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1. Introduction and preliminaries

In the literature of mathematical analysis there exist many generalizations of metric space (MS).
The famous generalization of MS is 2-MS introduced by Gihler [1] but notice that a 2-metric is not
a continuous function of its variables whereas an ordinary metric is. This led Dhage [2] to introduce
the notion of D-MS. After that Mustafa and Sims [3] showed that most of the topological properties
of D-MS were not correct. Then they introduced the G-MS unfortunately Jleli and Samet [4] showed
that most of the obtained fixed point theorems on G-MS can be deduced immediately from fixed point
theorems on MS or quasi MS. After that Sedghi et al. [5] defined S-MS. On the other hand after
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replacing set of positive real number by ordered Banach space Huang and Zhang [6] introduced cone
MS and many types of cone MSs are defined in [7-10]. The more generalized idea of the triangle
inequality was introduced so that the concept of MS was extended to »-MS in 1989 by Bakhtin [11].
After that a S ,-MS [12—14] is also defined.

One of the most famous generalization of MS is FMS introduced by Kramosil and Michalek [15]
in 1975. In 1994, George and Veeramani [16] modified the concept of FMS. It has wide applications
in computer science and engineering like (see [17, 18]) as in colour image filtering, neural network,
data mining, etc. Some of its generalizations are fuzzy metric type space (or fuzzy b-MS [19-21]),
Q-FMS [22], dislocated G-FMS [23] and N-FMS [24] and also defined same space in [25] in 2020 etc.

Inspired by the work of Nadaban [20] we are introducing N,-FMS which is the generalization of
N-FMS.

In this work, after introduction and preliminaries in Section 2, we define N,-FMS which is a
generalization of N-FMS and §,-MS. In Section 3, we define various types of N-FMS and N,-FMS
and for the base we have also define different S-MS and S ,-MS such as quasi §-MS, with examples
and counterexamples. We also prove a decomposition theorem on pseudo N-FMS. In Section 4, we
define convergent sequence, Cauchy sequence and topology of symmetric N,-FMS and prove various
theorems related to convergence and topology. In Section 5, we apply g-contraction mapping in
symmetric N,-FMS and prove celebrated BCP with example and integral analogue. We also provide
application of BCP in solution of integral equations and linear equations.

We recall the following definitions which will be needed in the sequel.

Definition 1.1. [26] A map o : [0, 1]* — [0, 1] is called continuous ¢-norm if it satisfies the following
conditions:

(1) o(a,1,1) =a,0(0,0,0) = 0;
(2) o(a,b,c) = o(a,c,b) = o(b, c,a);
(3) o(ai, by, c1) > o(az, by, c;) for a; > ap, by > by, ¢y > ;.

Examples of #-norm are
(1) aoboc=abcproduct t-norm;
(2) aoboc=min{a,b,c} minimum z-norm.

Definition 1.2. [18] A triplet (X, N, 0) is an N-FMS, if X is an arbitrary (nonempty) set, o is continuous
t-norm and N is a fuzzy set on X° x (0, o) satisfying the following conditions for all ,7,v € X and
r,s,t>0.

(N)) N(Z,n,v,1) >0,

(N2) N(&,m,v,0) = 1iff { =1 = v,

(N3) N({,n,u,r+s+1)>N(,{,a,r)oN(m,n,a,s)o N, v,a,t),
(Ny) N(,n,v,-) :(0,00) — (0, 1] is a continuous function.

Definition 1.3. [13] Let X be a nonempty set and k > 1 be a given real number. A function S, : X> —
[0, o) is said to be S ,-metric iff for all £, n, v,a € X the following conditions are satisfied:
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(Sp) Sp(&mv) =0iff L ==,
(S12) Sp(&omv) S K[Su(¢.a@) + Sy, m,0) + S (v, v,a)|.
The pair (X, S) is called an S ,-MS.

2. A new type of FMSs
In this section, we will define N,-FMS with various examples and prove that N,-FMS generalizes

the N-FMS with the help of counterexamples.

Definition 2.1. A quadruple (X, N,,0,k) is an N,-FMS if X is an arbitrary (nonempty) set, o is
continuous f-norm, k > 1 is a real number and N, is a fuzzy set on X> x (0, c0) satisfying the following
conditions for all /,n,v,a € X and r, s,t > O:

(Np1) Np(¢,m,v,1) > 0,

(Np2) Np(¢,nv.0) = 1iff { =n =,

(Np3) Np(¢,n,v,k(r + s +1) 2 Ny({, ¢, a,r) o Ny(n,n,a,5) 0 Np(v, v, a,1),

(Np4) Np(£,n,v,-)(0,00) — (0, 1] is a continuous function.

