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Abstract

We develop and analyze a new mathematical model for intravenous drug administration and the associated diffusion process.
We use interval analysis to obtain a system of weakly singular Volterra integral equations over ordinary functions. We then
use the operational method based on Chebyshev polynomials for obtaining an approximate solution of the numerical form. We
show that for a certain class of fuzzy number valued functions, their generalized Hukuhara derivatives can be reduced to the
derivatives of ordinary real-valued functions. By using our approach, we are able to estimate numerical solutions very accurately.
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1 Introduction

In connection with the rapid development of informatics
and its hardware and software support, it is now relevant
to consider natural and biological processes without the
restrictions imposed by classical mathematics. The dynamics
of nature-inspired systems are influenced by various latent
factors so that the whole process can be described as
“dynamic systems with memory”. These systems are the
focus of fractional calculus. Among its recent advantages,
demonstrated in [1], is the ability to reduce the high
dimensional of the original model using a properly selected
memory kernel.

b4 Zahra Alijani
zahra.alijani@osu.cz

Babak Shiri
shiri@njtc.edu.cn

Irina Perfilieva
irina.perfilieva@osu.cz

Dumitru Baleanu

dumitru@cankaya.edu.tr

Institute for Research and Application in fuzzy modeling,
University of Ostrava, Ostrava, Czech Republic

Data Recovery Key Laboratory of Sichuan Province, College
of Mathematics and Information Science, Neijiang, China

Cankaya University, Department of Mathematics, Balgat,
Ankara, Turkey

Published online: 05 April 2023

Fractional calculus appeared in 1695 and is currently
an important tool and concept in many fields of science
[2-6], and especially, in the analysis of systems of
differential equations [7]. Another important feature of
the modern approach to modeling is the emphasis on
data and the use of the so-called “data-driven” approach.
This implies the inclusion of uncertainty as one of the
parameters of the model. In this regard, replacing normal
values with fuzzy ones is a common technique that is
becoming more and more common when modeling the
real world, see, for example, [8§—11]. Recently, both of the
aforementioned tools have appeared together in modeling
with fuzzy fractional differential equations (FFDE) and
their systems and have gained attention [12, 13]. In this
connection, many attempts have been made to define
fuzzy derivatives. The Hukuhara derivative [14, 15], the
gH-derivative [16] and the g-derivative [8] are widely
accepted concepts, and dynamical systems using these
concepts are currently being actively studied, see [14,
17-19].

The relationship between fuzzy analysis and interval
analysis has been extensively studied in [17, 19-23]. Many
properties of this relationship are used in our study of
fuzzy derivatives below. In this manuscript, we develop
and analyze a new mathematical model for intravenous
drug administration and the associated diffusion process.
We propose this model as a natural extension of the
well established [24] model based on the linear ODE
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system. The latter describes the rate of change in drug
concentration over time in each relevant part of the
human body. Other theoretical approaches to replacing
linear systems of ODEs with complex models based on
differential equations of various types appeared in e.g.,
[25-29].

Since the exact solution of the system of fractional-
fuzzy differential equations cannot be easily obtained,
numerical methods for solving them are mainly applicable.
This is the reason why many works have recently focused
on numerical solutions of FFDE, see e.g., [30]. We
consider a system of linear fractional-fuzzy differential
equations (linear FFDE) of the form

DPy(t) = Ay(t) + u(r), t €[0,T],

1
y(0) =y, M

such that €D? is a Caputo-type fractional-fuzzy derivative
of order 0 < f <1, A is a v X v matrix of real numbers,
u=[ug, -, uV]T is a vector of fuzzy (source) functions, and
y = [y, -, y,]7 is an unknown vector of fuzzy functions.
Finally, y, = [yo;» > Yo, 17 is a given vector of fuzzy
numbers with v as a dimension.

Here we consider the dynamic fuzzy control system
(1), where y, and y, are initial values. If u(z) is crisp,
then system (1) is a classical crisp control system. In the
case that y, is a fuzzy initial value and u(¢) is the fuzzy
input, we have a different system with fuzzy inputs and
fuzzy outputs. The deterministic control system with
fuzzy inputs can generate a fuzzy control system. Fuzzy
control systems have several attractive features based on
the fuzzy differential equations aspect such as stability,
observeability and controllability. Feng et al. [31] have
studied the observability in other forms. As a result,
(1) can be considered a system based on the fact given
below. If the initial value y, € R" and the input u(f) € R,
then (1) is the well known dynamic crisp system, but the
initial value y, is not known exactly and the input u(?)
sometimes needs to be vague. We are motivated to respond
to uncertainty by implementing fuzzy set theory.

Our contribution is twofold: (1) we extend the
applicability of fuzzy differential calculus to biological
systems; (2) we carried out a complete numerical analysis
of the proposed model, including issues related to
convergence, error estimation, and stability. In the first
area, we expanded on current knowledge by showing that:

e Extending (1) to fuzzy-valued functions gives its solution
an additional meaning associated with a data-driven
approach to problems modeled by the solution. Due to
the presence of a fuzzy initial value, the whole problem
becomes an instance of an inverse problem, where the
model is parameterized by degrees of membership,
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and the data are the observations of medical experts.
The solution in the form of a fuzzy-valued function is
matched against the expert knowledge related to the
desired dynamics of the analyzed problem.

e The presence of fractionality refers to a parameterized
approach to the concept of a derivative. This additional
degree of flexibility turns the model (1) to a particular
dynamic process whose response-to-time ratio differs from
one process to another. This fact is important when the
process is associated with the absorption of the drug by
the human body. In this analysis, fractionality is used as a
parameter that can be easily converted to a numerical value
according to additional information about the process.

