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1 Introduction

The qualitative analysis of differential systems with noninteger or fractional orders (FDS)
has underfonged momentous interest virtue of the broader advancement and umpteen
practices of the fractional calculus related to natural phenomena in the real world. The
applications of such models can be found in many recent works; the reader can refer to
[4, 29],and references therein.

Particularly, the existence, uniqueness, and stability analysis of a solution for FDS have
been studied rapidly involving fractional derivatives due to Riemann and Liuoville, Ca-
puto, Hadamard, Katugampola, etc; see, e.g., [1, 2,9, 13, 16, 28], and the references therein.

Unlike standard fractional derivatives, the so-called generalized (or v -) fractional
derivatives are introduced by many authors [7, 8, 21, 22]. These researches give rise to
many investigations in the field of qualitative analysis in the FDS [3, 14, 26].
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More specifically, coupled fractional differential systems are quite important in a variety
of problems of applied nature, especially in biosciences. The analytical approaches of such
systems also considered and investigated, by means of fixed point theorems, the existence,
uniqueness, and stability [17, 20, 27].

Hybrid fractional differential equations are one of the recent investigations in the field
of mathematical analysis of the FDS. In hybrid systems the authors used a common fixed
point theorem for the product or sum of two operators in Banach spaces [11, 15, 19, 24, 25].

The study of Ulam stability for the FDS has been investigated by many authors. They
have discussed various Ulam—Hyers stability problems for different kinds of FDS including
Langevin systems by using many techniques; see [5, 10, 12], and the references therein.

Motivated by new developments in v -fractional calculus, in the present research, we
enquire the existence and uniqueness along with the stability in the sense of Ulam—-Hyers
for solutions to nonlinear hybrid fractional Langevin equations (HLFDS) described by

DYDY (5255 ] - rao(r)] = F(z,0(1)), T €] :=la,bl,

Glr,0(1) (1.1)
w(d) = 0: CDZ;W[G(ZS()T))]I'::/Z = 0: w(b) = Cw(ﬂ)» ne (ﬂ7 b)’
and the coupled system of HLFDS formulated by
eppt|epy | D | 0) | < Fi(ran () n(o), (12)
“ “ GI(T) Cl)l(f), 0)2(7:))
T €],i=1,2, with boundary conditions
wi@)=0, D’ oi0) =0,  wi(b) = giwi(n), (1.3)
“ LGt (1), @2(7)) .-,

i=1,2,n; € (a,b), where C]D)giw is the 1y -Caputo fractional derivative of order 8 € {u, u;} C
0,1}, fv,v;} €(1,2],i=1,2,F:J x R— R and G :J x R — R\{0} are given continuous
functions such that F(z,0) = 0, A, A;, £, and ¢; are all real constants. The nonlinear func-
tions G1,G, : ] x R x R — R\{0} and the functions F;,F; : J x R x R — R are also
continuous such that F1(z,0,w;) = Fy(t, w1,0) = 0.

Here is a brief outline of the work. Section 2 provides the definitions and initial results
presupposed to prove our key findings. Moreover, we present an auxiliary lemma on the
representation of solutions of problem (1.1) and system (1.2)—(1.3). In Sect. 3, we establish
the existence of solutions taking advantage of the Dhage fixed point theorem. On the other
hand, we discuss the uniqueness of these solutions using the Banach fixed point theorem
in Sect. 4. We investigate the stability in the sense of Ulam for the proposed problems in
Sect. 5. Finally, we provide two examples to support the acquired results in Sect. 6.

2 Groundwork
To procure our fundamental purposes, at the outset, we scrutinize some auxiliary notions
needed in the depth of this work.

Let € = C(J,R) be the set of continuous real-valued functions w : ] — R, which is clearly

a Banach space endowed with the supremum norm

|l = sup{‘a)(r)| ' T e]}
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and is a Banach algebra under the multiplication defined by
(0w )(1) = w(t)w (1)

for w,w € € and v € J. Now the product space E = € x € is a vector space under the
coordinatewise addition and scalar multiplication. On the product linear space E, define
the norm || - || by

|(@1, @) = llor]] + |lws]l.

Obviously, the norm pace (E, ||(-,-)||) is a Banach space, which can be considered a Banach
algebra as well. The multiplication action of two elements of E is defined as

(@1, 02) (@1, @2))(T) = (@1, 2)(7) (@1, @2)(T) = (w1(T) @1 (7), 2 (T) (7)) (2.1)

for all T € J, where (wy, o), (w1, @) € E.

Afterward, we start by giving the -fractional integrals and derivatives involved. For
more related details, we refer the readers to inspect papers [7, 8] and, more generally, the
monograph [23].

Definition 2.1 ([7]) Let @ > 0, and let an increasing function vr: /] — R satisfy ¢/'(7) #
0 for all T € J. We define the left-sided ¥ -Riemann-Liouville integral of an integrable
function w on J with respect to ¥ as

¥ o(c) = ﬁ f V(@) - p(s) wls) ds, (2.2)

where I' is the usual Euler gamma function.

Equation (2.2) reduces to the Riemann-Liouville and Hadamard fractional integrals by
taking ¥ (t) = v and ¥ (1) = In 7, respectively.

Definition 2.2 ([7]) Let m € N with m = [«] + 1. The left-sided ¥ -Caputo fractional
derivative w € C"(J,R) with respect to a strictly increasing function v for all T € J is de-
fined as

&Y _ -y 1 i "

Lemma 2.3 ([7]) Assuming thata, >0 and o € L'(J,R), we get
115 w(r) =1V w(z), Te].

Lemma 2.4 ([7]) Let o > 0.
() If w € C(J,R), then

DT w(r) =w(z), TeJ.
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(@) If o e C"(J,R) and m — 1 < a < m, then

- )k()

1Y DY () = e(z) Z V@) -v@], teJ,

for some constants cx,k=0,1,2,...,m— 1.

Lemma 2.5 ([8]) Lett >a,a > O and,B > 0. Then
IO - @) ) - FW S (1) = (@),
o DO - @) r) = ol (U (1) - Y (@)
. C]D)Zi‘/’(w(t) — (@) (tr)=0, foranyk=0,...,m-L;meN.