Ny(Z,n,v, 1) is considered as the degree of nearness of £, 7 and v with respect to ¢.

Remark 2.2. We note that N,-FMS is the generalization of N-FMS and b-MS or we can say that it is
the fuzzy version of S,-MS. Indeed each N-FMS is a N,-FMS for k = 1. However each N,-FMS is
need not be N-FMS.

Example 2.3. Let X = R be real line and S, be an S ,-metric on X defined by
2
Sy&mv)=[1¢-vi+In-vl],
or
2
Sy&mv)=|In+v=-201+In-vl|,
or

Spmv)=k(1{-vi+|{+v-29]) ¥ {pveXandk2 1.

Let N, be the function on X3 x (0, o0) defined by

t
r+ Sb(§5 n, U)’
forall {,n,v € X and t > 0. Then (X, N,, k, 0) is an N,-FMS with constant k£ and product #-norm.

Nb(§9 n,v, t) =

Proof. Ny, Ny, and Ny, are obvious we check only N,3. Now,

Nb(é/a ga a, r) o Nb(’k 777 a, S) © Nb(U, v,a, t)
r N t

r+S,(.0a) s+S,(m.a) t+S,v,v,a)
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I 1 1
- 1+ Sb({r,{,a) 1+ Sb(’?’]ﬂ) 1+ Sb(vt,v,a)
1 1 1
= SyLa) Sp(pna) S p(v.v.a)
1+ (r+s+t) 1 (r+s+t) 1 + (r+s+t)
1
- Sp(¢.L.a)+S p(mn.a)+S »(v,v.a)
1+ (r+s+t)
1
= Sp(¢nv)
o (o1,
1+ k(r+s+t)
k(r+s+1)

Tkt s+ 0+ S,
= Ny, n, v, k(r + 5 +1)).

Hence N3 satisfied.

O

Example 2.4. Let X = R be a real line and S, be an S,-MS as defined in Example 2.3. Let N, is a

function on X? x (0, o) defined by

—Spdmv)

Ny(l,nv,)=e 7,
for all {,n,v € X and t is product t-norm.Then (X, N,, -, k) be an N,-FMS with constant k.

Proof. Ny, Ny, and Ny, conditions are standard. So we verify only N3, for this consider

=Sp.d.a) =Spm.n.a) =S p(,v,a)
Nb(g’g,a,r)'Nb(n,ﬂ,a,s)'Nb(U,U,a,t):e " 4 s 4 !
=Sp¢La) =Spm.n.a) =S p(w.v,a)

< @ st . @ restH . @ risH

_ Sp¢La)+S p(nn.a)+S p(v,v,a)
=e r+s+t

_SpEaw)
S e Kkitstn

= Ny, n, v, k(r + s+ 1)).

Hence N3 satisfied.

O

Definition 2.5. Let (X, Ny, 0, k) be an N,-FMS and k > 1. An N,-fuzzy metric N, is called symmetric

if

Nb((, 4’ n, t) = Nb(n’ n, {, t),

forall {,n € Xand ¢ > 0.

(2.1

Remark 2.6. From Definition 2.1 for k = 1 N,-FMS induced to an N-FMS and N-fuzzy metric satisfies
symmetry property (2.1) automatically (see Proposition 3.5 of [24]). However N,-fuzzy metric is not

symmetric everywhere. So N,-FMS is more general structure to N-FMS.

AIMS Mathematics Volume 8, Issue 3, 5879-5898.



5883

Example 2.7. Let X = R and N, be a function on X* x (0, c0) defined by

t
t+[1¢=nl+In-vi+lv-¢1]"

Nb((» n,v, t) =

forall Z,n,v € X,t> 0and p > 1. Noting that (X, N, 0, k) be symmetric N,-FMS with k = 22*~V and
product # norm o.

Example 2.8. Let X = R* U {0}, Define S, : X> — [0, o) by

if (=n=uv,
2
], otherwise.

0
Sb(§,77,v)={[

¢ =4+ -4
Then (X, S, k) is a S ,-MS where k > 1. Now we define N,-fuzzy metric on X* x (0, c0) by

t

Nb(g’ n,v, Z‘) = m

Then (X, N, 0,k) be a N,-FMS. But it is not N-fuzzy metric for some {,n,v € X. To prove it take
{=4,n=6,u=5,anda=8andr =0.1,s = 0.7,¢ = 0.2 and 0 by minimum #-norm. Then,

1
Ny(Z,n,v,(r+ s + 1)) = Npy(4,6,5,1) = >

Ny, a,r) = Np(4,4,8,0.1) =1,

1
Npy(n,n,a,s) = Np6,6,8,0.7) = —,

23
1
Ny(v,v,a,t) = Ny(5,5,8,0.2) = 1
It is clear that
1 ) 1 1
% Z mln{l, ﬁ’ ﬁ}

So that the usual triangle inequality of N-fuzzy metric is not satisfied. However if k > 2 then triangle
inequality of N,-fuzzy metric is satisfied. So above example satisfied all properties of N,-FMS but not
N-FMS. Moreover N-FMS satisfied symmetric property Proposition 3.5 of [24], i.e.,

N, ¢{n,t) = Nm,n,4,0).