In the second area, our contribution is summarized as
follows:

e We propose to reduce the analysis of equation (1)
to the case when we are dealing with ordinary (not
fuzzy) functions in order to be able to apply traditional
numerical methods. To do this, we first assume that
“fuzzy function” means a fuzzy-number-valued
function (fn-function) that admits a parametric
representation. Based on this assumption, we further
reduce the problem to a system that includes interval-
valued functions.

e We use the interval analysis, and after a number of
transformation steps, we obtain a system of weakly
singular Volterra integral equations over ordinary
functions. We then use the operational method based on
Chebyshev polynomials for obtaining an approximate
solution to (1) in the numerical form. A new feature of
our analysis is that two different parametric models of
the considered equation can be processed “in one go”
(without numerous branching). This is a significant
advantage in the area of fn-valued functions and
commonly used generalized Hukuhara derivatives. This
advantage is achieved using the new proposed parametric
form of vector fn—functions and the new operation of
“flipping” (Section 2).

e Another advantage is the use of an analytical
approximation model based on Chebyshev polynomials
for all functional components found in the equation (1).
This allows for accurate analytical integration of the
Caputo-type fractional derivatives and the subsequent
application of the method of undetermined coefficients.
As a consequence, we achieve a very good error
estimation of the numerical solutions.

e We complete the numerical analysis with a stability
analysis, which gives an additional degree of confidence
in the final selection.
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The work consists of nine sections and an appendix; the
latter contains the necessary technical details concerning
Chebyshev polynomials. In Sect. 2, we give preliminary
notions and remind some statements about general facts
regarding interval analysis and fuzzy numbers. Section 3
shows how the original problem can be reduced to the
ordinary one. Section 4 discusses the numerical method
based on Chebyshev polynomials. In Sects. 5 and 6 we give
a theoretical basis for the proposed algorithm. Sections 7 and
8 implement the proposed method and discuss numerical
solutions related to dynamic processes in the human body
associated with the use of medications. We conclude the
manuscript with a conclusion and further work.

2 Preliminaries

In this section, we briefly recall the basic notation and some
principal claims.

2.1 Interval analysis

The set of all compact (non empty) intervals of the real line
is denoted by . Let 4 be a real number, A, B € K closed
intervals on the real line such that A = [a, a], B = [b, E]. The
operations over intervals in K are defined as follows [16,
32]:

A+B=[a+ba+b],

and

[4a, Aql, if A >0,
A =10, if 4 =0,
[4a, Aa], if A <0,

respectively. Furthermore,
A©, B =[min{a—b,a— b}, max{a—b,a—b}].
is the generalized Hukuhara difference.

Proposition 1 [22] Let u : [a,b] — K be an interval-
valued function where u(t) = [u(t), u(t)], t € [a,b]. If the
Sfunctions u(t) and u(t) are differentiable at t € (a, b), then u
is generalized Hukuhara differentiable (gH-differentiable)
att € (a,b) and

W (t) = [min{ d%g(t), %ﬁ(r)}, max{ %g(r), ditﬁ(t)}] .

The length of interval A ={a,a] is denoted as
I(A) = a — a. An interval-valued function u : [a,b] — K

is [—increasing (/—decreasing), if I(u(?)) is increasing
(decreasing) function with respect to ¢.

In what follows, we refer to case 1 (2) as (gH-) differenti-
ability of type (1) (type (2)).

2.2 Fuzzy numbers and related analysis

In this section, we introduce details of calculus over fuzzy
numbers that are necessary for introducing Caputo-type
fuzzy fractional derivatives. We are identifying a fuzzy
number and a parametric interval family. In order to avoid
repetition, we skip the definition of LU-representation of
fuzzy numbers [13]. We just recall that u(r) and u(r) are
called the left and right r-cut boundaries, respectively, where
0 < r < 1. The space of fuzzy numbers is denoted R -, and
the assumed parametric representation implies that all
important notions related to fuzzy numbers are formulated
in terms of their left and right r-cut boundaries.

Definition 1 For arbitrary fuzzy numbers u, v, the distance
D(u, v) is given by

D(u,v) = sup max{ [ii(r) = %(1)]. lu(r) = v(r)|}. @
0<r<l1
It is known [15] that (R £, D) is a complete metric space.
Let u = (u,u) and v = (v,v) be fuzzy numbers and k € R.
Then,
the generalized Hukuhara difference is defined by

(u ©, v)(r) = [min{u(r) — v(r), u(r) —v(r)},

max{u(r) — v(r), u(r) — v(r}].

3

It is not difficult to show that (Rz,+) is a commutative
groupoid with the neutral element 0 = (0, 0). However, the
group equation

v+ x = u, where u, v, x are fuzzy numbers, 4)

This leads to other rules that can be applied to (4) to get its
solution. Below we offer some of them. We contrapose R -
to R’; by setting

Rl = {1 = Guw) | u=(uiu) € Ry}, )

and consider Rof =RrU IR’;. In (5), we made use of a new
operation (-) on R(} called flipping that reverse the order
of components in a functional pair, i.e. if (u;,u,) € Rof,
then (u;, u,Y = (u,,u;) € RY. In fact, with the exception of
0 = (0, 0), the elements of IRjjC are not fuzzy numbers, so we
use this extension to characterize the (analytic) solution to
the group equation (4). Below, we give the corresponding

statement.
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Proposition 2 Let the equation (4) be given, where fuzzy
numbers u,v € Rr. Then, the equation is solvable in RO,
and

1. ifl(v) < l(u), the solution x = (—1)(v S, u);
2. if l(w) LI(v), the solution x=((—-1)(v S, wY or
¥ = (=D e, w).

2.3 Fuzzy vectors and related analysis

In this section, we extend fuzzy number calculus to vectors
with fuzzy numbers as components - simply, fuzzy vectors.
Similarly to fuzzy numbers, we identify fuzzy vectors with
their one-parametric families of vector-intervals.

Lety = [y, -, y,17, v > 1, be a vector of fuzzy numbers

where for j = 1,-+,v,y;, = (y,;) € Ry. Then, y, and y are
=

represented respectively, by

y:[}l,...,&’y_l,...,y_v]z-’ (6)

yfz[y_l’...’y_v’)l’...’y_v]T_ (7)

where each component y or y; is a real function on [0, 1].

We call (6) a parametric form of a fuzzy vector. For example,
if y=1[y;,y,17, and y,(r) = (r,2 = 1), y,(r) = 2r,4 —2r),
then the parametric form of y is y(r) = [r,2r,2 — r, 4 — 2r]7,
where 0 < r < 1. The set of v-dimensional fuzzy vectors is
denoted by RY., and the set of r-cuts related to the
corresponding parametric forms belongs to R?". Below, we
give more details to the matrix multiplication. Let A = (a;;)
be a v X v real matrix, y = [y, - ,yV]T a fuzzy vector. The
product ¢ = Ay is a fuzzy vector ¢ = [c, -+, CV]T, where for
i=1,-,v,¢; = X,_, ayy; The next proposition shows how
the parametric form of ¢ and ¢/ can be obtained directly from
the parametric form of y and the extended forms of the
matrix A (below in (8)).

