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� A new kind of piecewise fractional
derivative is defined.

� The one- and two dimensional
piecewise fractional Galilei invariant
advection–diffusion equations are
defined.

� The orthonormal piecewise Vieta-
Lucas (VL) functions as a new family
of basis functions are defined.

� Fractional derivatives in the Caputo
and ABC senses of these functions are
computed.

� Two hybrid methods based on the
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are established for the introduced
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� The accuracy of the proposed
methods is shown in several
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Introduction: Recently, a new family of fractional derivatives called the piecewise fractional derivatives
has been introduced, arguing that for some problems, each of the classical fractional derivatives may
not be able to provide an accurate statement of the consideration problem alone. In defining this kind
of derivatives, several types of fractional derivatives can be used simultaneously.
Objectives: This study introduces a new kind of piecewise fractional derivative by employing the Caputo
type distributed-order fractional derivative and ABC fractional derivative. The one- and two-dimensional
piecewise fractional Galilei invariant advection–diffusion equations are defined using this piecewise frac-
tional derivative.
Methods: A new class of basis functions called the orthonormal piecewise Vieta-Lucas (VL) functions are
defined. Fractional derivatives of these functions in the Caputo and ABC senses are computed. These func-
tions are utilized to construct two numerical methods for solving the introduced problems under non-
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equations
 local boundary conditions. The proposed methods convert solving the original problems into solving sys-
tems of algebraic equations.
Results: The accuracy and convergence order of the proposed methods are examined by solving several
examples. The obtained results are investigated, numerically.
Conclusion: This study introduces a kind of piecewise fractional derivative. This derivative is employed to
define the one- and two-dimensional piecewise fractional Galilei invariant advection–diffusion equa-
tions. Two numerical methods based on the orthonormal VL polynomials and orthonormal piecewise
VL functions are established for these problems. The numerical results obtained from solving several
examples confirm the high accuracy of the proposed methods.
� 2022 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article

under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

During the last decades, fractional derivatives have received
much attention due to their wide applications in accurate model-
ing of dynamic systems [1]. The most important reasons for these
applications are the memory and inheritance properties of frac-
tional derivatives, as well as their greater degree of freedom than
conventional derivatives. Fractional derivatives are classified into
singular and non-singular derivatives relative to the kernel func-
tion in their definition. The Caputo and Riemann–Liouville frac-
tional derivatives can be mentioned as the most famous singular
fractional derivatives [1]. In contrast, the fractional derivative pre-
sented by Atangana and Baleanu [2] and the fractional derivative
introduced by Caputo and Fabrizio [3] can be mentioned as the
most common non-singular fractional derivatives. Each of the
introduced definitions can be used appropriately and as needed
for different problems. The interested reader can find some of the
uses of these derivatives in [4–9]. Meanwhile, various numerical
and analytical methods have been proposed to solve problems
involving these derivatives. For instance, see [10–13]. By integrat-
ing fractional derivatives with respect to the order of the derivative
in a given interval, another family of fractional derivatives called
the distributed-order fractional derivatives is produced [14,15].
Therefore, the distributed-order fractional form of the singular
and non-singular fractional derivatives can be defined. In recent
years, many applications of this type of derivatives have been
reported in various authorities. For instance, see [16–19]. Recently,
a new family of fractional derivatives called the piecewise frac-
tional derivatives has been introduced, arguing that for some prob-
lems, each of the fractional derivatives listed above may not be
able to provide an accurate statement of the consideration problem
alone [20]. In defining this kind of derivatives, several types of frac-
tional derivatives can be used simultaneously. Some of the
research done in this field can be seen in [20–25]. In this work,
we define another type of piecewise fractional derivatives using
the Caputo distributed-order fractional derivative and the non-
singular fractional derivative provided by Atangana and Baleanu
in the Caputo sense (ABC). We also use this type of fractional
derivative to define a piecewise fractional form of the one- and
two-dimensional Galilei invariant advection–diffusion equations.
We remind that the Galilei invariant advection–diffusion equations
model the evolution of various phenomena in engineering and
science [26]. During the last years, several numerical methods have
been used to solve different forms of the fractional Galilei invariant
advection–diffusion equations. For instance, see [27–31].