But in above example it is clear that

Nb(g’ g’ , t) # Nb(n’ n, g’ t)~

Hence N,-FMS does not satisfy symmetric property in general. So we conclude that N,-FMS
generalize the N-FMS.
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3. Types of generalized FMSs

In this section, we will define quasi N-FMS, pseudo N,-FMS for this we build up a base and define
quasi-S -MS and pseudo-S ,-MS with counterexamples. We prove decomposition theorem on pseudo
N,-FMS.

Definition 3.1. Let X be a nonempty set. A function § : X> — [0, c0) is said to be quasi-S -metric iff
for all £,n,v,a € X the following conditions are satisfied:

(Sql) S(ga U,U) = 0,
Sp) S n,v)=SP{,n,v}) =0iff { = n = v, where P is permutation,
(S S&mv) < [SE L)+ St,n,0) + S W, v,0)|.

The pair (X, S) is called a quasi S-MS.

Example 3.2. Let X = R* | J{0}. Define S : X> — [0, o) by

if{=n=uv,
, otherwise.

S(é,n,v)={

0,
¢ =51+ -3
Then (X, S) is a quasi §-MS.

Proof. Note that S is obvious and for § ;»:

S mv) =S(Pl,nv}) = 0iff { = =,

that is if £ # n # v then by definition of § in above example S ({,n,v) # S(P{{,n,v}). Moreover

S, ¢, n) # S(n,n,v). Hence quasi S-metric is not symmetric in general. However, S-MS is satisfied

symmetric property automatically (see Lemma 2.5 of [S]). Hence quasi S-MS generalizes S -MS.
Now, for § 3

v %
S(K,U,U)=§—§+7]—§

_{ a+a U+ a a v
TPT2T2 2T 22T,
<l a+v a ‘ a v o a
Y IR Y I Y B
_{_a+ _al, v _a
B Y I 272
<§ Cl+ a+ a

— — — — U—_
al CEY I 2
sz'g—gw‘n—guu—g

=S, ,a)+S(,n,a)+ S(,v,a).
Hence S 3 also satisfied. ad
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Remark 3.3. Pseudo S-MS is already defined in [27].

Definition 3.4. A triplet (X, S, k) is said to be pseudo §,-MS if X is arbitrary (nonempty) set, k > 1
is given real number satisfying the following conditions:

(prl) v§’n$U€X, pr(f,n,v) > 07
Spp) Y& nveXand §,,({,nv)=0if { =n =,
Spp3) Y nv,aeXandk>1,

Sup(&o ) S K[Sp(¢, 8 @) + S (0,1, @) + S (v, 0,0) .

Example 3.5. Let X = R, define a function S, on X3 to [0, o) by
2
Spp=[18 =1+ =],

for all {,n,v € X, then (X, S, k) is pseudo §,-MS.

Proof. 1t is clear that § ,;, S ;» and § 3 satisfied by above example, so it is pseudo S ,-MS but it is not
S ,-MS since if

Sop(dsm,v) =0
2
> 18-V 1+ -1 =0
=S>{(=tuv,n=xv=>_#*n+v.
Hence it is not satisfied S, property of Definition 1.3. O
Remark 3.6. Every S ,-MS is pseudo S ,-MS but converse is not true in general, see above example.

Definition 3.7. A quasi N-FMS is a triplet (X, N,, 0) where X is a nonempty set, o is continuous 7-norm
and N, is a fuzzy set on X* x (0, co) satisfying the following conditions:

(qu) Nq(é/, n,v, t) > 05
(Ngp) Ny(¢,n,v,1) = Nq<P({, n,v), t) = 1 iff { = n = v where P is permutation,

(Ng3) Nq(g“, nu,(r+s+ t)) > Ny(,¢,a,r)o Nyn,n,a,s) o Ny(v,v,a,t),
(Ngs) Ny({,m,v,-) : (0,00) — (0, 1] is a continuous function.

Example 3.8. Let (X,S) be a quasi S-MS (as defined in Example 3.2). Define a function N, on
X3 x (0, c0) such that

t
N,(,nv,t) = ——— fort>0.
&I D) = ey T

Then (X, N,, 0) is a quasi-N-FMS.