Proposition 3 Ler A = (a;) be a v Xv real matrix,y a v
-dimensional fuzzy vector 'y with the 2v-dimensional
parametric form'y = [y}, =, y,,¥1, =, y,1". We use two
intermediate v X v real matrices A* and A~ as those that
differ from A in that the negative, respectively, positive
components of the matrix A are replaced by zeros. Let us
compose two new 2v X 2v real matrices A* and A* as
Sollows:

. (AT A" L (A A*
A_=<A‘A+>’ A =<A+A—>' ®)
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Then, the parametric form ¢ (respectively &) of fuzzy vec-
tor ¢ = Ay is equal to ¢ = A%y (respectively ¢/ = ATy).
Moreover,

(A*y) = A¥y. ©)

Below, we will be working with fn-valued functions,
defined on the real domain, i.e. functions F : [a,b] = R,
such that for each ¢ € [a,b], F(t) is a fuzzy number
F@® = (@), f(t)) where functions f(¢), f(t) [0,1] - R,
are L — U representation functions of . If a level cut
0 < r < 1lis fixed, then the corresponding function F(z, r)
is interval-valued.

Proposition 4 Let F : [a,b] — Ry be an fn-valued
function, such that for each fixed r € [0, 1], the corresponding
interval-valued functions F(t, r) are l-increasing (decreasing)
and gH- dzﬁ”erentzable on [a, b]. Then foreveryr e (0,1),
and for all t € (a,b), rf(t r) and = f(t r) exist, and lfF(l r)
is 1- (or 2- )dlﬁ‘erentlable then F’(t r)y=[ rf(t r), d)f(z‘ )]
(or (F'Y (1,7) = [2f(t, ), £ (2, ).

To continue our analysis, we repeat the definition of the
definite integral of an fi-valued function from [33], based
on the concept of the Riemann integral.

Definition 2 Let f : [a, b] - R be an fn-valued function.
For every partition P = {t,, ..., t,} of [a, b] and for arbitrary
& elt_.t],1 <i<n,letusdenote

Rp = fE)t; = tiy),
i=1

Ap i=max{|t, —t,_;|.i=1,..,n}.

Assume that there exists a fuzzy number / with the following
property: for arbitrary € > 0, there exists § > 0, such that for
any partition P with A, < 6, we have D(I, Rp) < €. We say
that 7 is a definite integral of f over [a, b] and denote it as

b
I= / f()dr.

If an fn-valued function fis continuous in the metric D,
its definite integral exists and its parametric form with left
and right r-cut boundaries is as follows

b b b
/ fa,nde = ( / [ ryr, / fe,ndt), 0<r<l

(10)

It should be remarked that fuzzy integral can be also defined
using the Lebesgue approach [8].
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3 Fuzzy fractional integral and Caputo-type
derivatives

Definition 3 [12] If u is a continuous fn-valued function,
then the fuzzy Riemann-Liouville integral is defined as
follows:

1 "ou(x)

JPu(t) = dx,

£ Jo t—x'-F 0<p<1,t>0,

where I is the Gamma function.

Definition 4 [12] Suppose that u is a differentiable fn-valued
function, and letu € ACAa, b], where ACf[a, b], denotes the
space of absolutely continuous fuzzy functions. The Caputo-
type fractional-fuzzy derivative is defined by

1 " ou'(x)
ra-pJ, t—x?*

DPu(r) = dx, 0<p<1,t>0.
for § = 1, it is defined by classical integer order derivative,
1.e.,

du(t)

CDlu@) = .
u(t) o

Suppose 0 < f < 1. For a real-valued and continuously
differentiable function y, we have

JPEDPy) 1) = y(1) — y(0), (11)
b Dla+1) 4., B

= rarprn, b (12)
and

L(EDPy(1) = s"L(y) — s~ y(0). (13)

where L is the Laplace transform [3].

4 Reduction of the original problem
to the ordinary case

We have shown above (Proposition 4) that for a certain
class of fn-valued functions, their generalized Hukuhara
derivatives can be reduced to the derivatives of ordinary
real-valued functions. This fact will be used in the proposed
method for solving the problem (1). Below, we repeat its
main equation and initial value:

“DPy(t) = Ay(t) + u(r), t €[0,T],
y(0) =y,,

In this section, we show that the Caputo-type fractional
derivatives of fn-valued functions can be reduced to the
Caputo-type fractional derivatives of ordinary real-valued
functions. Then, we propose to apply the flipping and to
reduce the original problem (1) to the two systems of linear
fractional differential equations over ordinary functions. The
“crossroad” goes through the choice of a set of solutions.
Theorem 5 Assume that system (1) is solvable and its
solution y is an fn-valued v-dimensional vector-function on
t € [0, T], such that for each r € [0, 1], the corresponding
interval-valued vector-functions y(-,r) are Il-increasing
(l-decreasing) and continuously differentiable. Then problem
(1) has two solutions ((1)-differentiable and the other one
(2)-differentiable) on [0, T].

Proof Let the assumptions of the case (1) be satisfied, and
y = [y, ,y,]7 be a solution of (1). Let 1 <i <v and
0 < r < 1 be fixed. By Proposition (4) and the definition of
Caputo derivative, we have

1 e
TA=p) Jo G—xp "

1 r 0,57 W1
= / = dx
TA=pJy (=P

By (10), we obtain that € DPy,(t, r) is equal to

DPy.(t) =

1 A 1 LW
dx, dx
F(l _ﬁ) 0 ([—X)ﬂ F(l _ﬁ) 0 (t_x)ﬂ (14)

= [0y 0. D50

or equivalently,

DPyi(1) = “Dlyi(n)

and

CDby, () = CDPy(1).

Using vector notation, we write
Dly(n) = “Dly(r)

and

CDPy(t) = “DFy(t).

