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Abstract Epidemiology is the study of how and why an infectious disease occurs in a group of peo-

ple. Several epidemiological models have been developed to get information on the spread of a dis-

ease in society. That information is used to plan strategies to prevent illness and manage patients.

But, most of these models consider only random diffusion of the disease and hence ignore the num-

ber of interactions among people. To take into account the interactions among individuals, the net-

work approach is becoming increasingly popular. It is novel to consider the dynamics of infectious

disease using various networks rather than classical differential equation models. In this paper, we

numerically simulate the Susceptible-Infected-Recoverd (SIR) model on Barabási-Albert network

and Erdös-Rényi network to analyze the spread of COVID-19 in Pakistan so that we know the

severity of the disease. We also show how a situation becomes alarming if hubs in a network get

infected.
� 2022 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The coronavirus (later known as COVID-19) was originated in
Wuhan, China, in December 2019 [34], and soon became a life-

threatening disease [1]. The virus spread over the world so
rapidly that the World Health Organization (WHO) declared

this outbreak as a health emergency of international concern
in January 2020 and in March 2020 declared it as a pandemic
[9,37]. As a result, most countries imposed mitigation and sup-

pression strategies, such as lockdowns and social distancing, to
control the spread of the disease. To ensure the effectiveness of
these strategies, several epidemiological models were used to

predict the spread of the virus [8,13,39].
The most common epidemiological models used to study

the dynamics of COVID-19 are: The Susceptible-Infected-
Recovered (SIR) model [2,20]. According to this model, an

infected individual can only transmit the virus to susceptible
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individuals. Once an infected individual is recovered (or passed
away) it cannot infect others and cannot be reinfected. The
SIR model was extended to Susceptible-Exposed-Infectious-

Recovered (SEIR) model. According to this model, a suscepti-
ble get exposed (E) to virus but does not become contagious
[12,30,38]. To increase the predictive power of SIR and SEIR

models, several additional parameters were considered, as clus-
tering [21], age heterogeneity [4,30], change in policy and con-
trol measures [31,39], and meteorology [15].

However, these models do not take account of social inter-
actions, thus limiting the possible mitigation strategies [22]. To
consider interactions in human society we need social net-
works. Interactions among individuals can be described collec-

tively by a network where the individuals are represented by
nodes (vertices) and the interactions are represented by edges.
The number of edges incident to a node is called the degree of

the node. A node with a large degree (usually greater than a
fixed number) is called a hub.

The importance of social networks have been pointed out in

[6,19,23,28]. In connection with the coronavirus, simulations
of epidemic models on a scale-free network have been studied
in [14]. The dynamics of the coronavirus with quarantines have

been modeled on social networks in [5].
Fig. 1 BA network with 20 nodes and average degree 3.7.

Fig. 2 ER network with 20 nodes.

Fig. 3 The S
In this paper, we consider two types of networks, Barabási-
Albert network and Erdös-Rényi network, and numerically
simulate the SIR model on them to analyze the spread of

COVID-19 in Pakistan. Also, we compare the dynamics of
the disease on both networks and make a prediction for the
future concern.

2. Networks

A (social) network is a group of interactive persons. The per-

sons are represented by nodes (vertices) and an interaction
between two persons is represented by an edge. A network is
said to be scale-free network if its degree distribution follows

a power law, which describes a relationship between two quan-
tities such that one varies as a power of the other. In networks,
this property arises when there are few nodes with many edges

and many nodes with few edges [14]. A network is said to be
random network if its degree distribution follows the Poisson
law. To learn more about networks, please see [3,19,27].

2.1. Barabási-Albert Network

The Barabási-Albert (BA) network is a scale-free network, i.e.,
the degrees of nodes are heterogeneous. The algorithm to gen-

erate the BA network is as follows: Begin with some initial
nodes. Add a new node to the existing nodes until we get the
required number of nodes. A new node is added to the existing

nodes with some fixed probability. That probability should be
proportional to the degree of each node to which the new node
is being connected.

Fig. 1 shows an example of the BA network of 20 nodes,

initialized with 2 nodes. The average degree of nodes is
k ¼ 3. It is generated in Python using the command igraph.

Graph.Barabasi().