Remark 2.6 1t is obvious by Lemma 2.4 and 2.5 that under general boundary conditions,

we have
m—-1
D o) = o) + Y_alv@) - @] te),
k=0

Below we provide some background from the fixed point theory

Definition 2.7 ([6]) A self-operator ¥ on a Banach space € is called Lipschitz if there
exists a constant Ly > 0 such that

[¥(@) - ¥(@)| < Lyw- |
for all elements w,w € €. If Ly < 1, then W is called a contraction.
The following theorem plays a crucial role in the analysis carried out in this work.

Theorem 2.8 ([18]) Let X be a convex bounded closed set contained in the Banach algebra
¢, and let operators P : € — € and R : X — €& be such that:

(81) P is a Lipschitz map with Lipschitz constant Lp;

(82) R is completely continuous;

(S3) w = PoRw,Vo € X = w e X; and

(S4) LpMp < 1, where M = || R(X)|| = sup{||Rw| : w € X}.

Then the operator equation w = PwRw possesses a solution in X.
Theorem 2.9 ([6]) A contraction mapping ¥ : € — € possesses a unique fixed point.

3 Existence results
In this section, we consider a general type of HLFDS (1.1) and the couple HLFDS
(1.2)—(1.3) involving an arbitrary function .

To investigate the existence of solutions for (1.1), we need the following lemma.

Lemma 3.1 Assume that % ﬁﬁ;:ﬁ;g #¢. Let w € € be a solution for the hybrid Langevin

equation

Dy (DY [83] - ro(r)] =F(x), T €]:=la,bl,

| (31)
w(a) =0, CDZL"’[EE?)L:“ =0, ) =¢om), neab).
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Then it satisfies the following integral equation:

(3.2)

o) = G(r)[%(r) _ [GBH®) - tGHmWI( () — ¥ (a)) ]

GB)(Y(b) - ¥(@) = £ G () - ¥ (@) [

where
H(z) =TV F() + ALY w(2).
In particular, if ¢ = %’;;, then

Y (1) - ¥(a)

L()(T) = G(T)[H(T) - m

(76 400)] |
Proof Applying the uth ¥ -Riemann-Liouville fractional integral to both sides of (3.1), by

Lemma 2.6 we get

| 5] - Ew e v

Benefiting from the first and second boundary conditions, we manifestly obtain that
¢o = 0.. Applying the vth v -Riemann-Liouville fractional integral once more and using

Lemma 2.6 lead to the following integral form:

o(t)

G(r)

=H(r) + Cl(I/f(‘L') - w(a)) + ¢o. (3.3)

From the first boundary condition we have ¢, = 0. By the last boundary condition we ob-
tain

{G(Hn) - GL)YH(b)
GO (B) =¥ (@) - G (W () = (@)

C1 =

Substituting these constants into (3.3), we obtain (3.2).
Conversely, it is straightforward to observe that the function in (3.2) satisfies Equation

(3.1) and the associated boundary conditions. O
According to Lemma 3.1, we precisely define the notion of a mild solution of (1.1).

Definition 3.2 A function w € € is said to be a mild solution of (1.1) if w fulfills the equa-
tion

o(t) = G(t,a)(r)) (3.4)

(¥ (1) = ¥ (@) [G(b, (b)) Hw(b) — G (n, (n)) Ho(n)] ]
G (b, w(®))(¥ (b) - (@) = ¢ G, ) (W () = ¥ (@) |

X |:’Ha)(r) -
where

Ho(t) = F(r,00) + ALY 0(t), el (3.5)
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We make the following assumptions:
(A1) The function G :J x R — R\{0} is continuous, and there exists a positive function

¢ with supremum ||¢|| such that
|G(7:,a)) -Gz, w)| < ¢(1)|lw - |
for all (z,w), (t,@) € ] x R. Moreover, there exists a constant # > 0 such that

|G(b,0) (¥ (b) - ¥ (@) - tG(n, ) (¥(n) - ¥(@)| =9 >0 (3.6)
forall w e R.

(A2) The function F:J x R — R is continuous, and there exist a function p € C(J,R")
and a nondecreasing function x € C([0, 00), (0, 00)) such that

|F(z,0)| < p(t)x (lo]) (3.7)

forallt €Jand w € R.
(A3) There exists r > 0 such that

GoA,
rz=———:
1-l#llA

and
lollA, <1, (3.8)

where G = sup, ., |G(r,0)|, and

_ el (B) — yr(a))“

A= O (w+v+1) [0 +2Go (v (B) - ¥ (@)]x ()

2y (b) - Y (@) pllo|

+ IT(L+v+1) rx(r) (3.9)
A () - ¥ (@) el ,

+ r

(v +1)

A (b) - ¥ (a)”

¢ e S 9 + 260 (4 ) - v @)

Next, we provide the existence of solutions giving credence to the Dhage fixed point
theorem.

Theorem 3.3 If conditions (A1)-(A3) are satisfied, then (1.1) has at least one mild solu-
tion.

Proof Define the set

S={we€:|o| <r}.

Page 6 of 24
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Clearly, S is a closed convex bounded subset of the Banach space €. In virtue of Defini-
tion 3.2, we define two operators P: € — Cand R:S — € by

Po(t) =G(t,0(r)), t€J,

and

(W (@) - ¥ (@)[G(b, (b)) Hox(b) - ¢ G(n, () Hew(n)]
G(b, (b)) (b) = ¥ (a)) = ¢ G(n, (M) (¥ (n) - ¥ ()

Rw(t) = Ho(t) , T€].

Then the integral equation (3.4) can be written in the operator form as
o(t) = Po(t)Rw(t), t€].