Finally,
“DPy(n) = (“D’y(1), “DPy(0)). (15)
The proof of case (2) is similar. O

@ Springer



Evolutionary Intelligence

Corollary 1 Let the system (1) be solvable and its solution'y
Sulfill assumptions given in Theorem 5. Then, the equivalent
to (1) system of ordinary fractional differential equations
has the following parametric form:

D1y I 31T = ARy +yO) +Pu@),  (16)

iy I Bl = AT Y0 +yO) + W (0. (17)

Proof The proof follows easily from the equivalent
transformations of ordinary fractional differential equations
discussed above, where we first transform the equation (1),
by applying flipping (as in (5)) to both sides of it, and then
(9) to matrix multiplication, and after that we transform both
equations using the fuzzy Riemann-Liouville integral (11),
applied to both sides of each of them. O
Below we will support our theoretical elaboration with
an example of a fuzzy fractional equation that admits two
different fuzzy solutions: one has /-increasing corresponding
interval-valued vector-functions, and the other one has
I-decreasing. Both solutions are exact, and their analytic
representation is obtained using the Riemann-Liouville
integration (see (11)) and its application to polynomials
(see (12)).
Example 1 Let the system (1) have the following simple
form:

DPy(t,r) = (P(r—1),P(=r+ 1)), te[0,T),

18)
¥(0)=(r—-0.5,-r+1.5),

where v = 1, A = 0, and the fuzzy source function u in its
parametric form is equal to u(t, r) = (£>(r — 1), 2(=r + 1)).

1. Assume that this system has /-increasing solution
on [0, T]. Then, can be represented using (16). In the
parametric form, we have

y(t’ r) _ r—0.5 B tz(r— 1)
[;(t,r)] - [—r+ 1.5] +J [IZ(—r+ 1))]'

By (12), we obtain

[y(m] B l = )+ =05 ] o)

ya,r | mt2+ﬂ(—r+l)—r+l.5.

The length of the corresponding r-cut, where 0 < r < 1,
is equal to

y(t,r) = y(t,r) = #PA = +2(1-r).

Irce+p

It is easy to see that this function is increasing with
respect to ¢t on every interval [0, T] where T > 0.
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Therefore, a fuzzy solution to the initial system (18) in
the set of fn-valued functions with the corresponding
l-increasing interval-valued vector-functions exists and
is given by (19).

2. On the other hand, suppose that the system (18) has
[-decreasing solution on [0, T]. Then, it can be repre-
sented using (17). In the parametric form, we have

ye.n] [ r=05 5[ P(=r+1)
i B R R et

and after applying (12), we obtain

[ 2 2+p_ —05 1
[X(t’r)] _ m;ﬂ)t (=r+1)+r-05 0)
= 2 24 1)
y(t,r) i r(3+ﬂ)t (r—=1D—-r+15. |

2 24p 2 24p i
< —F(3+ﬂ)t + 1>r + _r(3+ﬁ)t 0.5
_2 o4p _ __2 24p

F(3+ﬂ)t l)r +1.5 F(3+ﬂ)t .

The length of the corresponding r-cut, where 0 < r < 1,
is equal to

¥t r) = y(t,r) = P —1) - 2(r = 1).

I'G+p)
see that if re[0,7T*], where

It is eas L
5 , this length is positive for 0 < r < 1,

7% — (LG+A) 249
2
and it is decreasing with respect to ¢. Therefore, a fuzzy

solution to the initia]( System (18), considered on the

interval [0,(@) w ], in the set of fn-valued

functions with the corresponding /-decreasing interval-
valued vector-functions exists and is given by (20).

Remark 1 Comments should be made regarding the
existence of the two topologically non-equivalent solutions
to (1). This effect is known as bifurcation and is caused by a
fuzzy initial value and/or a fuzzy source function. Without
going into technical details, we note that this phenomenon
requires additional analysis beyond the scope of our current
research. We refer to [34] where the values of the bifurcation
of fuzzy dynamical systems were studied.

As an advantage of our approach, we emphasize that two
systems of ordinary fractional differential equations (16) and
(17) can be easily unified into the following general form:

y() = APy + y(0) + JPu(), 1€[0,T], @

where A denotes a real matrix, and u is a vector of
real functions. As the example 1 shows, an analytical
solution is possible if (21) contains simple functions (for
example, polynomials) for which the application of the
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Riemann-Liouville integral has an analytical representation,
see (12). Otherwise, the solution of (21) can only be
approximate, obtained using suitable numerical methods.
In the next section, we will discuss this issue in more detail.

4.1 Fuzzy logic description of input-output relation

As it is mentioned in the Introduction the concept of
observability is concerned with the problem of whether
the fuzzy inputs u(f) and the fuzzy outputs y(¢) of system
(1) over a finite interval [f, t,] can uniquely determine the
initial fuzzy state y,. Let A(?), u(z), ¢ > 0, be the same as in
system (1). For the given initial value y, € R’ and the given
input u(t) € R, for each ¢t > 0, in system (1), we can obtain
the system state y(¢) € R"., for each r > 0. We quantify the
input-output relations by using fuzzy logic together with the
system model (1).

R :IF uy is

i
Uy, and---u,

THEN y\(1,) is y\(t;) and--

v

5.1 Operational Chebyshev method in algorithmic
form

Below we describe the sequence of steps that leads to
an approximate numerical solution yy to (21) where
N > 2 corresponds to the maximal degree of Chebyshev
polynomials used in the representation of y,. The following
are inputs parameters: A, u, y, (parameters of the equation
(21), N (maximal degree of Chebyshev polynomials), f
(fractional order of the Caputo-type fuzzy derivative),
r (level of the cut), all of them must be initialized before
the first step. The algorithm runs “in one go” and produces
approximate numerical solution (output) y, in matrix form.
The quality of the approximation is an offline parameter,
so that it can be estimated by the norm of the difference
between two consecutive solutions y, and y,, ;. colorblack

: i .
18 Uy it <t t;

o (22)
yk(tl) 1S y;((tl)’i: 1,...,\/

where the relation between input and output is

CDPy(t)) = Ay(t)) + u(t)). (23)

In the fuzzy based rule (22), since u(t) € u'(0, 1) for t > 1,
then y(#,) € ¥'(0, ).

5 Chebyshev polynomials and analytical
representation of the approximate
and solution

In this section, we focus on finding approximate solutions
for (21), where this equation contains the Riemann-
Liouville integral applied to real vector functions. We
propose to approximate the integrands that appear in (21)
by polynomials close to them and use the fact that the
application of the Riemann-Liouville integral to polynomials
has an analytical representation. As a result, we obtain an
analytical representation of the approximate solution. In this
case, the quality of the approximation is controlled by the
degree of the approximating polynomial. We propose to use
Chebyshev polynomials, which are known for relationshipod
approximating ability. In the Appendix, we review some
basic definitions and results related to the Chebyshev
polynomials [35].