Proof. Let t be a product t-norm then Ny, Ny, Ny and Ny are obvious. But in above Example
N,(1,1,2,0) # N,(2,2,1,1). O
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Remark 3.9. N-FMS satisfies symmetric property automatically (see Proposition 3.5 of [24]), but
quasi N-FMS is not symmetric, i.e., in quasi N-FMS for some ¢, € X

No(Z,¢,m, 1) # Ny(n,1, 4, 0).
Hence quasi N-FMS are different FMS.

Definition 3.10. A quadruple (X, Ny, 0, k) is said to be pseudo N,-FMS if X is an arbitrary (nonempty)
set, o is a continuous 7-norm, k > 1 is a given real number and N,,,, is a fuzzy set on X*X(0, oo) satisfying
the following conditions:

(Nbpl) Vfa’],vexandVI> OaNbp(g’n7Uat) > 0’
(Npp2) Y& ,nveXand V¥Vt > 0,N,,({,nv,t) =11 =n=v,
(Nipp3) Y ¢n,v,ae Xand VY r, s, >0

Npp(&, v, k(r + s + 1)) = Ny, (£, L, a, 1) 0 Nyp(n, 1, a, 5) © Nyp(v, v, a, 1),

(Nippa) Y &n,v € X, Npp(d,1m,v,-) 1 (0,00) — (0, 1] is continuous function.

Example 3.11. Consider R with the usual metric. Let X = {{,} : {,} is convergent in R}. Define
aoboc=abcforall a,b,c €]0,1]and

-1
(1 &o=vn |+ =vn )
l .

Nbp(gn’ Mns Uns H= exXp lim

Noting that (X, Ny, 0, k) is a pseudo N,-FMS but not N,-FMS.
To see this, let {Z,} = {2}, (n.} = {2}, (v} = {2},

n

Then {,} # {na} # {va} for {,}, {1} and {v,} € X but Npp(Ln, 10y Uns 1) = 1.

Remark 3.12. Every N,-FMS is a pseudo N,-FMS denoted by (X, N,,, 0, k) but converse is not true,
see above example.

Theorem 3.13. Let (X, Ny, 0,k) be a pseudo N,-FMS and
Sopw(&sm,v) = inf {t > 0: N, (L, m,v,1) > x, x € (0, 1)}.

Then S = {S,,(X)}re,1) is an ascending family of pseudo S ,-metric on X.

Proof. S pp)(&, ¢, 0) = inf{t > 0;N,,(, ¢, ¢, 1) > x} = 0.
Now,

K[ bp (&2 42 @) + S by (.17 @) + S b (v, v, 0)|
= k[inf{r >0:Npp(d,¢,a,r) > x}+inf{s > 0 : Ny, (0,1, a,s) > x}
+inf{t > 0 : Np,(v,v,a,1) > x}]

= k[inf{r +s+t>0:N,,(, ¢ a,r) > x,Npy(n,m,a,s) > x, Npp(v,v,a,t) > x}]

AIMS Mathematics Volume 8, Issue 3, 5879-5898.
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= inf {k(r +s5+1)>0:Ny(,{,a,r) o Nyy(n,m,a,s) o Npy(v,v,a,t) > x}
> inf {k(r + s+ 1) > 0 : Ny 7, v, k(r + 5+ 1)) > x]
= Sppo({, 1, V).

It remain to prove that
0 = {Spp)xe0,1) 18 an ascending family.

Let x; < x,, then
{t>0: Ny, (&,mv,1) > x} C{t>0: Npp(l,m,v,1) > x1}.

Thus,
inf{t>0:Ny,({,n,v,1) > x} >inf{t > 0: Npp(d,m v, 1) > x1},

namely
S bpen)(o 1 0) = S oy (&o s 0), Y (Cm,v) € X,

Example 3.14. Let X = [-1, 1], define N,,,({,n, v, 1) by

t

Nbp: 27
[ 18- 1+ 1P =2

for all {,n,v € X, o is continuous t-norm, then (X, Ny, 0, k) is pseudo N,-FMS. Define
Sopw(&sm,v) =1inf {t > 0 : Npp(L,n, v, 1) > x}.

Take x; = i and x, = % in (0,1), then it is quiet natural

1 1
{t>0: Ny, (L n,v,1) > E} C{t>0: Ny nv,1)> 4_1}

Now, by property of infimum

1 1
inf{t > 0:N,,({,n,v,1) > 5} >inf {t > 0 : Np,(L,n,v, 1) > 4_1}

Hence,
pr(%)(g’ n.v) = pr(%)(é" n.v), Y nv) e X

Similarly, we can find for other distinct members in (0,1). Then § = {S,,(x)}.c0,1) 1s an ascending
family of pseudo S ,-metric on X.