There are two important points that should be considered when
choosing basis functions to construct a suitable numerical method
for solving fractional differential equations. First, fractional differ-
entiating and integrating of these functions should be easily possi-
ble. Second, a numerical method constructed based on these
functions should have good accuracy, which requires that these
functions be able to approximate the functions in the problem, as
well as the solution of the problem with good accuracy. According
176
to the above points, if we are dealing with a problem whose solu-
tion is a piecewise function, the basis functions of polynomials,
despite the simplicity of calculating their fractional derivatives
and integrals, can not be a good basis. In such cases, it is better
to use piecewise polynomials as basis functions. In recent years,
such basis functions have been widely used to solve various frac-
tional problems. For instance, see [32–36]. In this study, we
define the orthonormal piecewise Vieta-Lucas (VL) functions as
a new family of the basis functions and employ them to solve
the one- and two-dimensional piecewise fractional Galilei invari-
ant advection–diffusion equations. Two formulas for computing
fractional derivatives of these functions in the Caputo and ABC
senses are presented. We use a collocation method by employing
these functions and their fractional derivatives together with the
Gauss–Legendre integration technique for converting the prob-
lems under consideration into algebraic systems of equations.
We evaluate the accuracy of the methods numerically by solving
some examples.

Preliminaries

Here, we briefly study some concepts regarding piecewise frac-
tional derivative used in this work.

Definition 1. ([37]) The gamma function is given by

C zð Þ ¼
Z 1

0
sz�1e�sds; z 2 C; R zð Þ > 0: ð1Þ

Note that for all n 2 N, we have C nð Þ ¼ n� 1ð Þ!.
Definition 2. ([1]) The Mittag–Leffler functions are defined by

El sð Þ ¼
X1
j¼0

sj

C jlþ 1ð Þ ; ð2Þ

and

El;m sð Þ ¼
X1
j¼0

sj

C jlþ mð Þ ; ð3Þ

where s 2 C and l; m 2 Rþ.
Definition 3. ([1]) Assume f sð Þ is a differential function over a; sb½ �
and 0 < a 6 1 is a real number. The Riemann–Liouville fractional
derivative of order a of f sð Þ is given by

RL
a Da

s f sð Þ ¼
1

C 1�að Þ
d
ds

R s
a s� sð Þ�af sð Þds; 0 < a < 1;

f 0 sð Þ; a ¼ 1:

(
ð4Þ
Definition 4. ([1]) Let f sð Þ is a differential function over a; sb½ � and
0 < a 6 1 is a real number. The Caputo fractional derivative of
order a of f sð Þ is given by
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C
aD

a
s f sð Þ ¼

1
C 1�að Þ

R s
a s� sð Þ�af 0 sð Þds; 0 < a < 1;

f 0 sð Þ; a ¼ 1:

(
ð5Þ
Property 1. ([1]) For the differentiable function f, and 0 < a < 1,
we have the following relation between the above two fractional
derivatives:

RL
a Da

s f sð Þ ¼ C
aD

a
s f sð Þ þ f að Þ

C 1� að Þ s
�a: ð6Þ
Property 2. ([1]) For 0 < a < 1 and k 2 N [ 0f g, we have

C
aD

a
s s� að Þk ¼

0; k ¼ 0;
k! s�að Þk�a
C k�aþ1ð Þ ; k ¼ 1;2; . . . :

(
ð7Þ
Definition 5. ([2]) Suppose that f sð Þ is a differential function over
a; sb½ � and 0 < b 6 1 is a real number. The ABC fractional derivative
of order b of f sð Þ is given by

ABC
a Db

sf sð Þ ¼
AB bð Þ
1�b

R s
a Eb

�a s�sð Þb
1�b

� �
f 0 sð Þds; 0 < b < 1;

f 0 sð Þ; b ¼ 1;

8<: ð8Þ

where AB bð Þ ¼ 1� bþ b=C bð Þ.
Property 3. For 0 < b < 1 and k 2 N [ 0f g, we have

ABC
a Db

s s� að Þk ¼
0; k ¼ 0;
AB bð Þ k! s�að Þk

1�b Eb;kþ1
�b s�að Þb

1�b

� �
; k ¼ 1;2; . . . :

(
ð9Þ
Definition 6. ([38]) Let f sð Þ is a differential function over a; sb½ �
and q að Þ P 0 where q– 0;a 2 0;1½ � and R 1

0 q að Þda ¼ c0 > 0. The
Caputo distributed-order fractional differentiation of f sð Þ is
defined by

C
aD

q að Þ
s f sð Þ ¼

Z 1

0
q að ÞCaDa

s f sð Þda; ð10Þ

where q að Þ is the distribution of order a. Note that for a ¼ 0, we
have C

aD
a
t f sð Þ ¼ f sð Þ. Moreover, for q að Þ ¼ d a� kð Þ, where d is the

Dirac delta function and 0 < k < 1, we have

C
aD

q að Þ
t f sð Þ ¼

Z 1

0
d a� kð ÞCaDa

s f sð Þda ¼ C
aD

k
sf sð Þ: ð11Þ
Definition 7. Let the assumptions of Definitions 5 and 6 be valid.
Then, using the Caputo distributed-order fractional derivative
and ABC fractional derivative the following kind of piecewise frac-
tional derivative can be defined:

P
aD

q að Þ;b
s;s1 f sð Þ ¼

C
aD

q að Þ
s f sð Þ; a 6 s < s1;

ABC
a Db

sf sð Þ; s1 6 s 6 sb;

(
ð12Þ

where s1 2 0; sbð Þ and C
aD

q að Þ
t f sð Þ and ABC

a Db
sf sð Þ are defined respec-

tively in Definitions 6 and 5.
Basis functions and approximation

In this section, we first review the one variable VL polynomials
and then introduce the orthonormal piecewise VL functions.
177
One variable Vieta-Lucas polynomials

The one variable VL polynomials can be defined over 0; sb½ � as
[39]

ŵsb ;i sð Þ ¼
2; i ¼ 0;Xi

k¼0

�1ð Þi�k 4k 2ið Þ iþk�1ð Þ!
2kð Þ! i�kð Þ!

s
sb

� �k
; i P 1:

8><>: ð13Þ

The orthogonal property of these polynomials is as

ŵsb ;i sð Þ; ŵsb ;j sð Þ
D E

xsb

¼
Z sb

0
xsb sð Þŵsb ;i sð Þŵsb ;j sð Þds

¼
4p; i ¼ j ¼ 0;
2p; i ¼ j – 0;
0; i– j;

8><>:
ð14Þ

where xsb sð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
sbs�s2

p is the weight function. The orthonormal

form of the above polynomials with respect to the weight function
xsb sð Þ can be defined over 0; sb½ � as

wsb ;i sð Þ ¼
Xi

k¼0

a sbð Þ
ik sk; i ¼ 0;1; . . . ; ð15Þ

where

a sbð Þ
ik ¼

1ffiffiffi
p

p ; i ¼ 0;

1ffiffiffiffi
2p

p �1ð Þi�k 2ið Þ iþk�1ð Þ!
2kð Þ! i�kð Þ!

4
sb

� �k
; i P 1:

8<:
A function f sð Þ 2 L2xsb

0; sb½ � can be approximated by the orthonor-

mal one variable VL polynomials as

f sð Þ ’
XbN
i¼0

f iwsb ;i sð Þ , FTW
sb ;bN sð Þ; ð16Þ

where

F ¼ f 0 f 1 . . . fbNh iT
;

with

f i ¼ wsb ;i sð Þ; f sð Þ
D E

xsb

¼
Z sb

0
xsb sð Þwsb ;i sð Þf sð Þds;

and

W
sb ;bN sð Þ ¼ wsb ;0 sð Þ wsb ;1 sð Þ . . . w

sb ;bN sð Þ
� �T

: ð17Þ
Error upper bound of the one variable Vieta-Lucas polynomials
expansion

In the sequel, we derive a formula for the error upper bound of
the one variable VL polynomials expansion.

Theorem 1. Assume that f 2 C
bNþ1 0; sb½ � and

X
sb ;bN ¼ span wsb;0 sð Þ;wsb ;1 sð Þ; . . . ;w

sb ;bN sð Þ
� �

. If FTW
sb ;bN sð Þ is the

best approximation of f sð Þ in X. Then, we have
f sð Þ � FTW
sb ;bN sð Þ

				 				
L2xsb

0;sb½ �
6

ffiffiffiffi
p4

p
LsbNþ1

bbN þ 1
� �

!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C 2bN þ 5

2

� �
2bN þ 2
� �

!

vuuut ; ð18Þ

where L ¼ sups2 0;sb½ � f
bNþ1

 �

sð Þ
���� ����.
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Proof. Since the set 1; s; s2; . . . ; sbN� �
is a basis for the polynomials

space of degree bN , we can define

f 0 sð Þ ¼ f 0ð Þ þ sf 0 0ð Þ þ s2

2!
f 00 0ð Þ þ . . .þ sbNbN !

f
bN
 � 0ð Þ:

Based on the Taylor series expansion, there is a �s 2 0; sb½ � such that

f sð Þ � f 0 sð Þj j ¼ sbNþ1bN þ 1
� �

!
f
bNþ1

 �

�sð Þ
������

������:
Since FTW

sb ;bN sð Þ is the best approximation of f sð Þ in X
sb ;bN , from the

above result, we get

f sð Þ � FTW
sb ;bN sð Þ

				 				
L2xsb

0;sb½ �
6 f sð Þ � f 0 sð Þk kL2xsb 0;sb½ �

¼ R sb
0 xsb sð Þjf sð Þ � f 0 sð Þj2ds

� �1=2
¼ 1bNþ1

 �

!