1. For the chosen N, represent the approximate solution yy
by a linear combination of the first (N + 1) Chebyshev
polynomials, see (A5) in the Appendix. We explicitly
write

yv(@® = YT¥(),

where W/ (r) = [T (1), ..., Ty(n] is the vector of
mentioned above Chebyshev polynomials and Y -
unknown coefficient matrix with dimension 2v X (N + 1)

(24)

The remaining parameters in (21) are also expanded
using the same Chebyshev polynomials in W7, so that
we have

u®) ~UTY(), (25)

where Y, = [y,,0, ..., 0]7, and the components of the U
are computed as in (A7).

2. Substitute (24 - 25) into equation (21) and rewrite it as
follows:
YT = AFP(YT(0) + Y P (0)+ 26)
JPYTR()), t € [0, T].
3. By Theorem 6, we have
U (1)) ~UT Py (1),
27

JPYTR(0) YT Py, (1)

Substitute (27) into (26) and obtain
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YIW(1) = AYTP; (1) + Yo ¥(1) + U Py, (0. (28)

4. Multiplying the left and right sides of (28) by w*(¢) and
W7 (1), respectively, and applying the integration in ¢
along [0, T], we obtain

T
YT / w*(OPOPT (H)dt =
0

(AYTP;y + Yo+ U'Py )X (29)

T

/ w (OO (¢)dtr.

0

5. Note that due to the orthogonality of the Chebyshev
polynomials and the estimate (A3) of their norm squares,
the integrals on the left and right sides of (29) are equal
to

T
Ay = / w OPOY ()dt = diag([y,, -+, D),
0

where diag([y,, -+, yy]) is a diagonal invertible matrix.
Therefore, multiplying both sides of (29) by A%}, we
obtain a system of equations independent of ¢, i.e.,

(YT - .AYTPﬂYM) =H, (30)
where
H:=Y,+U'Pyy,.

6. To solve (30), use the vectorization operator vec [7]
to obtain a system of linear algebraic equations in
the standard form of a matrix equation. This operator
rewrites m X n matrices in mn-dimensional vectors using
concatenation of rows. In particular, the vectorization of
a matrix is given below:

Ay eee s )7L

> “m,n

vec(A) i=(ayy ... Gy, -
The vectorization vec has the property
vec(ABC) = (CT ® A)vec(B),

where ® is the Kronecker product. Thus, the system
(30) can be converted to the standard form

(11 P}, ® A)vec(Y") = vec(H), 31

where 1, is the identity matrix, and vec(YT) is the
unknown vector.
7. Solve (31) as a standard system of linear equation' and
obtain the (exact) solution vec(¥YT).
8. Apply the inverse of vec to vec(YT) and get 2v X (N + 1)
vector YT substitute it into analytical form (24) to get
the desired approximate solution y, of (21).
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In the following section, we refer to Theorem 6, which
guarantees the convergence of the above algorithm of the
Chebyshev operational method. We also prove Theorem 7,
which estimates the complexity of this algorithm as O(N?3).

6 Convergence of the operational
Chebyshev method and complexity of its
algorithmic form

In this section, we prove that the algorithmic form of
the Chebyshev operational method proposed in Sect. 5
is correct. We also estimate the complexity of the
corresponding algorithm.

The following theorem, proved in [7], gives an
approximate value of the Riemann-Liouville integral applied
to the vector of Chebyshev polynomials in (A6).

Theorem 6 Let 0 < f < 1, WI(1) = [T; (1), ..., T(1)], and
N,M € N. Then, there is an (N + 1) X (N + 1) (operational)
matrix P\, such that

JPW(1) = Py o (). (32)
Moreover,
py(UIPW) = Py¥(x), (33)

where Py =1imy,_, , Py .

The proof of the following theorem with an estimate of
complexity was developed for this article.

Theorem 7 The total complexity TC of the algorithm
described in Sect. 5 is O(N?).

Proof We remind that the algorithm is focused on the
numerical solution of equation (21) in its reduced form (30)
or equivalently (31). The proof consists in the complexity
estimation of calculating the parameters A, Py, YT
included in (31), and estimating the computation complexity
of the numerical method for solving the system (31) of linear
equations.

1. Ais a matrix of dimension 2v X 2v. It is computed by
the concatenation operator of A* and A~, each of which
requires v> comparisons. Thus, the computational cost
of obtaining A is O(v?);

! We propose to apply LU (Lower-Upper) decomposition to the
matrix of coefficients and obtain the (exact) solution vec(¥Y7) directly
by forward and backward substitution.
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2. Py isamatrix of dimension (N + 1) X (N + 1). Accord-
ing to [7], the computational cost of Py ,,, where we use
the constant M = 100, is

(1+2+...+NNM = < ON?);

MN(N + )N
2

3. YTisavx (N + 1) matrix. This matrix is computed by
applying the inverse of the vectorization operator to
vector vecYT. Thus, the computational cost of obtaining
YTis 2v(N + 1);

4. vecYT is obtained by the LU decomposition with the
computational cost of O((2v X (N + 1))*);

5. The summarized complexity of the algorithm is

O(v(N + 1))>) + 2v(N + 1) + O(v*) + O(N?)
=0(2v(N + 1))*) + OWN?) = O(8V*(N + 1)%).

Therefore, the estimated total complexity of the method is
TC = O(N?). O

7 Numerical examples

In this section, we will illustrate the above proposed
numerical method and the entire computational procedure
with an example. The notation system used below is the
same as in the sections discussed above. In addition, we
use generally accepted quality measures and denote them
as follows:

EN,0) = lyy() =y
and
E(N,1) = [Jiy(©) = ¥i(0)],

where y,y, is the ith component of yy(?) fori =1, ..., v. The
corresponding maximal error is

EN. ) = max (E (N, 0,E(N,n}, rel0,1]. (34)

In Tables 1, 2, we will see a stable decrease in &;(V, r) in
relation to N, which confirms our theoretical conclusions
regarding the convergence of the proposed algorithmic
method.