We now define convergent sequence, Cauchy sequence, F-bounded set, g-contraction, continuous
function and proved proposition and lemmas related to convergence and g-contraction.

Definition 3.15. Let (X, N,, 0, k) be a symmetric N,-FMS. A sequence {{,} in (X, N, o, k) converges to
e X, if Ny(&y,&ny £ot) = 1 or Np(C, L, 0, t) > 1 as n — oo for each # > 0. Thatis, forr >0and ¢ > 0
there exists ny € N such that for all n > ng, Ny({y, &y {ot) > 1 —ror Np(L, 4, G t) > 1 — 7.

AIMS Mathematics Volume 8, Issue 3, 5879-5898.
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Lemma 3.16. Let (X, Ny, 0,k) be a symmetric N,-FMS, where o is product t norm. Let {(,} be a
sequence in X. If {{,} converges to { and {{,} also converges to n then { = n. That is, if the limit of {{,}
exists, it is unique.

Proof. Let {{,} converge to { andn. Then N, (¢, ¢, {,, s) = 1 asn — oo foreach s > 0 and N,(n,1, &, t—

2s) > 1l asn — oo foreach t —2s > 0.

M@LmﬁZM%LQMOM%LQMOM@%Qé—%)

— lolol =1 [asn > o0 &aoboc=abc].

O

Example 3.17. Let (X, N,, 0, k) be a symmetric N,-FMS as defined in Example 2.3. Define a sequence
{x,} = {i}, Vn € N. Then {x,} converges to unique limit 0.

Definition 3.18. Let (X, N,, 0, k) be a symmetric N,-FMS and {{,,} be a sequence in X is called Cauchy
sequence, if for each r > 0 and ¢ > 0, there exists ny € N such that

Nb(gn, gn’ {mat) >1- r,
or

Nb({l’rh §m9 gna t) > 1 -,
for all n,m > ny.

Definition 3.19. Let (X, N,, 0, k) be a symmetric N,-FMS. If every Cauchy sequence in X is convergent
in X, then X is called a complete symmetric N,-FMS.

Definition 3.20. Let (X, N,, 0, k) be a symmetric N,-FMS. A subset A of X is said to be F-bounded if
there exist # > 0 and O < r < 1 such that

Ny, ¢,n,t)>1—r, forall {,neA.

Example 3.21. Let X = R and N, be a function on X* x (0, o) defined by

t

e[ 1c=vi+in-vi]

Nb(é/’ n,v, t) =

for all £,n,v € X and t > 0. Then (X, N, 0, k) be a symmetric N,-FMS. Let A be a subset of R defined
by A = {x: 0 < x < 1}, then A is F-bounded set. Particularly for { = 0 and n = 1 the value of r is %4'

Definition 3.22. Let (X, Ny, 0,k) be a N,-FMS. A self map f : X — X is a fuzzy g-contraction if for
all £,n € X and for some g € (0, 1), we have

No(£(©), (), f@), qt) = Ny(&, o1, ).

Lemma 3.23. Let (X, Ny, 0,k) be a symmetric N,-FMS, where o is product t norm and {(,} be a
sequence in X. If {{,} converges to ¢, then {(,,} is a Cauchy sequence.

AIMS Mathematics Volume 8, Issue 3, 5879-5898.
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Proof. For each s,t > 0 there is p € N such that

Ny(&n, &ns £, 8) = 1 asn — oo,

and
t t
Np(&psps Cnaps € T 2s) > 1 asn — oo, for each T 2s > 0.
t
No(Gns &ns {’”'P’ 1) 2 Np(&n, s £58) © Np(&, s £ 8) © Nb((nﬂh {n+P’ g, % = 25)
— lolol =1 [asn— oo & aoboc=abcl.
Hence, {{,} is a Cauchy sequence. O

Example 3.24. Let (X, N,, 0, k) be a symmetric N,-FMS as defined in Example 2.3. Define a sequence

{x,} € X, by {l - zi : n € N}. Then {x,} is a convergence sequence and it converges to 1 € X and it is

also a Cauchy sequence.

Remark 3.25. The converse of Lemma 3.23 is not always true, i.e., every Cauchy sequence need not be
convergent. For example if we take X = [0, 1) in place of R in the above example {x,} is not convergent
in X since 1 does not lie in X.

Remark 3.26. Symmetric N,-FMS (X, N,,0,k) is complete iff the symmetric S,-MS (X, S,) is

complete where
t

Ny({,n,v,1) = m,

forall £,n,v € X and 1 € (0, 00).