We show that the operators P and R satisfy all the conditions of Theorem 2.8.
Step 1: Firstly, we show that P is Lipschitzian on €. Let w, w € €. Then by (A2) we have

[Po(t) - Pw(7)| = |G(1,0(1)) - G(r,@ (7))
< ¢(0)|w(r) - & (1)
for all = € J. Taking the supremum over 7, we obtain
Pw-Po| <l¢llle-o|
for all w, w € €. Therefore P is Lipschitzian on € with Lipschitz constant | ¢||.
Step 2: We prove that the operator R is completely continuous on S. For this purpose, we

firstly show that the operator R is continuous on €. Let w, be a sequence in S converging

to a point w € S. Now by the Lebesgue dominated convergence theorem we obtain
lim R(w,)(t)
n—00

= lim [Hwn(t)

_ (Y (7) - ¥ (@) [G(b, 0 (b)) Hw (D) — £ G(n, (1)) Heou(n)] }
G(b, w4 (b)) (Y (D) = ¥ (@) = ¢ G, w, () (W (n) = ¥ (a))

=Ho(r)

(W (1) - ¥ (@) [G(b, (b)) Hew(b) — £ G(n, w(n) Hew(n)]
G, (b)Y (b) = Y (a)) = £ G(n, (M) (¥ () — ¥ (a))

=R(w)(7)

for all  €J. This shows that R is a continuous operator on S.
Next, we prove that the set R(S) is a uniformly bounded in S. For any w € Sand 7 €/,
we have

[Ho(r)| < ]IZJV;”IF(r,w(r)H + |)»|]I;§'//{a)(r)|

Page 7 of 24
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- (Y (z) =y (@) llpll x(r) . A (Y(7) - ¥(a)'r
- Mw+v+1) I'(v+1) ’

Therefore

[ R()(7)|
<|Ho(o)]

(¥ (7) = Y (@) IG(b, D) Hew(b)] + [¢]|G(n, ()| Hew(n)]]
1G(b, w()) (¥ (b) = ¥ (a) = £ G(n, M) (W (1) — ¥ (a))]
W (@) -y @)llplix () M) ~ @)’

=

T(w+v+1) I'(v+1)
.\ (¥ (1) - ¥ (a)|G(b, w(b))|
O
N [(1//(19) ~v@)lplx@) I/\I(w(b)—iﬁ(a))”r]
Mpw+v+1) rv+1)
, Bl @) - v @)IGO, o)
»
8 [(I/f(n) - @) liplix(r) 1A mn) - w(a))”r]
F'(w+v+1) I'(v+1)
Il (¥ (b) — (@)
S ey [P 2BV v @)]x()
s 2(¢(b) — v (@) plll¢l ()
9 (w+v+1) X
AW (D) = ¥ (@)l ,
+ r
9T (v +1)
A (¥ (D) — ¥ (a))”
+ W[ﬁ +2Go (v () — ¥ (a)))]r. (3.10)

Thus |[Rw| < A, for all w € S with A, given in (3.9). This shows that R is uniformly
bounded on S.
Let 71, 7o € J be such that 7; < 75. Then for any w € S, by (3.7) we get

|Hw(t2) - Hw(f1)|

< [ Sl - w9) - () v ) o)

¥'(s)

+ / 1 m(w(rz)-w(s))’““|IF(s,w(s))|ds

1 / 1 ‘lf((j)) () - ()" = (Y(m) = Y(6)" "] |eols)| s

=y -
o[ e =) )] as

2 () = Y (T + (Y (r2) = (@) = (Y (z1) — ¥ (@) llpll x (r)
I'(w+v+1)

s M [2(Y (t2) — ¥ (11))" + (Y (12) = ¥ (@) — (Y (11) — ¥ (a)"]r
Tv+1) ’

< [
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By similar arguments as in (3.10) we obtain
| [G(b, w(B)Haw(b) - £ G(n, () He(n)]
G(b, w(B))(Y (b) = ¥ (@) = ¢ G(n, w(m) (Y (n) — ¥ (a))
_ 1G®,0®) [(1//(19) —y @) lplix(r) Al (b) - I/J(a))"r]

9 T(w+v+1) I'v+1)
s 1Z11G(n, w(n))] [('ﬁ(n) =y (@) llplix(r) . Ay (n) - I/f(ﬂ))”f}
9 M(w+v+1) rv+1)
_ Golpll(y®) - v (@) x(r) s rx () (b) — (@) plll¢ll
- O +v+1) dC(w+v+1)
. A2y (B) — ¥ (@)" [ ¢l . GolAlr(y (D) — ¥ (a))”
9T +1) O (v +1)
=9B.
Therefore

[R(@)(72) = R(@)(z1)]

< |Ho(r) - Ho(n)| + [¥(12) — ¥ (11)]
" [G(b, w(b)) Hw(b) — ¢ G(n, w(n))Hw(n)]
G(b, w(b)) (Y (b) — Y (a)) — ¢ G(n, () (¥ (n) — ¥ (a))
W @) -y @)™ + (Y (w) - (@) = () -y @)*1lplx ()
- I'(w+v+1)

.\ M2 () = (1)) + (Y (2) = ¥ (@) = (Y (1) = ¥ (a))"]r
F'(v+1)

+ By () - ¥ (m)].
This implies
|R(a))(rz) - R(a))(rl)| -0 asti—> 0

uniformly for all @ € S. Thus R has the equicontinuity specification on the Banach space
¢. As a consequence, R is relatively compact, and thus the Arzela—Ascoli theorem yields
that R is completely continuous, and, finally, R is compact on S.

Step 3: Hypothesis (S3) of Theorem 2.8 is satisfied.

Let w € € and @ € S be arbitrary elements such that w = PwoRw . Then we have

lo(7)| = [P(0)(1)R(w)(7)|
<[|G(x,0) - G(r,0)| +|G(z,0)|]A,
< [lIglllwll + Go]A,.

Taking the supremum in the above inequality, we obtain

GoA, <,
1-lpllA ~

el <

Thus w € S, and so statement (S3) of Theorem 2.8 follows.
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Step 4: At last, we have
Mz = |[RO)| = sup{|R@)] 0 €5} = A,
From above estimate we obtain
LpMg <|¢llA, <1,

and so hypothesis (S4) of Theorem 2.8 is satisfied. Accordingly, the operators A" and R
approve all four statements of Theorem 2.8, and thus the equation P(w)R(w) = @ pos-
sesses a mild solution in S. Consequently, the HLFDS (1.1) involves a mild solution on /.
This establishes the required result. O

G(bw(b)

Remark3.4 Let¢ = Chwm)

Then the integral solution (3.4) reduces to the following form:

¥ (1) - y(a)

o(t) = G(r,0(7)) [H‘“(T) ) -v(n)

[Ho(b) - ’Hw(n)]],
where H is defined by (3.5). It is easy to rewrite the value of A, defined by (3.9) as

A,

_ M@ ®) -y @) (1 L 2o - w<a>))r
C(v+1) ¥ (b) - v(n)
WO -y @) pl (1 L 2wb) - xp(a))) .
T(u+v+1) v (b) -y (n) '

In this case, there is no need to assume condition (3.6).