Example 2 Consider the two-dimensional system (1) of
FFDEs given by A = I and

u = t2(r2 +r4— - r),

Uy = t3(r2 +r4— - r),

where

Table 1 The maximum error for various values of N and r with
f = 0.51in Example 2

N £,(N,0.5) &(N,0.5) £,(N,0.9) &(N,0.9)
2 1.7184e-01 2.9500e-01 1.2072e-01 2.0724e-01
3 6.8835e-03 2.9774e-02 4.8358e-03 2.0916e-02
4 9.9725e-04 9.9302e-04 7.0058e-04 6.9762e-04
5 1.9769¢-04 1.1260e-04 1.3888e-04 7.9103e-05
6 9.0588e-05 1.5185e-05 6.3640e-05 1.0668e-05
7 4.3181e-05 5.8318e-06 3.0335e-05 4.0969¢-06
8 2.2807e-05 2.2936e-06 1.6022e-05 1.6113e-06
9 1.2957e-05 1.0190e-06 9.1027e-06 7.1587e-07
10 7.8023e-06 4.9350e-07 5.4813e-06 3.4670e-07
11 4.9255e-06 2.5630e-07 3.4602e-06 1.8005e-07
12 3.2335e-06 1.4096e-07 2.2716e-06 9.9027e-08
_1(0,0)
Yo = (0’ 0) ]
andt € [0, 1].

It is easy to see that since the initial condition is a real
(not fuzzy) vector, the system has no /-decreasing solution.
Therefore, we assume that the solution is /-increasing. In this
case, the equivalent to (1) system of ordinary fractional
differential equations has the parametric form (16), where

* =1, (4-dimensional identity matrix), y(0) = [0, 0, 0, 0]"
and 'y = [y}, y,,;,v,17. Substituting this data into (16), we
get

y =Jy + Ju. (35)

The exact solution can be obtained by iterative application
of (12):

(o]

_ I'3)  ovip, 2 3
(@ = ; —F(3 n iﬂ)t rr+rd4—-r —r),
y,(t) = Z & S 4 =P =)

“~ T4 +ip)

At the same time, we apply the numerical method proposed
in Sect. 5 and obtain a sequence of approximate numerical
solutions for f =0.5,09, and N =2, ...,12. We compare
them with the exact solution and estimate the maximum
errors &N, r),i = 1,2, according to (34). Table 1 (f = 0.5)
and Table 2 (f = 0.9) contain estimates of the maximum
error for all considered values of NV and three r-cuts, where
r=20.2,0.5,0.9.

These tables validate the proposed method. Note that
somewhat better convergence is observed in the Table 2,
where f = 0.9, due to the increase in the regularity of the
solution with f — 1. In particular, and in addition to the
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Table2 The maximum error for various values of N and r with
f = 0.9 in Example 2

N £,(N,0.5) &(N,0.5) £,(N,0.9) &,(N,0.9)

2 7.8256e-02  1.1755¢-01  5.4977e-02  8.2580e-02
3 4.1932¢-03  1.3698¢-02  2.9458¢-03  9.6233¢-03
4 27444e-04  6.1198¢-04  1.9280e-04  4.2992¢-04
5 1.2078¢-05  3.3096e-05  8.4852¢-06  2.3250e-05
6 8.0339¢-06  8.1176e-07  5.6440e-06  5.7028¢-07
7 3.3286e-06  5.5968¢-07  2.3384e-06  3.9319¢-07
8 1.6042¢-06  1.9087e-07  1.1270e-06  1.3409¢-07
9 8.3714e-07  7.8072¢-08  5.8811e-07  5.4847¢-08
10 4.6671e-07  3.4956e-08  3.2787¢-07  2.4557¢-08
11 27457e-07  1.6903¢-08  1.9289¢-07  1.1874¢-08
12 1.6891e-07  8.7054e-09  1.1866e-07  6.1157¢-09

estimates in Tables 1, 2, we got that, up to a computational
error, £,(12,0.9) = 1.1102¢ — 15, for f = 0.99999999.

8 Real world applications

After we have tested our model in Example 1, and proved
the correctness of the related algorithm, we move on to
two real applications. Both are associated with dynamic
processes in the human body associated with the use of
medications.

In the following, we consider two dynamic processes

in which both extensions mentioned above can be useful:
the dynamics of drug distribution in the blood and the
evolution of the amount of cholesterol in the human
body [24-27]. Two important factors should be analyzed:
the memory of dynamic changes (closely related to the
specific reaction of the human body) and the robustness
to uncertainty (related to the initial prescription of the
drug). The first is the result of modeling with a fractional
derivative, and the second is due to fuzzy values. In both
cases, linear fractional-order differential equations are
proposed as suitable models.
Example 3 In this example, an extended fractional fuzzy
mathematical model for drug diffusion in the human body
through blood and tissue is analyzed, and its solution in the
form of a dynamic process is discussed.

Consider k,, k;, and k, as the corresponding rates of
drug elimination from blood, drug transportation from
arterial blood to tissue, and from tissue to venous blood.
Let c (1), c,(¢) and c,,(¢) denote the concentration of drug
in the arterial blood, tissue and venous blood at time ¢,
¢, the initial dose of the drug taken. The conventional
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mathematical model [24] for the drug concentration based
on the ODE system is reproduced below:

deas?) = —kyCyp (1), cap(0) = ¢,
ded) _ kyc (D) — ke (D), ¢,(0) =0, (36)
dc;l”t(t) = ke () — ke (1), €,5(0) = 0.

The exact solution of this system can be found in [24]. If we
make a reasonable assumption that the rate of absorption
varies from recipient to recipient, we can extend (36) to the
following fractional model:

CD”cab(t) = —k,c, (1), ¢, (0) = ¢y,
CDﬂc,(t) = kyc () — ke, (1), ¢,(0)=0, 37)
CDﬂcvb(t) = k,c,(t) — k,c,, (1), ¢,,(0)=0,

where 0 < f < 1is a fractional order that indicates the
human’s body reaction. The system (37) is the first extension
of (36) that takes into account the specific reaction of the
human body. If f — 1, then the solution (37) tends to normal
(36) dynamics. However, at lower values of f, the response
to treatment is slower.

In Fig. 1, we plot numerical solutions of systems
(36) and (37) on the interval [0, 15] with parameters
k, =0.5,k, =0.05 and k, = 0.25 and various values of
f. The initial state of this system with ¢, = 1. For f =1,
we have used the exact solution described in [24]. For
other values of § we have used the numerical method
described in [7]. Figure 1 illustrates our expectation that
the solutions of system (37) approach the solutions of
system (36) as f# — 1. Furthermore, we take into account
that the initial values are assigned in accordance with
the competence of the doctor. Therefore, we proposed
to extend the system in (37) to the space of fn— valued
functions with fuzzy numbers as initial conditions. The
solution of this extended system shows a variety of patient
feedback that can be compared with expert knowledge. In
the following, we trace numerical solutions for two types
of their l-monotonicity at different evolutionary times. In
all the systems considered below, the fractional order is
p =0.95.