Definition 3.27. Let (X, Nj, 0,k) and (X', N,,0', k') be symmetric N,-FMS. Then a function f : X — X’
is said to be continuous at a point £ € X iff it is sequentially continuous at £, that is whenever {{,} is
convergent to { we have {f{,} is convergent to f({).

Proposition 3.28. Let (X, N,, 0, k) be symmetric N,-FMS and f be a fuzzy g-contraction. If any fixed
point { of f satisfies

Ny, 8,4, > 0,
then

Nb(é/’ ga {’ t) =1
Proof. Let { € X be a fixed point of f, as f is a fuzzy g-contraction, so

Nb({’g’g’ t) = Nb(f(é)’f(g)’f(g)’t)
> N(¢.0..)

> Ny(£. 4.4, q—l) > ..
t

qn)—>1 as n — oo,

> Ny(¢.4.¢,

and so
Nb(ga (, {7 t) = 1

O
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Lemma 3.29. Let (X, Ny, 0,k) be a symmetric N,-FMS. Let {{,} and {n,} be two sequences in X and
suppose § — £, nm, — 1, as n — o and Ny, {,n. 1) — Np(l,{,n,t) asn — co. Then
Nb(gn’§n9 nn’ tn) - Nb({a ga 59 t) asn — oo,

Proof. Since lim, o, {, = ¢, lim, 1, = n and lim,_ Ny({, L, 1, t,) = Np({, ¢, ¢, t) there is ng € N
such that |t — #,| < 6 for n > ng and 6 < 5. We know that N,(Z, £, , ) is nondecreasing with respect to
t, so we have

Nb({n, {n’ ure tn) = Nb({n’ §n, Mns r— 5)

> Nb({n,{n,{, 0 ) Nb(Zn,fn, Z, 36k) (77'1’ s ¢ ’é - i_;i)
> Nb({n’ Cus {, 6 ) Nb(gna &ns ¢, 36k) (n”’ 1> 11, 6i2)
(¢} Nb(nm Mns 17, %) ° Nb(n’ n, g’ ktz %)

and
Nod. L1, 1+20) 2 Ny(L. Loty +0)
2 N6, 6 o 5) 0 N6, ) 0 Mol o 2+ 57
ZM@L%;)NﬂfQ,) No( 710 =

6k2)
ONb(’L 1, Mns ONb(§n7 éna Up, ﬁ)

)

In view of Definition 3.15 and combining the arbitrariness of ¢ and the continuity for N,(, ¢, n, -) with
respect to ¢. For large enough n, we have

Nb(é’ g» n, t) 2 Nb(gn’ gna Mns tn) = Nb(n’ 1, {, t)
Nb({’ {, n, t) > Nb(gna én’ Un, tn)
> Ny, ¢, n, 1) [by Definition 2.5].

Consequently,
}11_)1’?0 Nb({na gn’ yrs tn) = Nb(g’ g’ m, t)'
O

Lemma 3.30. Let (X, Ny, 0, k) be a symmetric N,-FMS. If there exists q € (0, 1) such that N,({,{,n,t) >
Ny, ¢, é)forall meX, t>0and

lim N, (¢, n,v,t) = 1.
>0

Then ¢ = n.

Proof. Suppose that there exists g € (0, 1) such that N,({,{,n,1) > N;,({ 4,n, ) for all /,n € X and
t > 0. Then,

No&. Lm0 2 NLLom. ) 2 Nl 2. )
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and so

No&. L) 2 Nl L. ),

for positive integer n. Taking limit as n — oo, N,({,{,n,t) > 1 and hence = 1. |
4. Application in fixed point theory

Fixed point theory is one of the most significant field of nonlinear functional analysis because of
its wide applications in many disciplines such as studying the existence of solutions for algebraic
equations, differential equations and integral equations, system of linear equations and convergence of
many computational methods in economics, sports, medical science, computer science etc.

In this section as an application of fuzzy g-contraction in symmetric N,-FMS, we establish an
analogous of BCP in this space.

Theorem 4.1. Let (X, Ny, 0, k) be a complete symmetric N,-FMS with

lim Ny(x,y,2z,1) =1, 4.1
t—00

and f be a fuzzy g-contraction. Then f has a unique fixed point.