The proof of the next result follows by the proof of Theorem 3.3 taking into account the

modified ideas in assumptions (A1) and (A3) as explained in Remark 3.4.

Corollary 3.5 Assume that conditions (A1)—(A3) hold and that ¢ = %. Then the
HLFDS (1.1) has at least one mild solution defined on J.

Let us now define the notion of a mild solution of the coupled HLFDS (1.2)—(1.3).

Definition 3.6 An element (w1, ®;) € E is said to be a mild solution of the coupled HLFDS
(1.2)—(1.3) if it satisfies

wi(t) = Gi('L':a)l(f)>wz(f)))[Hi(wl,wZ)(T) - (v(v)-v(a) (3.11)

% [Gi(b, 01(D), wa (b)) Hi(wr, w2)(b) — §iGi(77i;wl(ni);wz(ni))Hi(wl»Q)Z)(ni)]:|
Gi(b, w1(b), w2 (b)) (¥ (b) — ¥ (@) - &;Gi(ni, w1(1), 02(0:)) (W () = V(@) |

i=1,2, where

a

Hilwr, 02)(z) = IV E (7,01 (), (7)) + ML w3(2). (3.12)

To start verifying the next result, the following assumptions are further required.
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(B1) The function G;:J x R x R — R\{0} is continuous, and there exists a positive

function ¢; with supremum ||¢;||such that
|Gi(r, w1, 2) = Gi(T, 1, @) | < ¢l (|1 — 1| + |2 — 2]

forall T € J,i = 1,2, and w1, w,, @1, @, € R. Moreover, there exists a positive con-
stant 9%; such that
|G (b, w1(B), w2(B)) (v (B) = ¥ (@) — &:Gi(mi» 1 (i), 2 (1)) (¥ (0i) = ¥ (@) |
> 9, (3.13)
fori=1,2 and w;,w, € R.

(B2) The function F; : J x R x R — R is continuous, and there exist a function p; €
C(J,R*) and a nondecreasing function x;C([0, 00), (0, 00)) such that

|Fi(z, w1, )| < pi() xi (1| + )

forall T € J and w;,wy € R.
(B3) There exist p, p; > 0 such that

0> GO,IApl + GOJA/D
T 1l Ay - llgnll Ay,

where Go,; = sup,; |G;(,0,0)|(i = 1,2), and

A - Ipill (W (b) — Y (a))ritvi
pi — Z?,F(/,Ll + v + 1)

. 2(9 (b) — ¥ (@) | py | | sl
(i + v + 1)
. Al (W (b) — (@) Il
9T (v +1) i
[2:|(¢ (D) = Yr(a))”
0,'F(v,- + 1)

Ap=Ap + Ay, 1l = llgrll + llp2ll.

[0 +2Go, (v (b) — ¥ (a))) ] xi(p1 + p2) (3.14)

pixi(p1 + p2)

[9: + 2Go, (v (b) — ¥ (@) ] 0is

The next result is an analogue of Theorem 3.3 in the coupled form, and hence we will

not go into details in the proof.

Theorem 3.7 Suppose that hypotheses (B1)—(B4) hold. If

ol A, <1, (3.15)
then the coupled HLFDS (1.2)—(1.3) possesses a mild solution on J.

Proof Consider a subset X of the Banach space E given by

X={w=(w,w) €E: |l < pi p=p1+ 0}

Page 11 of 24
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Evidently, X is a convex, bounded, and closed set contained in the Banach space € x ¢ = E.
Define the operators P = (P1,P;) :E — E and R =(R1,R,) : X — E by

Pi(w1,2)(7) = Gy, 01 (1), w2(1)),
where

Ri(wy, w2)(7)

= Hi(w1, w)(t) — (I/f(f) - w(a))

% [Gi(b, w1(B), wa (b)) Hi(w1, 02) (D) — £:Gi(niy w1 (1), w2 (1)) Hilwr, w2)(1m:)]
Gi(b, w1(b), w2 (b)) (Y (b) — ¥ (@) = &:Gi(ni, w01(n:), w2()) (¥ () — Y (a))

for t €/, i = 1,2. In this case the coupled system of the given hybrid integral equation
(3.11) can be represented in the framework of a system of operator equations as

P, 2)(1)R)wr, an)(1) = (w1, w2)(7), T EJ,

which further, taking into account the multiplication given in (2.1), reduces to
(Pl(wl;w2)(7:)Rl(w1:w2)(T):P2(w1’w2)(t)R2(w1’w2)(T)) = (w1, 2)(7)

for T €. This further implies that
Pi(o1, 0)(0)Ri(w1, @2)(7) = wi(7), T€],i=1,2.

In the following steps, we demonstrate that the operators P and R follow the statements
of Theorem 2.8.
Step 1: We first show that P = (P;, P,) is Lipschitzian on E with Lipschitz constant ||¢|| =
lp1]l + |2l Let @ = (w1, ws), @ = (w1, @2) € E be arbitrary. Then using (B2), we have
|73i(a)1,w2)(1') ~ Pi(m@1, ZUz)(T)|
= |Gi(f,w1(f),w2(f)) - Gi(f, @1(7), wz(f))|

< N¢ill(|or(r) = @1(2)] + |wa(t) — @a(7)])
forall T €], i=1,2. Taking the supremum norm over 7, we get that
| Pilwr, @2) = Pil@r, @) | < llgill(lwr = @1l + llws — @)
foralli=1,2, w,w € E. Accordingly, by the definition of operator P we get

Pw—-Pw |
= H (7)1 (wlwa)xP2(w1;w2)) - (Pl(wlx @), Pa(w1, wz)) ”
= ” (791 (w1, W) = Pr(em1, @32), Palwr, wa) — Pa(wy, ZU2)) ”

= ||7)1(601,602) —Pl(wth)H + ||P2(a)1,a)2) —Pz(wbwz)n
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<loll(lo -] + w2 — @) + g2l (llo = @1l + | — @2]|)
= (llgall + 1g21l) (lw = @11l + |z = 1)
=¢lllw -]

for all w,w € E. As a consequence, P = (P1,P,) is a Lipschitz map subject to constant

ol = ligall + ll$2ll > 0.