R sb
0 xsb sð Þs2 bNþ1


 �
f
bNþ1

 �

�sð Þ
���� ����2ds

 !1=2

6
sup
s2 0;sb½ �

f
bNþ1


 �
sð Þ

���� ���� ffiffiffip4p sbNþ1
bbNþ1


 �
!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C 2bNþ5

2


 �
2bNþ2

 �

!

s
;

which completes the proof.
Operational matrices of derivative

Here, two matrix relationships regarding the first- and second-
order derivatives of the orthonormal one variable VL polynomials
are expressed.

Theorem 2. The first-order derivative of the vector W
sb;bN sð Þ

defined in (17) can be represented as

dW
sb ;bN sð Þ
ds

¼ D 1ð Þ
sb ;bNWsb ;bN sð Þ; ð19Þ

where D 1ð Þ
sb ;bN is an bN þ 1

� �
� bN þ 1
� �

matrix as

D 1ð Þ
sb ;bN ¼ A

sb ;bN D̂ 1ð ÞbN A�1

sb ;bN ;
with

A
sb ;bN

� �
ij

¼

1ffiffiffi
p

p ; i ¼ j ¼ 1;

1ffiffiffiffi
2p

p �1ð Þi�j 2i�2ð Þ iþj�3ð Þ!
2j�2ð Þ! i�jð Þ!

4
sb

� �j�1
; 2 6 i 6 bN þ 1; 1 6 j 6 i;

0; otherwise;

8>>><>>>:
ð20Þ

A�1

sb ;bN
� �

ij

¼

ffiffiffiffi
p

p
; i ¼ j ¼ 1;

si�1
b

C i�1
2ð Þ

i�1ð Þ! ; 2 6 i 6 bN þ 1; j ¼ 1;

si�1
b

ffiffi
2

p
i�1ð Þ!C i�1

2ð Þ
iþj�2ð Þ! i�jð Þ! ; 2 6 i 6 bN þ 1; 2 6 j 6 i;

0; otherwise;

8>>>>><>>>>>:
ð21Þ

and

D̂ 1ð ÞbN
� �

ij
¼ i� 1; 2 6 i 6 bN þ 1; 1 6 j 6 i� 1; i ¼ jþ 1;

0; otherwise:

(
ð22Þ
178
Proof. From (15), it is obvious that W
sb ;bN sð Þ can be represented as

W
sb ;bN sð Þ ¼ A

sb ;bN
1
s
s2

..

.

sbN

0BBBBBBB@

1CCCCCCCA;

where the elements of the matrix A
sb ;bN can be computed using rela-

tion (20). We have

dW
sb ;bN sð Þ
ds

¼ A
sb ;bN d

ds

1
s
s2

..

.

sbN

0BBBBBBB@

1CCCCCCCA ¼ A
sb ;bN

0
1
2s
..
.

bNsbN�1

0BBBBBBB@

1CCCCCCCA ¼ A
sb ;bN D̂ 1ð ÞbN

1
s
s2

..

.

sbN

0BBBBBBB@

1CCCCCCCA;

where the elements of the matrix D̂ 1ð ÞbN can be computed using rela-

tion (22). Thus, from the above two relations, we obtain

dW
sb ;bN sð Þ
ds

¼ A
sb ;bN D̂ 1ð ÞbN A�1

sb ;bN
 �

W
sb ;bN sð Þ , D 1ð Þ

sb ;bNWsb ;bN sð Þ;

where the elements of the matrix A�1

sb ;bN can be computed using rela-

tion (21). Then, the desired result is obtained. h
Corollary 3. From the above Theorem, we obtain the following
relation for the second-order derivative of the vector W

sb ;bN sð Þ:

d2W
sb ;bN sð Þ
ds2

¼ D 1ð Þ
sb ;bN � D 1ð Þ

sb ;bNWsb ;bN sð Þ , D 2ð Þ
sb ;bNWsb ;bN sð Þ: ð23Þ

As a numerical example, for bN ¼ 5, we have

D 1ð Þ
sb ;5

¼ 1
sb

0 0 0 0 0 0
2
ffiffiffi
2

p
0 0 0 0 0

0 8 0 0 0 0
6
ffiffiffi
2

p
0 12 0 0 0

0 16 0 16 0 0
10

ffiffiffi
2

p
0 20 0 20 0

2666666664

3777777775
;