Proof. Let {, € X and generate a sequence {,} by the iterative process ¢, = f"({y),n € N. Since
n,t > 0. So by definition of fuzzy g-contraction, we get

Nb({n’ é/m §n+l’ C]t) = Nb(féun—l’ fgn—l’ fgn’ qt)
> Ny(ots Gt s 1)
t
> Nb(gn—Za gn—Za gn—l’ 5)

Mol 0,30 )
Hence,
Vol oo at) 2 N0 o3 )
No(Zr G Lo 1) Nb(gn,gn,gm, 20) © VoG G 7 )
0 Ny(Girps Greps Guers
—Nb(fn,fn,{nu, 7)°
0 Np(Zuw 1 Guets Lueps

t
3k
> Nb(gn,gn,g“m, ) o N

[by N3 of Definition 2.1]

z 2~

[by symmetric property]

(
)
WGl et 57)
)
(

{n, gn» {n+l’ )

o Nb(§n+1, Cnvts Cnsas (§n+1, nets Cns2s

@) (3k>2)
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o Nb(§n+[1’ Sneps Cnv2s (3]2)2)

—M@@@m %M@@@w )

o Nb(§n+1, Cnt1s Cnvas @) o Nb(§n+1,§n+1, Lni2s (3%)2)

! .
o Nb({mz, Cn+2s §n+p, 37)2) [by symmetric property]

> Nh(§0 50’471, ((0’50 §1,

o Nb(g“o,{o,{b ng)z)

o Nb(éo, 0, &1, W)

By the definition of fuzzy g-contraction (i.e., ¢ < 1) together with condition (4.1) and letting n — oo,
we get
lim Ny(, &y $nvr» 1) = lololol ---o0lol = 1.

Hence, {¢,,} is Cauchy sequence. Since (X, N,, 0, k) is a symmetric complete N,-FMS, there exists { € X
such that

Now, we will show that ¢ is a fixed point of f.
Ni(£@. F©.£.1) 2 Ni( £, f). f(&). 5 )wMﬂDﬂOf@ )
o%@&ﬂwﬁﬁ
2 Nb({’é,gna 3_lz;q) 0 Nb(gag’gm ﬁ) ° Nb(g’gaglz+], 3ik)

[since f is g contraction and f({,) = {u11]

— lolol =1asn — oo.

This shows that f({) = ¢, that is, { is fixed point of f. To prove the uniqueness, let f(7) = n for some
n € X, then

No(.1. 8 1) = No(f ). £, FO)s1)
> Ny, &2
q

:mmmﬂmﬂa?

t t
> Nb(na 77,4 ?) Z 2 Nb(n»’hé,’ E)

— lasn — oo.
Thus ¢ = n and this completes the proof. O
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Example 4.2. Let X = [0, 1] and (X, N, o, k) be the complete symmetric N,-FMS where N, is defined
by
H{-vI+In-v]|P
N v ) =e t , forallZ,m,veX, t>0.

Let f({) = A, A < 2, € X,t > 0. Then, for L > ¢

[ £ = fo 1 +1 £ = fa P

No(f (), FO, fa) ) = € P

21— fa T

—e t
2140 ]F

=e_ t
4221 ¢ —n P

—e !
[Z-nl+1l-nlP

e 1/ 22
MZ-nl+1Z-nIP

=¢ t/q

= Nb(é/’{’n’ 5)’

q

where A% = ¢. Hence, all conditions of Theorem 4.1 are satisfied and so f has a unique fixed point 0 in
X.

The first integral type of BCP was proved by Branciari [28] and see [19]. Let 6 : (0, c0) — (0, o) as

0(t) = f t o(tydt, Y t>0,
0

be a nondecreasing and continuous function. Moreover for each r > 0, ¢(r) > 0. It also implies that
o) =0i1ff r = 0.
In the following, we prove integral analogue of BCP in N,-FMS.

Theorem 4.3. Let (X, Ny, 0, k) be a complete symmetric N,-FMS and f : X — X be a map satisfying

Ny (FQFQ.f a0 Ny(¢ L)
f P(D)dt > f P(1)dt,
0

0
forall{,ne X, ¢ €6, and q € (0,1). Then f has a unique fixed point.

Proof. By taking ¢(1) = 1 and applying Theorem 4.1, we obtain the result. O
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5. Application of BCP in integral equations

Solution of any kind of equations is the most important and interesting tasks in mathematics. There
are many techniques for solving many class of equations. Facing the problem of finding solutions and
studying whether such solutions are unique or multiple . Fixed point theory is one of the important
methodology that has great success in the field of integral equations, since its a iterative procedures has
great variety of contexts.

In the study of existence of solution of differential and integral equation, fixed point theory plays a
very important role, see [29,30].

In this section, we prove an application of Theorem 4.1 in particular nonlinear integral equation.
The following theorem gives us an answer to the question "The solution of particular nonlinear
equation (5.2) exists or not".