1. At first, we restrict system (37) to the first equation and
assume that its fn-valued solution is [-increasing. The
corresponding fractional-order system over fn-valued
functions is

CDﬂCab(t) = _kb%(t)’

CDIE (1) = —kyc (1) 38)
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0.9 .

08} — = .
-%-6=0.8

071 -+ (3=0.9 ]

osl e 3=0.95 ]

© 0.5 :

Fig.1 Numerical and exact (thin solid lines) solutions of systems
(37) and (36) considered in the Example 3: a First component ¢, (t),
b Second component ¢,(¢), and ¢ Third component c,,(f)

with fuzzy initial condition c,(r,2 —r). For f = 1 we
obtain

D (1) = Ky (D),

and write a solution in the form

() = Ae™ ' + Bet!,

where A, B are arbitrary complex numbers. Then

Cap(D) = k—ch”ca;,(t) = ;—1(Ae-kbf + Beb) =
_ b

b 39)
Aeh! — Belot,
Imposing the initial condition, we obtain
A+B =y, 4
A=B =c,2-7r), (40)

which leads to A = ¢y, B = ¢yr — ¢,. Therefore, the
exact solution is

Ca(t) = coe™ " + (cor — co)e,
_ (4D

—kyt kit

Cop () = cpe™™" 4+ (cy — cor)e

If r = 1(cyr — ¢y = 0), the corresponding (deterministic)
solution

kyt Kyt
9

cLb(t) = cpe” Cop() = cpe™',
is asymptotically stable at infinity. However, if

r € [0, 1), then the fn-valued c_,(¢) tends to oo as ¢ tends
to oo. This is because the exponential term %' with
positive k, comes into play. In this case, the extension
to fn-valuedness changes the asymptotically stable
behavior to an unstable one.

2. At second, we continue working with the first equation
in system (37) and assume that its fn-valued solution is
I-decreasing. The corresponding parametric form is

Dy (1) = =kyeap(®), cap(0) = cor, @
CDIC (1) = —kyCp(D), T(0) = co(2 = 1),
and the solution is as follows:
cp(t) = core™t,
{ c:(t) — _ —k,t (43)
(D) = cp(2 = r)e™™'.

It is easy to see that this solution is asymptotically
stable at any level r € [0, 1].

Remark 2 The conclusion about the asymptotic stability
of the solution calculated in (43) can be confirmed by a
theoretically substantiated analysis of stability. This is
discussed in more detail in Appendix. On its basis, we
check the spectra of the matrices At — A~ and A~ — A for
the /-increasing and /-decreasing cases, respectively. With a
straightforward computation we have 6(A* — A™) = {k, } and
o(A~ —A*) = {—k,}. Obviously, 6(A~ — A*) is a subset of
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2000 ///

Fig.2 a The unstable fi-valued solution to (38) under the assumption of its /- increasing behavior; b The stable fn-valued solution to (42) under
the assumption of its /- decreasing behavior. In both cases, the blue (red) surface corresponds to the left (right) r-cut boundaries

(c)

Fig.3 Three components of the fi-valued solution to (37) under the assumption that all of them are /-decreasing; ac,,, b c,and cc,,

pr In Fig. 2, we show solutions to (38) and (42)
{’1 € C\ {0}:]arg(D)] > 7}’ on the interval [0, 15], and illustrate two different
behaviors according to selected assumptions about their

so that by (A11), the /-decreasing solution is stable. On the ~ /-monotonicity.

other hand, the 6(A* — A™) does not satisfies (A12), and the

l-increasing case is not stable. 3. Third, we consider the entire system (37) under two
opposite assumptions about the / -monotonicity of
the solution components. Based on our analysis of the
stability of the solution (38), we leave the only case
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Fig.4 The initial amount of BSP in the blood with Gaussian fuzzy
depiction (6 = 30)

when all components of the solution are / -decreasing.
In Fig. 3 we have illustrated the three-dimensional
evolution of the fi-valued solution on the [0, 15] under
the assumption that all its components are / -decreasing
(Fig. 4).

In conclusion, the extension to fn-valued solutions,
together with the choice of the type of their l-monotonicity,
correlates with our intuition about the dynamic behavior of
drug transportation. In particular, if at least one component
of the solution is unstable, then it is not feasible for a given
model.

Example 4 In this example, we study the dynamics of
bromsulfein (BSP) in the human liver. Let z(¢), w(f) and
x(t) represent the amounts of BSP at time 7 in blood, liver,
and bile, respectively. Suppose that the coefficients a, b, and
d characterize the transfer rates of the respective dynamics.
The first-order model proposed by Watt is described as [36,
37].

ED = _gz(6) + bw (),
dw(t)

20 = az(t) - (b + dw), (44)
ax(n _
= = aw(@),
where the initial conditions (z(0), w(0)) = (z,, 0) such that
(zyp > 0), are known constants. As we can see, the third equa-
tion does not affect the first two. Thus, solving the system
of the first two equations is sufficient to analyze the dynam-
ics of BSP in the human liver. Therefore, the presence of
memory in the BSP dynamics is a natural requirement of

z(t)

S -

: ~%-6=0.8
! —+-6=0.9
~%- $=0.95 1

Fig.5 Solutions of the system (45) with various values of f§ a First
component, b Second component

the model, which is better reflected in the fractional-order
model in the Caputo sense:

{ CDPZ(F) = —az(t) + bw(?), 45)

CDPw(t) = az(t) — (b + dyw(?).

In (45), the fractional order 0 < f# < 1 corresponds to a cer-
tain effect of memory. The third equation from (44) with
the dynamics of x(¢) is not included in the system (45) and
can be solved separately. To avoid dimension mismatch, we
consider the dimension unit of coefficients ¢ 7.

Let us first find the solution of the fractional-order system
(45) with real value functions on [0, 80] witha = 0.102,
b =0.001and d = 0.011.In Fig. 5, we illustrate the solution
for various values of g € {0.85,0.9,0.95}. These figures
show that as f§ — 1, the solutions tend to the solution of the
first-order system (44).