D 2ð Þ
sb ;5

¼ 1
s2b

0 0 0 0 0 0
0 0 0 0 0 0

16
ffiffiffi
2

p
0 0 0 0 0

0 96 0 0 0 0
128

ffiffiffi
2

p
0 192 0 0 0

0 480 0 320 0 0

2666666664

3777777775
:

Orthonormal piecewise Vieta-Lucas functions

The orthonormal piecewise VL functions can be defined over
0; sb½ � as

usb ;nm sð Þ ¼
ffiffiffiffi
N

p
wsb ;m Ns� nsbð Þ; s 2 nsb

N ; nþ1ð Þsb
N

h i
;

0; otherwise;

(
ð24Þ

where N;M 2 Zþ;n ¼ 0;1; . . . ;N � 1 and m ¼ 0;1; . . . ;M � 1. These
functions are orthonormal with respect to the weigh functions
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wsb ;n sð Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sb Ns�nsbð Þ� Ns�nsbð Þ2
p ; s 2 nsb

N ; nþ1ð Þsb
N

h i
;

0; otherwise;

8<: ð25Þ

where n ¼ 0;1; . . . ;N � 1. These piecewise functions can be applied
for approximating any function g sð Þ 2 L2wsb ;n

0; sb½ � as

g sð Þ ’
XN�1

n¼0

XM�1

m¼0

gnmusb ;nm sð Þ , GTUsb ;NM sð Þ; ð26Þ

where

G ¼ g00 g01 . . . g0 M�1ð Þjg10 g11 . . . g1 M�1ð Þj . . . jg N�1ð Þ 0 g N�1ð Þ 1 . . . g N�1ð Þ M�1ð Þ
h iT

;

with

gnm ¼ usb ;nm sð Þ; g sð Þ
D E

wsb ;n
¼
Z sb

0
wsb ;n sð Þusb ;nm sð Þg sð Þds;

and

Usb ;NM sð Þ¼ usb ;00 sð Þusb ;01 sð Þ . . .usb ;0 M�1ð Þ sð Þjusb ;10 sð Þusb ;11 sð Þ . . .usb ;1 M�1ð Þ sð Þj . . .
h

jusb ; N�1ð Þ0 sð Þusb ; N�1ð Þ1 sð Þ . . .usb ; N�1ð Þ M�1ð Þ sð Þ
iT
:

ð27Þ
Error upper bound of the orthonormal piecewise Vieta-Lucas functions
expansion

In the continuation, we obtain an error bound for the orthonor-
mal piecewise VL functions expansion.

Theorem 4. Let M is a positive integer and g 2 CM nsb
N ; nþ1ð Þsb

N

h i
for

n ¼ 0;1; . . . ;N � 1. If g� sð Þ ¼ GTUsb;NM sð Þ is the best approximation
of g sð Þ in the space

Psb ;NM ¼ span usb ;nm sð Þ; n ¼ 0;1; . . . ;N � 1; m ¼ 0;1; . . . ;M � 1
n o

;

ð28Þ
the upper bound of the error satisfies the following relation:

g sð Þ � g� sð Þk kL2wsb ;n 0;sb½ � 6
ffiffiffiffi
p4

p
MsMb

M!NM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C 2M þ 1

2


 �
2Mð Þ!

s
; ð29Þ

where

M ¼ max sup
s2 nsb

N ;
nþ1ð Þsb

N

� � g Mð Þ sð Þ�� ��; n ¼ 0;1; . . . ;N � 1

8<:
9=;:
Proof. From the L2-norm, we have

g sð Þ � g� sð Þk k2L2wsb ;n 0;sb½ � ¼
XN�1

n¼0

g sð Þ � g� sð Þk k2
L2wsb ;n

nsb
N ;

nþ1ð Þsb
N

� �
¼
XN�1

n¼0

R nþ1ð Þsb
N

nsb
N

wsb ;n sð Þ g sð Þ � g� sð Þj j2ds:
ð30Þ

Since g� sð Þ is the best approximation of g sð Þ in Psb ;NM , for any sub-

interval nsb
N ; nþ1ð Þsb

N

h i
, we have

g sð Þ � g� sð Þj j 6 g sð Þ � ĝ sð Þj j;
where ĝ sð Þ is the Taylor series expansion of g sð Þ. So, from the above
relation and the Taylor series Theorem, we obtain

g sð Þ � g� sð Þj j 6 s� nsb
N


 �M
M!