Consider X = ([0, I] the class of all real valued continuous functions defined on [0, /]. Define a
complete symmetric Nj-fuzzy metric N, : X> x (0, 00) — [0, 1] by
sUpcio [ 1(8) = () | + [ m(s) = v(s) | |
Ny({,n,u,t) =e t , 5.1

for t > 0 and for all £,n, v € X and consider the integral equation.

I
() =g(t)+ fo A(t, s)M(t, s, {(s))ds, (5.2)

where I > 0and g : [0,I] —» R, A : [0,]]> = Rand M : [0,I]*> x R — R are continuous functions.

Theorem 5.1. Let (X, Ny, 0,k) be a symmetric complete N,-FMS defined by (5.1). Let f : X — X be
the integral operator defined by

J
FED) = g0) + fo At M, 5, £(5))ds, (5.3)

foralll € X and t, s € |0, I]. Suppose that the following conditions are satisfied:
(i) Forallt,s € [0,1] and {,n € X,

|M(1,5,4(5)) — M(1, 5,1(5))| <| £(5) = n(s) |- (5.4)

(ii) Forallt,s € [0, 1],

sup
s€l0,1]

!
f (A, 5))ds| < g < 1. (5.5)
0

Then the integral equation (5.2) has a unique solution {* € X.

Proof. For all {,n € X, we have

SWPyepo [ D) = OO +1/E®) = fn@)] I
Ny(f (), f(D), f(m), qt) = e qt
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supyqo [211EW0) ~ fa) T
= e qt

2
SUP,cio.1 4 | (At M1, ,£(5)) = At IM(t, 5.m(5)))ds|

=e qt

SUp o1 4| [ (A, 5)7ds| [ (MG, 5,2(9)) = M@, 5, m(s) |
> e_ qt

4q [ 14(s) = n(s)ds]
>e qt

_SuPse[o,I] 41£(s) - 77(S)|2

>e t

sup,ego [ 1£(s) = ()| + 1£(s) = ()l |
= e_ t
= pvb(é: §;77’t)-

Since all conditions of Theorem 4.1 are satisfied in complete symmetric N,-FMS. Hence, the integral
equation (5.2) has a unique solution. O

6. Application of BCP in solving linear equation

In this section, we study a very general class of linear equation and apply BCP to find existence
of solution in the setting of symmetric N,-FMS. The main advantage of BCP is that it is a general
contractive condition can be generalized in the wide range of ways depending on many parameters.
Further more such a contractive condition involves many distinct terms that can be either adding or
multiplying between terms. We demonstrate a application of BCP that guarantees the existence and in
some cases, the uniqueness of fixed points that can be interpreted as solution of the mentioned linear
equations.

In this section, we give an application of Theorem 4.1 for solving system of linear equations.

Let X = R" and define complete symmetric N,,-fuzzy metric on X x (0, c0) by

Nyl m,0,1) = t y 6.1)

t+[2?=1|§i—vi|+2?=1 |’7i_vi|]

forall {,n,ve R"and k = 2

n 2
if [max2|c,~j|] <g<l. (6.2)
i=1

1<j<n
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Then the following system of linear equations has a unique solution.

cnli e+ el =di,
i + s + -+ Conly = d,

(6.3)
Cnl{l + cn2{2 R cnngn =d,.
Proof. Let f : X — X be defined by f({) = ¢ + d where {,d € R" and
Ci1 Cr2-""Cip
€21 €22 Cop
c=\| .
Cnl Cn2 " Cpp
For {,n € R", we get
qt
N(£(0). FO). f(p). qt) = 5
gt +4| T |2 ci ¢y =)l |
> qt
- n n 2
gt+4| S0 S e 1 G -np | |
qt
- n n 2
gt+ | S0 218 - | 2y Ll ]
> at
- n 2 n 2
gt + [ maxicjen Xy Lo | [ [ 200218 -m,1
t
> 1 . [by (6.2)]
gt+q| X214 -0l
t
= n 2
| S G =+ 1 G =il ]
= Nb({’ g’ n, t)-
Hence, f is a fuzzy g-contraction and by Theorem 4.1, f has a unique fixed point in complete
symmetric N,-FMS, that is, the system of linear equations (6.3) has a unique solution in X. O

7. Conclusions

In this article, we introduce the notions of N,-FMS, quasi N-FMS, quasi N,-FMS, pseudo N,-FMS
and proved decomposition theorem and BCP in the new setting with examples, counterexamples and
applications.

We have built a fertile ground to study in further spaces like as extended N,-FMS, partial N,-
FMS, extended partial N,-FMS, intuitionistic N,-FMS, partial intuitionistic N,-FMS and many more
generalized FMSs with fixed point theorems and their application in solution of different types of
equations.
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