Step 2: Now we show that R = (R, R5) is continuous and compact operator from X into
E. To deduce the continuity of R, let {w1,,, w2,,}nen be a sequence of points of X tending
to (w1, ®,) € X. Then the Lebesgue dominated convergence theorem yields

lim Ry(w1,1, w2,,)(7)
n—00

= lim (@10 02,)() = (¥(2) - ¥ @)

o [Gi(b, @1,0(D), w2,n(D)) Hil1, 02) (D) = £ G, 01,1 (1), w2,0()) Hi@1, w2) ()]
Gi(b, @1,1(b), w2, (D)) (Y (D) = ¥ (a)) = £ Gi(n, w1,(n), w2, (M) (Y (1) = ¥ (a))

:Ri(wlyCUZ)(T): i=1,2,t€e]

Hence R(w1,1, w2,4) = (R1(w1,1, wa,n), Ra(@1,4, w2,,)) converges to R(wy,w,) pointwise on
J. Next, we prove the compactness of R on X. Firstly, to ensure the uniform boundedness,
applying (B2), for (w1, ;) € X, we get

[ Hilwr, 2) ()] < T4 T (3, 01 (1), 02(0)) | + [l 1Y | ()|
_ W& =y @)™l xilos + p2) [l (6 () = ¥(@)” pi
- T(w; +v; +1) C(vi+1) '
Therefore
||Ri(wlrw2)n

_ Il (W (B) = (@)™
- (g +v; + 1)
s 20 (b) = Y (@)™ i+ | pa |l il
(i + v + 1)
. Al (W () — (@) HIill
9T +1) Pi
|A:| (Y (b) — ¥ (a))”
+
T (v;+ 1)

[9i + 2Goi(¥ (b) — ¥ (@) ] xi(o1 + p2)

pixi(p1 + p2)

[0 +2Go, (v (b) — ¥ (a))) ] pi

for all (w1, w,) € X. Hence R; is a uniformly bounded operator by the upper bound .A,, on
X. Accordingly, R is a uniformly bounded operator on X, because

[R(@1,02) ()| = [ Ri(@1,@2) ()| + | Ra(w1, 2)(7)

<A, +A, <A,<oc.
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Next, to confirm the equicontinuity of R, let (w1, ;) € X be an arbitrary point, and let
71, To € J be such that 7; < 7. Then we have

|Ri(w1,2)(11) = Riw1, 02)(12)|
2 RW @) -y @) + (Y (m) - @) = (Y (@) — (@) lpillxiler + p2)

- [(p; + v +1)
L Wl [2(¢(2) = ¥ (1)) + (Y () = ¥ (@)" = (Y (11) - ¥ ()]
I'(v; +1)

+B|¥ (2) — ¥ (1)

—0 as1 — Ty,

where
_ Go,illpill (¥ (B) = (@)™ xi(p1 + p2)
- l?ir(//Ll‘ +V;+ 1)
s pixi(pr + p2) (W (b) = Y (@) I pilll| il
z?,«F(m + Vv + 1)

[1ilof (0 (B) = (@) llgill  Goulrilpi(yr (B) = ¥ (@)
+ + .
z?iF(vi + 1) ﬂiF(vi + 1)

B;

Hence it follows that
|R(w1,0)(11) = R(@1,00)(1)| > 0 asty —> 1,

uniformly for all (w;,w;) € X. Thus R is equicontinuous on the Banach space E. As a
consequence, R is relatively compact, and thus the Arzela—Ascoli theorem yields that R
is completely continuous, and, finally, R is compact on X.

Step 3: We now proceed to demonstrate the third condition (S3) of Theorem 2.8. Let
(w1, @) be an element of X such that

(01,02) = (P1(w1, w2) Ri(@1, @2), Pa(wr, w2) Ra (w1, w2)).
Then, for i = 1,2, we obtain

[(@i(7)] = |Pi(w1, 02) (1) Ri(w1, @2)(7)|
< [llgill(lwrll + lwall) + Gos] Ay,
Condition (3.15) implies that ||¢1 || A,, + |¢21lA,, < 1. Therefore

GO,I‘APl + GO,iApz
1— g1l Ap, — llp2ll A,

o1l + lleall <

As |[(w1,w2)]l = lw1 || + ||ws]l, we have that ||(w1, w,)|| < p. Thus (w1, ;) € X, and so state-
ment (S3) of Theorem 2.8 follows.
Step 4: At last, we have

Mr = ”R(X) ” = SUP{ ||R(w1,w2)H Hwr, ) € X}
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= SUP{ ||R1(a)1»a)2) ” + ||R2(w1,a)2) ” (w1, 07) € X}
<A+ Ay, = A,

From this estimate by (3.15) we obtain
LpMg < |1¢ll4, < 1,

and so hypothesis (S4) of Theorem 2.8 is satisfied. Accordingly, the operators P and R
approve all four statements of Theorem 2.8, and thus the equation P(w1, w2)R(w1, ws) =
(w1, w,) possesses a mild solution in X. Consequently, the coupled HLEDS (1.2)—(1.3) in-
volves a mild solution on /. This finishes the proof. O

@1(0)@2(b)) i _ 1 9 Then the integral solution (3.11) reduces to the

_ Gilbwr(b)w
Remark 3.8 Let¢; = G,-(nm(n),wi(n))

following form:

wi(t) = Gi(7, w1 (1), 02(7)) (3.16)

YO -v@

[l - T

[Hi(wl (b), wz(b)) - Hi(wl(rl): w2(’7))]:|’

where #; is defined by (3.12). As in Remark 3.4, we modify the value of A, by (3.14) as

1 _mew—wmwm}+mwm—wm»),
ne T(v;+1) vb) -y )
wa%wwwwwmo+%ww—WW)( .o
T + v+ 1) V() -y )T

In this case, there is no need to assume condition (3.13).