sup
s2 nsb

N ;
nþ1ð Þsb

N

� � g Mð Þ sð Þ�� ��; ð31Þ
179
for n ¼ 0;1; . . . ;N � 1. Substituting (31) into (30), yields

g sð Þ�g� sð Þk k2L2wsb ;n 0;sb½ � 6
XN�1

n¼0

R nþ1ð Þsb
N

nsb
N

wsb ;n sð Þ s�nsb
Nð ÞM

M!
sup

s2 nsb
N ;

nþ1ð Þsb
N

� � g Mð Þ sð Þ�� ��0@ 1A2

ds

6 M2

M!ð Þ2
XN�1

n¼0

R nþ1ð Þsb
N

nsb
N

wsb ;n sð Þ s� nsb
N


 �2Mds
¼ M2

M!ð Þ2N2Mþ1

XN�1

n¼0

R sb
0 wsb sð Þs2Mds

¼ M2

M!ð Þ2N2Mþ1

XN�1

n¼0

ffiffiffi
p

p
s2M
b

C 2Mþ1
2ð Þ

2Mð Þ!

¼ M2

M!ð Þ2N2M

ffiffiffi
p

p
s2M
b

C 2Mþ1
2ð Þ

2Mð Þ! :

Subsequently, by putting the square root on the both sides of the
above relation, we obtain

g sð Þ � g� sð Þk kL2wsb ;n 0;sb½ � 6
ffiffiffiffi
p4

p
MsMb

M!NM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C 2M þ 1

2


 �
2Mð Þ!

s
;

which completes the proof. h
Hybrid expansion

A function v f; sð Þ defined over 0; fb½ � � 0; sb½ � may be expanded
by the above the orthonormal one variable VL polynomials and
orthonormal piecewise VL functions as follows:

v f; sð Þ ’
XbN
i¼0

XNM
j¼1

v ijwfb ;i
fð Þûsb ;j sð Þ , W

fb ;bN fð Þ
 �T

VUsb ;NM sð Þ; ð32Þ

where ûsb ;j sð Þ ¼ usb ;nm sð Þ with j ¼ nM þmþ 1 for

n ¼ 0;1; . . . ;N � 1 and m ¼ 0;1; . . . ;M � 1, and V ¼ v ij
� �

is anbN þ 1
� �

� NM matrix with entries

v ij ¼
Z fb

0

Z sb

0
wfb fð Þwsb ;n sð Þwfb ;i

fð Þûsb ;j sð Þv f; sð Þdsdf;

0 6 i 6 bN ; 1 6 j 6 NM:
Error upper bound of the hybrid expansion

Here, we derive an upper bound for the error of the above
hybrid expansion. In the sequel, we assume that

X ¼ span wfb ;0
fð Þ;wfb ;1

fð Þ; . . . ;w
fb ;
bN fð Þ

� �
and Y ¼span ûsb ;1 sð Þ;̂�

usb ;2 sð Þ; . . . ; ûsb ;NM sð Þg.

Theorem 5. Suppose that v f; sð Þ 2 Cqþ1 0; fb½ � � nsb
N ; nþ1ð Þsb

N

h i� �
for

n ¼ 0;1; . . . ;N � 1. If v� f; sð Þ ¼ W
fb ;bN fð Þ

 �T

VUsb ;NM sð Þ is the best

approximation of v f; sð Þ in the space X�Y. Then, we have the
below error upper bound:

v f; sð Þ � v� f; sð Þk k2L2wfb
;wsb ;n

0;fb½ �� 0;sb½ �ð Þ

6 M

qþ 1ð Þ!
1

Nqþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX2qþ2

k¼0

Nk 2qþ 2
k

 �pfkbs2 q�kþ2
b C kþ 1

2


 �
C 2q� kþ 5

2


 �
k! 2q� kþ 2ð Þ!

vuut ;

ð33Þ
where M ¼ max Mn; n ¼ 0;1; . . . ;N � 1f g and

Mn ¼ max sup
f;sð Þ2 0;fb½ �� nsb

N ;
nþ1ð Þsb

N

� � v kð Þ f; sð Þ�� ��; k ¼ 0;1; . . . ; qþ 1

8<:
9=;:
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Proof. we have

v f; sð Þ � v� f; sð Þk k2L2wfb
;wsb ;n

0;fb½ �� 0;sb½ �ð Þ

¼
XN�1

n¼0

v f; sð Þ � v� f; sð Þk k2
L2wfb

;wsb ;n
0;fb½ �� nsb

N ;
nþ1ð Þsb

N

� �
 �
¼
XN�1

n¼0

R fb
0

R nþ1ð Þsb
N

nsb
N

wfb fð Þwsb ;n sð Þ v f; sð Þ � v� f; sð Þj j2dsdf:

ð34Þ

Since v� f; sð Þ is the best approximation of v f; sð Þ in X�Y, for any

sub-interval nsb
N ; nþ1ð Þsb

N

h i
, we have

v f; sð Þ � v� f; sð Þj j 6 v f; sð Þ � v̂ f; sð Þj j; ð35Þ
where v̂ f; sð Þ is the Taylor series expansion of v f; sð Þ. On the other
hand, we have

v f;sð Þ¼
Xq
k¼0

1
k!

f
@

@f
þ s� nsb

N

� � @

@s

 �k

v f; sð Þ
�����
f;sð Þ¼ 0;

nsb
Nð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

v̂ f;sð Þ

þ 1
qþ1ð Þ! f @

@f þ s� nsb
N


 �
@
@s

�qþ1v f; sð Þ
� ���

f;sð Þ¼ f̂;ŝð Þ:

Thus, from the above two relations, we obtain

v f; sð Þ � v̂ f; sð Þj j 6 Mn

qþ 1ð Þ! fþ s� nsb
N

� �� �qþ1
: ð36Þ

From ()()()(34)–(36), we have

v f; sð Þ � v� f; sð Þk k2L2wfb
;wsb ;n

0;fb½ �� 0;sb½ �ð Þ

6
XN�1

n¼0

M2
n

qþ1ð Þ!ð Þ2
R fb
0

R nþ1ð Þsb
N

nsb
N

wfb fð Þwsb ;n sð Þ fþ s� nsb
N


 �
 �2qþ2dsdf

6 M2

qþ1ð Þ!ð Þ2
XN�1

n¼0

R fb
0

R nþ1ð Þsb
N

nsb
N

wfb fð Þwsb ;n sð Þ fþ s� nsb
N


 �
 �2qþ2dsdf:

Also, we haveR fb
0

R nþ1ð Þsb
N

nsb
N

wfb fð Þwsb ;n sð Þ fþ s� nsb
N


 �
 �2qþ2dsdf

¼ 1
N

R fb
0

R sb
0 wfb fð Þwsb sð Þ fþ s

N


 �2qþ2dfds

¼ 1
N2qþ3

X2qþ2

k¼0

Nk 2qþ2
k


 � R fb
0

R sb
0 wfb fð Þwsb sð Þfks2q�kþ2dfds

¼ 1
N2qþ3

X2qþ2

k¼0

Nk 2qþ2
k


 � pfkbs2 q�kþ2
b

C kþ1
2ð ÞC 2 q�kþ5

2ð Þ
k! 2 q�kþ2ð Þ! :

Hence, from the above two relations, we get

v f; sð Þ � v� f; sð Þk k2L2wfb
;wsb ;n

0;fb½ �� 0;sb½ �ð Þ

6 M2

qþ1ð Þ!ð Þ2
1

N2qþ2X2qþ2

k¼0

Nk 2qþ2
k


 � pfkbs2 q�kþ2
b

C kþ1
2ð ÞC 2 q�kþ5

2ð Þ
k! 2 q�kþ2ð Þ! :

Eventually, by putting the square root on both sides of the above
relation, the desired result is obtained.h
Fractional derivatives of the orthonormal piecewise Vieta-Lucas
functions

Here, we introduce two formulae for computing fractional
derivatives of the orthonormal piecewise VL functions in the
Caputo and ABC senses.
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Theorem 6. Suppose that usb ;nm sð Þ are the functions given in (24)
and 0 6 a 6 1 is a real number. Then, we have

C
0D

a
susb ;nm sð Þ , ~usb ;nm s;að Þ ¼

usb ;nm sð Þ; a ¼ 0;
u0
sb ;nm sð Þ; a ¼ 1;

u að Þ
sb ;nm sð Þ; 0 < a < 1;

8><>: ð37Þ

where

u0
sb ;nm sð Þ¼

0; m¼ 0;

N
3
2
Xm
k¼1

ka sbð Þ
mk Ns�nsbð Þk�1

; s2 nsb
N ; nþ1ð Þsb

N

h i
;

0; otherwise;

8><>: m¼ 1;2; . . . ;M�1;

8>>><>>>:
ð38Þ

and

u að Þ
sb ;nm sð Þ¼

0; m¼0;

hsb ;nm s;að Þ; s2 nsb
N ; nþ1ð Þsb

N

h i
;

#sb ;nm s;að Þ; s2 nþ1ð Þsb
N ;sb

h i
;

0; otherwise;

8>>><>>>: m¼1;2; . . . ;M�1;

