 in
Example 1.

where
Git?(t —1 .
Gz t)= {llr(l(t)) + (P -2)+¢° cos(z)} e,
with
¥(z,0) =0,
and

(0, t) = t3, w(2,t) = t3e%.
The exact solution is
(z,t) = t3e”.

The results derived from applying the proposed method with some values of § and y are shown in Table 1 and Figs. 1
and 2. It can be seen from Table 1 that by increasing the basis functions, the accuracy of the results improves. Moreover,
for all selected values of 8 and y, the same results are obtained.

Example 2. Consider the problem
i/01 p((x)(C)D‘;‘lP(z, da + 2W,,(z, t) + | (z, )PP (z, t) + EW(z, t) = G(z, 1), (z,t)€][0,1] x [0, 1],
where
Gz, t) = {i/l p(a)t ™ Ep 2o (—t?) da + (sin®(t) + €* — 2) sin(t)} e %,
0
with

¥(z,0)=0,
10
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x10710
8 2
6 515
- 5
£ A
= [=}
[%2]
2 205
0 0
2 2
(a) (b)

Fig. 2. Approximate solution ¥;(z, t) (2(a)) and corresponding absolute error function (2(b)) with (M =11,M =4,N=2)and 8 =y = 0.0 in
Example 1.

Table 2
The results obtained for errors via N = 1 and several M and M whenever B=y= 7% in Example 2.
M M N pla)=IQ2-a) pla)=T(3—a) pla)=T(4—a) pla)=T(5—a)

€y1 €y2 €y €y2 €y €y2 ey €y2

1 3.3017E—-04 1.7287E—-04 3.0228E—04 1.3646E—04 2.8389E—-04 1.3203E—-04 2.6342E—-04 1.4181E—-04
3.3703E—-05 1.8539E—-05 2.9360E—05 1.4819E—-05 2.6690E—05 1.3883E—05 2.3928E—-05 1.4524E—-05
8.5375E—07 4.5519E—-07 7.3668E—07 3.5183E-07 6.6749E—07 3.2166E—07 6.0390E—07 3.3258E—-07
6.1384E—08 3.3727E—-08 5.1297E—08 2.5878E—08 4.5428E—08 2.3557E—-08 4.0207E—08 2.4045E—08
1.1263E—-09 6.0369E—10 9.3815E—10 4.5546E—-10 8.3125E—10 4.0873E—10 7.4143E—-10 4.1401E—-10

0N o U A
SN T NN

and

(0, t) = sin(t), (1, t)=sin(t)e".
The exact solution is

W(z,t) = sin(t)e %.

The results derived for this system using different choices of p(«) whenever (/3 =y = —%) are provided in Table 2.
These results show the high accuracy of the method. Figs. 3 and 4 are shown the obtained results with (1\71 =M=38,N=
1) and p(a) = I'(5 — ). Note that we have utilized the first 25 terms of the Mittag-Leffler function in the computations.
Moreover, the appeared integral is computed using a 15-point Gauss-Legendre integration formula. This work is also
made in the below example.

Example 3. Consider the problem

1
i/ p(oc)gD‘;‘lI/(z, t)da + %l]/zz(z, )+ %lllf(z, OPW(z, t)+sin(z)¥(z,t) =G (z,t), (z,t)€][0,1]x]0,3],
0

where
6 3 3 3
1 1 1 t°, 0§t<§, t?, 0§t<§,
G(z,t) = i/ F(t,e)da + | = + = (e7% +¢*) (e7* +ie?),
0 3 2 4 3 2 3
t*, —<t<3, t, = <t<3,
2 = 2~
in which
6t3— 3
Fa—a) 05t<3p
F(t, o) = p(a) 3
&(t, ), S St=3

11



M.H. Heydari, M. Razzaghi and D. Baleanu Communications in Nonlinear Science and Numerical Simulation 116 (2023) 106873

X
oy
w S
©

Absolute error

y

(a) (b)

Fig. 3. Approximate solution ¥(z, t) (Fig. 3(a)) and corresponding absolute error function (Fig. 3(b)) with (1\71 =M=8N=1)and pla) =T'(5—«)
in Example 2.

-
3
1
—
—
=
—S\
= —]
————
—

\I/z(z,t)

o
3

o
oo

Fig. 4. Approximate solution ¥;(z, t) (4(a)) and corresponding absolute error function (Fig. 4(b)) with (1\71 =M=8N=1)and p(a)=T'(5—«)
in Example 2.

and

under the conditions
¥(z,0)=0,
and

3, 3,

IA
-
A

w(0,t)=(1+1) w(1,t)= (e +ie)

w Nlw

w Nlw

Nlw ©
IA

-

IA

Nlw ©
IA

-

IA

12



M.H. Heydari, M. Razzaghi and D. Baleanu

Table 3
The results obtained for errors via (M = 4, N = 2) and several M whenever B =y =1 in Example 3.

Communications in Nonlinear Science and Numerical Simulation 116 (2023) 106873

M M N pl@)=r2-a) pla) =T33 —a) pla)=T(4—-a) pla)=T(5—«a)

ey1 2'%] ey [2'%] eyt €y? ey1 ey2
5 4 2 6.2522E—05 1.6995E—04 6.2522E—05 1.6995E—04 6.2522E—05 1.6995E—04 6.2522E—05 1.6995E—04
6 2.4672E—06 6.7066E—06 2.4672E—06 6.7066E—06 2.4672E—06 6.7066E—06 2.4672E—06 6.7066E—06
7 8.4871E—08 2.3070E—07 8.4871E—08 2.3070E—07 8.4871E—08 2.3070E—07 8.4871E—08 2.3070E—07
8 2.5815E—09 7.0173E—09 2.5815E—09 7.0173E—09 2.5815E—09 7.0173E—-09 2.5815E—-09 7.0173E—09
9 7.0281E—11 1.9104E—10 7.0281E—11 1.9104E—10 7.0281E—11 1.9104E—10 7.0281E—11 1.9104E—10

—_
o
X
—
o
[T
o

7
7
T
6 A
0
%
777

—_
- 4

Absolute error

I
3

- o

Fig. 5. Approximate solution ¥(z, t) (5(a)) and corresponding absolute error function (5(b)) with (1\7[ =5M

Example 3.

(b)

=4,N=2)and p(e) =T (2 — ) in

Fig. 6. Approximate solution ¥,(z, t) (6(a)) and corresponding absolute error function (6(b)) with (1\71 =5M=4,N=2)and p(a) =T'(2—«) in

Example 3.

The exact solution is

W(z,t) = (e +ie?)

Table 3 and Figs. 5 and 6 are used to show the accuracy of the method whenever 8 = y = 1 in solving this example.

13
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7. Conclusion

In this work, the orthonormal piecewise Jacobi functions were defined. A formulation for the Caputo fractional
derivative of these functions was provided. These basis functions together with the classical Jacobi polynomials and
the Gauss-Legendre quadrature rule were applied to construct a hybrid method for solving the distributed-order time
fractional version of the nonlinear Schrodinger equation. The established method converts solving the expressed problem
into solving an algebraic system of equations. Some examples were studied to show the accuracy of the method. The
derived results confirmed the high accuracy of the method.
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