The proof of the next result follows by the proof of Theorem 3.7 taking into account the
modified ideas in assumptions (B1) and (B3), as explained in Remark 3.8.

Corollary 3.9 Suppose that hypotheses (B1)—(B3) hold. Furthermore, if
lpllA, <1,
then the coupled HLFDS (1.2)—(1.3) possesses a mild solution on J.

4 Uniqueness of the solution

It is known that the uniqueness of the solution of a nonlinear differential equation can be
obtained Theorem 2.9 (the Banach fixed point theorem). Unfortunately, it is hard to get a
contraction principle for the integral system (3.11) even though assuming the bounded-
ness and Lipschitz conditions for nonlinear functions. For simplicity, we consider here-
after the HLFDS (1.1) and the coupled HLFDS (1.2)—(1.3) in the cases of ¢ = gézigz)ﬁ and
&= %, i = 1,2, respectively, as in Corollaries 3.5 and 3.9 and Remarks 3.4 and
3.8.

We further make the following assumption for the next result:
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(C1) The function G :J x R — R\{0} is continuous, and there exists a function ¢ €
C(J,R*) with supremum [|¢|| such that

|G(t,0) - G(r,@)| < ¢(0)|w - @ |

for all (z,w), (t,@) € J] x R. Moreover, there is a constant kg > 0 such that
|G(r,0)| < k¢

forall (z,w) € ] x R.

(C2) The function F:J x R — R is continuous, and there exists a function p € C(J,R")
with supremum ||p|| such that

|F(r,0) -F(r,)| < p(1)lo - |
for all (z,w), (t,@) € J] x R. Moreover, there is a constant kg > 0 such that
|F(t,)| < ke

forall (t,w) € ] x R.
(C3) The constant B < 1, where

_ Il ) - ¥ (a)

'v+1)

B - @) + ) - Y @)
b _ 1

x [(1”( )=v@) VB - v ]

. (ks (lpll + X)) + kel @) (¥ (b) - Y (a))
M(w+v+1)

(¥ () = yr(@)"™" + (Y (n) - w(a))w]
¥ (b) - ¥ (n) '

B

x [(v/(b) —y(@)

We start with the HLFDS (1.1) and establish the first uniqueness result.

Theorem 4.1 Assume that (C1)—(C3) hold. Then there exists a unique mild solution of
the HLFDS (1.1) on J.

Proof Let Q: € — € be the operator defined as

Y (t) - ¥(a)

Qo(r) = G(r,0(v)) [H“’(’) R0

Uﬂd@—%wmﬂ} Te].

Then Q is well defined and continuous due to the continuity of G and H. For w, w € €,
by (C2) we obtain

[Ho(z) - Ho (7)) (4.1)

< HZ:U”/' |F(r, (1)) - F(r, (1)) |+)\]IZ;£/’ lo(r) - (7))
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- ((W(f)—w(a))””llpll Ikl(w(r)—W(ﬂ))”)
< + lo-a|
M'(uw+v+1) '(v+1)

and

ke(W (@) —y @) M) - (@)’

|7—La)(r)| = F'(w+v+1) * 'v+1)

(4.2)
Applying the triangle inequality, we get

|Qu(1) - Qu (1)
< |G(I,a)(r))’Hw(r) - G(T, w(t))?—[zv(t)|

Y(t) —y¥(a)
+ m G(r,w(f))%w(b) - G(f,a)(f))%w(b)‘
+ % G(t,0(t))Ho(n) —G(r,w(r))yw(n)l

<|G(r,0())||Ho(r) - Ho (1))
+ |7-lw(r)’ |G(r,w(r)) - G(T, w(t))|

. %m(f,w(f))uﬁw(m ~ Ho(b)|
+%|ﬂ ®)|[6(z, () - G(r,0(0)]
+%%§%§%m( 0)|[Heon) - Her ()]
e e 6 (e, 0(0) - 6 (1)

By (4.1) and (4.2), using assumptions (C1)—(C2), we deduce that

|Qu() - Qw ()]

<ke ((I/f(f)— V(@) lpl M (r) —I/f(ﬂ))v)
+ lo-a|
T(w+v+1) Fv+1)

”¢”<k1F(1/f(f) Y(a)"™” s Ml(lﬁ(f)—‘ﬁ(ﬂ))”)”w_ -
T(w+v+1) F'(v+1)

s ke[y (t) - ¥ (a)] ((w(b)—W(ﬂ))’””llpII A (D) — ¥ (a)) )” -
v(b) -y () F(p+v+1) r(v+1)
. |I¢II (T)— (a) ( ¥ (b) - Y (a))"™ I?»I (b) ¥ (a))” o
M'(w+v+1) (v+1)
k@[lﬁ(f)—l/f(a) ( y(n) - lﬂ(a))’””llpll A1y () - Iﬂ(a))”)'
v(b) -y () F(p+v+1) F(V+1)
¢l (x) - Y (a )](krﬁ(lﬁ( n-vyla ))’”” Al (Y )”w ol
V(b)) - ¥(n) F(p+v+1) F(v + 1) '

Taking the supremum over J and simplifying lead to

Qw - Qw| < Bllw-w]|.
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Hypothesis (C3) allows us to apply the Banach fixed point theorem (Theorem 2.9), which
finishes the proof. d

The uniqueness of the mild solution for the coupled HLFDS (1.2)—(1.3) can be achieved
by the same arguments as in Theorem 4.1. Hence we omit the proof. Let us first introduce
the assumptions that will be used for the next result.