Second, we consider the extension to an fn-valued
functions as a solution space. Let an expert measure the
initial amount of BSP in the human liver several times
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r (a) l-decreasing

2 (b) l-decreasing

(¢) l-increasing

(d) l-increasing

Fig.6 Time evolution of solutions of the system (45) with f = 0.95
a—c First component, b—d Second component

and obtain the average value z, = 250 with the standard
deviation o = 30. Thus, the normal distribution (see Fig. 4)
is used for the characterization of the fuzzy initial value:

[Zo —oV—-In(),zy+0V— ln(r)].
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Figure 6 illustrates the 3-D evolution of some solutions
valued fn-of (36) with g = 0.95 under assumptions about
[-monotonicity. The blue surface corresponds to the cut
boundaries on the left r, and the red surface corresponds
to the right boundaries. In case (a), all components of the
solution are functions valued at [ decreasing fn-, and in case
(b), they are all / increasing.

9 Conclusion

The main contribution of the proposed manuscript is a new
methodology for studying dynamic processes, which extends
the applicability of already existing (and well-established)
models to cases that are close enough to the cases with a
fixed (crisp) value. The proposed methodology and technical
solution make it possible to carry out a reasonable theoretical
analysis based on asymptotically stable numerical methods.
In detail: 1) we extended the applicability of fractional-fuzzy
differential calculus to biological systems (methodology);
2) we carried out a complete numerical analysis of the
proposed model, including issues related to convergence,
error estimation, and stability (technical solution). We
showed that the combination of of fractional and fuzzy
extensions captures two types of uncertainty in biological
processes: one is related to the variety of human organs and
the other is related to treatment. Finally, we discussed in
detail our methodology for real-world applications, where
we showed how the different types of proposed extensions
affect the solution (individually and together).

Appendix A Chebyshev polynomials

In this section, we recall some relevant definitions related
to Chebyshev polynomials, with an emphasis on their
approximating capabilities [35].

Definition 5 Let x = cos(#), 0 € [0, ]. Then the Chebyshev
polynomial 7,(x), can be defined either explicitly using

T, (x) = cos(n arccos(x)), (A1)
or implicitly using the recursive formula;
T, (x)=2xT,(x) = T,_;(x), n €N, (A2)

where Tj(x) = 1, and T (x) = x.

Since the analyzed equation (21) is considered in
the interval [0, T], we define the shifted Chebyshev
polynomials 77 (x) as
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T (x) = Tn<%x— 1), nen.

The corresponding shifted weight function used to prove its
orthogonality, see [35], is w*(x) = w(%x — 1). Furthermore,
the corresponding square of the L, norm for 7'(x) is equal to

T 4
5 5« % T =, n> 0’
Y = ITE I =/ w* ()T (x)dx = 5{ 2
0 7, n=0.

(A3)
The weighted orthogonality mentioned of the Chebyshev
polynomials leads to the Cleanshaw-Curtis formula, which
gives a good estimate of the integral.

N+1

1
T
/_ 1 WO (dx = kzz;f(xkx (A4)

where fis an arbitrary integrable function in [—1, 1], and
Xy, ..., Xy41, are zeros of the Chebyshev polynomial Ty (x).
For a function fin [0, T], the Cleanshaw-Curtis estimate is
recomputed to

T 1
/ W Of (Odx = / w(x)f(§(x+1)>dx:
0 -1
N+1

Tx T
2N+ 1) kz:;f<§(x"+ D)'

A function f(¢) on [0, T] can be expanded using the first
(N + 1) Chebyshev polynomials as follows:

N
() ~ Z enTH(H) = CTP(0), N €N,

m=0

(AS5)

where C and W are vectors (N + 1) X 1

CT = [C()s i ,CN]’

. A
Y@ = [T, ... Ty, (A6)

and

1T
¢ =— / wrOf ()T (x)dx
0

N+1
Trx T
~— =@+ ))T(x), i=0,...,N.
D kzZ}f( S+ DT (),
(A7)
Let 7y be the linear space of polynomials of degree at most
N, where N € N. We define the linear operator (orthogonal
projection) py : C[0,T] — my according to (AS5) so that

N
v =) e, T =C"e.

m=0

Stability analysis

There are different methods for parameter fitting, for instance,
Bayesian inference, then one can deal with the system and it
is crucial to have knowledge of the stability of the system.
In a real evolutionary process, sometimes small uncertainty
tends to be unbounded over time. Thus, we need to introduce
a concept that shows during the evolution, uncertainty does
not increase infinitely. Therefore, we propose an analysis of
asymptotic stability for uncertainty.

Let I(y)(t,r) = y(t,r) — y(t,r) be the length of the fn-
valued function y, that shows the measure of uncertainty. Let
the solution be l-increasing. Taking fractional derivative from
I(t, r) with respect to t and applying Theorem 5, we obtain

DUy, r) = “DPy(1,r) = “DPy(t,r) = Ay(t, )
+AYY(t, 1) = A%y, 1) + A7), 7)

+ lu)(t,r) = A*I(y)(t, ) — A"I(y)(t, 1)
+ (), 7).

Thus, the dynamic of L(t, r) = I(y)(t, r) satisfies the following
system of fractional differential equations:

CDPL@t,r) = (AT = ADL(t, ) + l(0)(1, F). (A8)

Similarly, if the solution is /-decreasing, applying Theorem 5
leads to the following.

CDPL@t,r) = (A~ = ADLE, ) + ()1, r). (A9)

Fix r and consider the dynamic of I(u)(¢, r). Our interest is
in the asymptotic stability of ordinary deterministic systems
(A8) and (A9). To eliminate the effect of a constant source
function, let L, be an equilibrium point of the system (AS),
i.e, (AT —A7)L, + l(u)(t,r) = 0. Then, L — L, is satisfied in

CDP(L(t,r) — L,) = (AT — A")(IAt,7) — L,). (A10)

The system (A10) is known to be asymptotically stable at
zero if the spectrum o(A* — A7) (the set of eigenvalues of
the matrix At — A7) of the matrix At — A~ € R satisfies
the condition.

7
oAt -A7) C {ﬂeC\{O};Iarg(ﬂ)l > ﬁ?} (A11)
where C stands for the space of complex numbers; see [38].
Similarly, the system (A9) is asymptotically stable at zero if
the spectrum o (A~ — A1) satisfies the condition.

c(A-—ANH C {AEC\{O};larg(A)l > ﬁ%} (A12)

@ Springer



Evolutionary Intelligence

Remark 3 1f systems (A8) and (A9) have a zero equilibrium
(i.e. L, = 0), uncertainty vanishes and the behavior of the
system becomes determined. However, if L, is a non-zero
equilibrium point, then uncertainty does not disappear but is
bounded to |L,| + €. On the other hand, if the system is not
stable, the uncertainty becomes unbounded.
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