2.2. Erdös-Rényi Network

The Erdös-Rényi (ER) network is a random network, where

edges are chosen completely at random with equal probability.
The construction algorithm is as follows: Create n nodes. Cre-
ate an edge between a pair of nodes with some probability; this

edge-creating probability is independent of the probability of
the existence of other edges. The average degree of a node is
approximately the product of edge-creating probability and
the total number of nodes.

An example of ER network is given in Fig. 2. It is generated
in Python using the command igraph.Graph.Erdos�Renyi().
The number of nodes is 20 and the average degree is k ¼ 3.

3. The SIR Model

The SIR model was proposed by Kermack and McKendrick to

study dynamics of infectious diseases[20]. The model has some
IR model.



Fig. 4 N ¼ 550; I ¼ 2, and k ¼ 5.
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assumptions. First, the whole population, say N, can be
divided into three parts, the susceptible people, say S, the

infected people, say I, and the recovered people, say R. Second,
only susceptible people can receive the infection. Third, if an
infected person gets recovered, he/she does not get the infec-

tion again. Finally, the total number of people in the popula-
tion remains the same, that is, Sþ Iþ R ¼ N. The SIR model
is illustrated in Fig. 3.

The following is the SIR model in the form of differential
equations; all three variables S; I, and R are functions of time.
b and c are respectively rates of infection and recovery.

dS

dt
¼� b

N
SI ð3:1Þ

dI

dt
¼ b
N
SI� cR ð3:2Þ

dR

dt
¼� cR ð3:3Þ

Although a numerical solution of the differential equations of
the SIR model is sufficient to study the dynamics of infectious

disease, some people gave its exact solutions. For example,
Harko et al. gave an analytical solution by expressing the sys-
tem into a differential equation (actually a Bernoulli differen-
tial equation) in a single variable SðtÞ [10] while Okabe and

Shudo solved the system using two variables, SðtÞ and IðtÞ
[26]. The results of the exact solution given by [26] of the
SIR model are shown in Fig. 4.
Fig. 5 Confirmed and recov
In this paper, we will simulate the SIR model on the BA
and ER networks and compare the results of the dynamics

of COVID-19.

4. COVID-19 Data of Punjab

Since the situation of the coronavirus in all provinces of Pak-
istan is almost the same, we take Punjab as a sample. The
dynamics of the disease in Punjab will reflect the dynamics

of the disease in the whole of Pakistan. The data of the con-
firmed and recovered cases of COVID-19 in Punjab during
January 2022 are as follows: The total population of Punjab

is 110 million, and the total number of confirmed and recov-
ered cases of COVID-19 are respectively 0:454 and 0:431 mil-
lion; the source of data is https://covid.gov.pk/stats/punjab. The
percentages of the confirmed and recovered cases are respec-

tively 0:413 and 0:392; see Fig. 5.
5. Numerical Simulations

We perform microscopic simulations of the SIR model on
Barabási-Albert network, a scale-free network, and on
Erdös-Rényi network, a random network.

For a fast simulation of the data, we reduce the total pop-
ulation of Punjab to 0:2 million times. So, the total population
and infected cases reduce to 550 and 2, respectively.
ered cases of COVID-19.
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5.1. Algorithm

The algorithm we follow is the same as is given in [27]. How-
ever, instead of computing the average number of recovery

days (1c) from the Poisson distribution we fix 1
c ¼ 6, which is

the average number of recovery days for the present variant
(i.e., omicron) of coronavirus in Pakistan. The algorithm is:
Fig. 6 N ¼ 550; I ¼ 2;

Fig. 7 N ¼ 550; I ¼ 2;

Fig. 8 N ¼ 550; I ¼ 2;
Step 1 Generate a network.

Step 2 Fix the number of recover days, that is 1
c.

Step 3 At t ¼ 0, take the number of infected persons as I.
Step 4 A healthy person receives infection with some fixed

probability p if he/she meets with an infected person.
Please note that b ¼ k � p.
k ¼ 3 and p ¼ 0:05.

k ¼ 4 and p ¼ 0:05.

k ¼ 5 and p ¼ 0:05.
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Step 5 The time sequence obtained from the above proce-

dure is regarded as a single sample. Simulations are
performed for several samples.