(D1) The function G; :J x R x R — R\{0} is continuous, and there exists a function

¢; € C(J,R*) with supremum ||¢;|| such that

|Gi(r, w1, 2) = Gy(t, 1, @) | < i(0)[|wr — @1| + w2 — ]

for all (t,wi, ), (t,@1,2) € ] x R xR, i = 1,2. Moreover, there is a constant
kg, > 0 such that

|Gi(7:)a)lya)2)i = kGl‘
forall (t,w1,w) €eJ xR xR,i=1,2.
(D2) The function F; : ] x R x R — R is continuous, and there exists a function p; €
C(J,R*) with supremum ||p;|| such that

|Fi(r,a)1,a)2) -Fy(z, wl,w2)| Spi(f)[kl)l -]+ |wy - wz|]

for all (t,w1, ), (t,@1,@2) € ] x R xR, i = 1,2. Moreover, there is a constant
kg, > 0 such that

‘]F(t’wly (,()2)‘ = k]Fi

forall (t,w1,wm) €] xR xR,i=1,2.
(D3) The constant B = B; + B, < 1, where

Nl (¥ (B) = ¥ (a))
- (v +1)

B; (4.3)

vi— b) — Vi ) - v;
kam—wmy1+W(>¢$&;$$? wm)}

Gk i+ 124D + ks, 901D (8) = ¥/ (@)
(i + v+ 1)

L WO @)+ () - W))“”W}
¥ (B~ () :

xkﬂ@—wmww*

Theorem 4.2 Assume that (D1)—(D3) hold. Then there exists a unique mild solution of
the coupled HLFDS (1.2)—(1.3) on J.

5 Ulam-Hyers stability

In this section, we study the Ulam—Hyers and generalized Ulam—Hyers stability of the cou-
pled HLEDS (1.2)—(1.3). Once we obtain the stability for the coupled HLFDS (1.2)—(1.3),
then it will be satisfied for the HLFDS (1.1).
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For this, let ¢ > 0, and let ® : /] — R* be a continuous function. Consider the following

inequality:

epypirs¥ | epyviswr [ @i(T) o _TF,
Da+ |:Da+ [m} —)\.lwl(f)} Fl(f,a)(f))‘ <e (5.1)

forte],w=(w,w) €E,i=1,2.

Definition 5.1 ([10]) The coupled HLFDS (1.2)—(1.3) is Ulam—Hyers stable if there exists
¢ > 0 such that for each ¢ > 0 and for each solution w € E of (5.1)—(1.3), there exists a
solution @ € E of (1.2)—(1.3) with

lo -] <ce.

Definition 5.2 ([10]) The coupled HLEDS (1.2)—(1.3) is generalized Ulam—Hyers stable
if there exists o € C(R,,R,) with o(0) = 0 such that for each ¢ > 0 and for each solution
w € E of (5.1)—(1.3), there exists a solution @ € E of (1.2)—(1.3) with

lo—-@| <oe).

Remark 5.3 It is clear that Definition 5.1 for o (g) = ce leads to Definition 5.2, but the

converse is not true in general.

Remark 5.4 ([10]) A function w € E is a solution of inequality (5.1)—(1.3) if and only if
there exists a function g; € C(J,R) (which depends on w) such that

¢ gDl <etel;

o DY DY [ 295] - hiwi(0)] = Fi(z, () + gi(), T €5

o wi(a) = 0, DY [0, 0 = 0,wi(b) = Geoi(ni), i = 1,2.

For simplification of equations in the next result, we denote

Il W)= p@y
Pluivil) 9B -vin

o ke W ® - v@)
" T+ v+ 1)

x <(¢(b) -¥(a)

Ci=

’

mwﬂ+<wm—wMWWW+wm»—meWj
Vo) -y ’

and recall the constants B;, i = 1,2, defined by (4.3). Now we introduce the first result.

Theorem 5.5 Suppose C1+ C; < % and B+ B, < %, and let hypotheses (D1)—(D3) be satis-
fied. Then the coupled HLFDS (1.2)—(1.3) is generalized Ulam—Hyers stable.

Proof Let ¢ >0, and let w = (w1, w,) € E be a solution of (5.1)—(1.3). Then by Lemma 3.1
and Remark 5.4 there exists a function g; € C(J, R) satisfying |g;(t)| < € such that

wi(7) = Gi(7, w1(7), 2 (1)) (5.2)
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Y (1) - y(a)

8 [E(w““’”(”‘ v () - ()

(]:i(wl,wZ)(b) - -7'-1‘(&)1,&)2)(771'))}
where

Filwr,)(t) = LV [Fy (1, 01(2), (1)) + gi(0) ] + MY wi(2).

at

Let @ € E be a solution of the coupled HLFDS (1.2)—(1.3). Then it satisfies the integral
equation (3.16). Using (D2), we have

| Filw1,@2)(t) = Hi(w, @2)(7)| (5.3)

< TPV Fy (1, 01 (), 02(7)) - Fi(t, @1 (), ma(2)) | + T4

gi(T)|
+ ML |wi() - wi(T)|

_ el (@) - y(@) e(W () = Pr(a))itvi
= lo-o| +
Pl +vieD) (i +vi+1)

M| (Y () — Y (a))rii
+
(i +v; +1)

lo-a|

and

() —yl@)t™ Ml (r) - (@)
- T(ui+vi+1) Ly +1)

(ke +&)(Y () = @)™ |Al(¥(z) - ¥(a)"
’E(wl’wz)(t)’ = L +vi+1) ’ (v +1) '

’Hi(CUl:U)Z)(f)’

Applying the triangle inequality, we obtain

|wi(1) — @i(7)|
< |Gi(r, 01(1), 0a(1)) || Fi(w1, 02)(1) = Hi(wm1, @2)(7))|
+ |Hi(w11 wz)(f)\ |Gi(frwl(f)rw2(f)) - Gi(f, @1(7), wz(f))

* % YHi(@1,2)(b) — Fi(w1,@2) (b)]|Gi(z, 1(c), (1))

' % Gi(r, @1(2), 32(1)) = Gi (7, 01(1), 02(7) | Fi(@1, @) ()
s | Fon, ) =i, m IG5, 0n(7) ()

* % Gi(t, 01(2), 02(0) = Gi(z, @1(7), @2(0)) | [Hi(@, ) ()|

By (D1), (D2), (5.3), and (5.4) we have

|wi(t) - @i(7)|

, <£Wr) —@) Pl () - Y@y

< k +
C(wi+vi+1) (i +vi+1)

-

Al (Y (T) = P (a))ri
M lw-a|
Mi+ v+ 1)
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+qu“W”‘W”W“+mew—wmwyw_w”
i I(w; +v; +1) (v +1)

Y (t) - ¥ (a) (S(l[f(l’)) —Y(a))t

YO -y )\ T+ vi+1)

CWMWM_W@WW MMWM—WWWW) )
¥ ¥ lo - |
(i + v +1) T(w; +vi+1)

+ k((;,

GERI
Ty ) -y ()
» ((kJF +&) (Y (b) — Y (a))rit s [Ai| (W () — ¥ (a))" ) -
I(w; +v;+1) C(v;+1)
ik Y(r) - v(a) <8(1ﬁ(77i) — Y(a))riti
B v\ T+ v+ 1)
(IIPiII(l/f(m) — Y@l (Y (ng) - I/I(a))’””") )
+ + [|w—a|
(i + v+ 1) (i + v+ 1)
YO -v@
el =

(DY DV,
T(w; +v;+1) C(v;+1) ‘

Simplifications lead to

|@—wﬂs%&+bﬁ@f ) <l
—- &

The generalized Ulam—Hyers stability condition is satisfied if we assume that o (¢) = 2(D; +
D,)(1%) and 0(0) = 0. This completes the proof. a

Remark 5.6 The appearance of ¢ in the denominator is due to the term |F;(w;, w)(7)|
estimated in (5.4). This implies that there is no guarantee to ensure the coupled HLFDS
(1.2)—(1.3) is Ulam—Hyers stable using the conditions of Theorem 5.5.

The next result can be proved similarly to Theorem 5.5.

Theorem 5.7 Let C < % and B < %, and let hypotheses (C1)—(C3) be satisfied. Then the
HLFDS (1.1) is generalized Ulam—Hyers stable.

6 Examples

In this section, to illustrate our results, we consider two examples.

Example 6.1 Consider the HLFDS

DI DY [5=2 ] - 0.001w(z)] = 0.001e™/|w(z)] + 0.001e",

2+T sinw(t)

w(0)=0, DV [=2D ] ,=0,  ()=2w(0.5).

2+7 sinw(t)

(6.1)

The function G(t,w(t)) =2 + T sinw(t), T € [0, 1], is nonzero Lipschitz continuous such
that ¢(r) = T with supremum 1, and Gy = 2. If we choose ¥(z) = 12 + 1, T € [0,1],

Page 21 of 24
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then

G(b, ) (¥ (b) - ¥ (@) = ¢ G(n, @) (¥ (n) - ¥r(@)| = - =¥

BN

Thus condition (A1) holds.
The function F(z,w(7)) = 0.001e™"/|w(t)| + 0.001e™" satisfies (A2) such that p(r) =
0.001e™" has supremum 0.001 on [0,1], and x(r) = /7 + 1,7 > 0, is nondecreasing. In the

last condition, we have

2A,

A =0.045705,
! 1-A

=0.096 < 1.

All hypotheses (A1)—(A3) are satisfied. Then Theorem 3.3 ensures the existence of at least
one nonzero mild solution of the HLFDS (6.1).

Example 6.2 Consider the coupled HLFDS

05U rery L5 o1(@)
D D [o7roc0re sinw1(7)+0.00172 sinwz(r)] - w1(17)]

_ —7 _lo1(0)|+|wa(7)]
=0.01e Tm, TE [1,6],

033 e 1.7:% w1 ()
Dy Dy [0.07+0‘0011sinwl(r)+0.001rzsinw2(r)]_wl(T)]

_ —7 _lo1(0)|+|wa(7)]
=0.01e Tm, TE [1,6],

_n eml5Y w1(1) _
@1(0) = 0, Dy [0.07+0.0011' sinwy (7)+0.00172 sinwz(r)]f=° =0,
wi(e) = Lw1(2),

_ el 7Y (1) =
@(0) = 0,Dy [0.07+0.0011' sinwy (7)+0.00172 sinwz(r)]f=° =0,
wy(e) = Lan(2).

(6.2)

The functions Gi(t,w;1(1),w1(1)) = Gy(t,w1(T), w2(r)) = 0.07 + 0.0017sinw;(r) +
0.00172sinw,(t) are nonzero Lipschitz continuous such that ||¢;|| = 0.001¢* = 0.0074,

_ 2~ . _ 0.07+0.001esinw (€)+0.001¢2 sinwy (e)
kg, =0.07 +0.001e + 0.001¢* = 008, and ¢; = 207:0001esioi(e)0.001¢ shnonle)

The functions F(t, w1(7), w2(1)) = Fao(t, w1(1), wa(1)) = 0.016‘1% are Lips-

chitzian with common constants ||p;|| = 0.01 and kg, = 0.01. If /() = In T (then the frac-

tional derivative becomes Hadamard derivative), then we obtain
B =0.27, B, = 0.2644.
This implies that B < 1, and therefore all hypotheses (D1)—(D3) of Theorem 4.2 are satis-
fied. Thus there exists a unique nonzero mild solution of the coupled HLEDS (6.2).
Moreover, we can find that

C;=0.0121, D;=0.233, i=1,2.

Thus by Theorem 5.5 we deduce that the coupled HLEDS (6.2) is generalized Ulam—Hyers
stable.
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7 Conclusion

In this paper, we considered the existence, uniqueness, and Ulam—Hyers stability of solu-
tions for a novel class of hybrid Langevin fractional differential systems subject to three-
point boundary conditions in view of the 1r-Caputo derivatives. The obtained results are
derived by using the Dhage and Banach fixed point theorems. We considered two systems:
one is a hybrid Langevin fractional differential system, and the other is a coupled hybrid
Langevin fractional differential system. Finally, we introduce two examples to validate our
theoretical results. The obtained results are new and generalize many existing results in
the literature. This field is active in research, and hence we recommend to continue in
this line of studying to more qualitative analysis of such systems and using generalized
fractional derivatives. One direction of future investigations can be performed on other
fractional models using different fractional derivatives and multipoint boundary condi-
tions.
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