5.2. Comparison of Disease Dynamics

To compare the dynamics we plot the simulated results on BA
and ER networks by taking the total population as N ¼ 550
Fig. 9 N ¼ 550; I ¼ 2

Fig. 10 N ¼ 550; I ¼ 2

Fig. 11 N ¼ 550; I ¼ 2
and the initial number of infected people as I ¼ 2. To get a
clear picture of the disease dynamics we take several values
of the average connectivity, k, and the infection probability, p.

5.2.1. (k ¼ 3; 4; 5 and p ¼ 0:05)

Due to randomness in generating the networks and choosing
the infected people, we plot 30 samples in each simulation to

understand the average behavior of the disease dynamics.
The dynamics on both networks indicate that the number of
; k ¼ 3 and p ¼ 0:1.

; k ¼ 4 and p ¼ 0:1.

; k ¼ 5 and p ¼ 0:1.
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infected persons increases with time, gets a peak, and finally
decreases, which reflects the true behavior of the Susceptible-
Infected-Recovered model; see Fig. 3. However, the speeds

of getting an infection and getting recovered on both networks
are different. The infection spreads more rapidly on the BA
network than on the ER network. The reason is that the BA

network is always a connected network while the ER network
Fig. 12 Hub: k ¼

Fig. 13 Hub: k ¼

Fig. 14 Hub: k ¼
is not; that is, the ER network can have some isolated nodes.
Also, the peak of infection is higher on the BA network than
on the ER network; it seems almost all people get infection

in the case of the BA network. Finally, the infected individuals
get recovered sooner on the BA network than on ER network.
For instance, Fig. 6 indicates that the infected take less than
3 and p ¼ 0:05.

4 and p ¼ 0:05.

5 and p ¼ 0:05.
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40 days to get recovered in the case of BA networks and take
more than 175 days in the case of ER network.

5.2.2. (k ¼ 3; 4; 5 and p ¼ 0:1)

(see Figs. 7–10).
Fig. 15 Hub: k ¼

Fig. 16 Hub: k ¼

Fig. 17 Hub: k ¼
5.3. Hub Consideration

Here we study the disease dynamics on both networks taking
into account the role of hubs, the nodes that have very large
degrees. In the BA network, some nodes receive very large
3 and p ¼ 0:1.

4 and p ¼ 0:1.

5 and p ¼ 0:1.
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degrees, so we consider a hub with a degree greater or equal to
8k, while in ER network a hub has a degree greater or equal to
2k. We observe that if the initially infected individuals come

from hubs, then the dynamic of the disease changes drastically.
The infection spreads more rapidly and, interestingly, the
recovery is also fast on both networks. For instance, on com-

paring the results of the BA network in Figs. 6 and 11 we
observe that the peak of infection is obtained in 18 days if
the infected persons are from a hub while the peak is obtained

in 22 days if the infected persons are not from a hub. In case of
ER network, the peak of infection is obtained in 37 days if the
initial infected come from the hubs while the peak is obtained
in 40 days if the infected persons are not from a hub. (see

Figs. 12–17).

6. Conclusion

In this paper, we took the data of COVID-19 for January 2022
in the province of Punjab, Pakistan, and numerically simulated
the Susceptible-Infected-Recovered model on both BA and ER

networks to study the dynamics of the disease. The dynamics
on both networks indicated that the number of infected indi-
viduals increased with time, reached a peak, and then gradu-

ally decreased so that the disease disappeared from the
society. However, the rates of getting the infection and getting
recovered on the BA network are faster than the correspond-

ing rates on ER network.
We considered the role of hubs for spreading the disease.

We figured out that the infection spread drastically fast if the
initial infected people lie inside hubs.

Based on our study, we suggest immediate isolation of the
infected individuals from susceptible ones, paying special
attention to those who lie inside hubs. This strategy should

be applied not only to Punjab but also to all provinces of Pak-
istan to fight against the pandemic. Although testing is impor-
tant to identify the infected individuals, simulations on close

networks provide a quick way to know the dynamics and
severity of the disease in the society.

Our future plan is to implement the network techniques to

analyse the models governed by fractional, delay, and stochas-
tic differential equations as are discussed in [7,11,16–
18,24,25,29,32,33,35,36,40].
7. Data availability

The data regarding COVID-19 in Pakistan is available on
https://covid.gov.pk/stats/pakistan.
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