8>>>>><>>>>>:
ð39Þ

with

hsb ;nm s;að Þ ¼ Naþ1
2
Xm
k¼1

k!a sbð Þ
mk

C k� aþ 1ð Þ Ns� nsbð Þk�a; ð40Þ

and

#sb ;nm s;að Þ¼ Naþ1
2

C 1�að Þ
Xm
k¼1

ka sbð Þ
mk

Yk
l¼1

1
l�a
Yk�1

l¼1

k� lð Þ Ns�nsbð Þk�a
(

�
Xk
r¼1

Yr
l¼1

1
l�a
Yr�1

l¼1

k� lð Þ Nk�r sb
N


 �k�r Ns� nþ1ð Þsbð Þr�a
h i)

:

ð41Þ

Proof. For a ¼ 0, the proof is obvious. For a ¼ 1, from (15) and

(24), we have
dusb ;n0

sð Þ
ds ¼ 0. Also, for m ¼ 1;2; . . . ;M � 1, we have

dusb ;nm sð Þ
ds

¼ N
3
2
Xm
k¼1

ka sbð Þ
mk Ns� nsbð Þk�1

; s 2 nsb
N ; nþ1ð Þsb

N

h i
;

0; otherwise:

8><>:
For 0 < a < 1, from Property 2 and relations (15) and (24), we
obtain

C
0D

a
susb ;n0 sð Þ ¼ 0;

and for m ¼ 1;2; . . . ;M � 1, we get

C
0D

a
susb ;nm sð Þ ¼ 1

C 1�að Þ
R s
0 s� sð Þ�a dusb ;nm

sð Þ
ds ds

¼

ffiffiffi
N

p
C 1�að Þ

R s
nsb
N
s� sð Þ�a d

ds wsb ;m Ns�nsbð Þ
� �

ds; s2 nsb
N ; nþ1ð Þsb

N

h i
;ffiffiffi

N
p

C 1�að Þ
R nþ1ð Þsb

N
nsb
N

s� sð Þ�a d
ds wsb ;m Ns�nsbð Þ
� �

ds; s2 nþ1ð Þsb
N ;sb

h i
;

0; otherwise:

8>>>><>>>>:
ð42Þ

Using (15) and (42), we obtain

C
0D

a
susb ;nm sð Þ¼

N
1
2

C 1�að Þ
Xm
k¼1

ka sbð Þ
mk Nk R s

nsb
N
s� sð Þ�a s� nsb

N


 �k�1ds; s2 nsb
N ; nþ1ð Þsb

N

h i
;

N
1
2

C 1�að Þ
Xm
k¼1

ka sbð Þ
mk Nk R nþ1ð Þsb

N
nsb
N

s� sð Þ�a s� nsb
N


 �k�1ds; s2 nþ1ð Þsb
N ;sb

h i
;

0; otherwise:

8>>>>>><>>>>>>:
ð43Þ

Furthermore, Property 2 yields
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Z s

nsb
N

s� sð Þ�a s� nsb
N

� �k�1
ds ¼ k� 1ð Þ!C 1� að Þ

C k� aþ 1ð Þ s� nsb
N

� �k�a
; ð44Þ

and integration by parts givesZ nþ1ð Þsb
N

nsb
N

s� sð Þ�a s�nsb
N

� �k�1
ds

¼
Yk
l¼1

1
l�a

Yk�1

l¼1

k� lð Þ s�nsb
N

� �k�a
�
Xk
r¼1

Yr
l¼1

1
l�a

Yr�1

l¼1

k� lð Þ sb
N

� �k�r
s� nþ1ð Þsb

N

 �r�a� �
: ð45Þ

Substituting (44) and (45) into (43) yields

C
0D

a
susb ;nm sð Þ ¼

hsb ;nm s;að Þ; s 2 nsb
N ; nþ1ð Þsb

N

h i
;

#sb ;nm s;að Þ; s 2 nþ1ð Þsb
N ; sb

h i
;

0; otherwise;

8>>><>>>:
where hsb ;nm s;að Þ and #sb ;nm s;að Þ are introduced respectively in (40)
and (41). Hence, the proof is completed. h
Theorem 7. Let usb ;nm sð Þ are the functions given in (24) and
0 < b 6 1 is a real number. Then, we have

ABC
0 Db

susb ;nm sð Þ , �usb ;nm s; bð Þ ¼
u0
sb ;nm sð Þ; b ¼ 1;

�u bð Þ
sb ;nm sð Þ; 0 < b < 1;

(
ð46Þ

where u0
sb ;nm

sð Þ are as in (38) and

�u bð Þ
sb ;nm sð Þ¼

0; m¼0;

gsb ;nm s;bð Þ; s2 nsb
N ; nþ1ð Þsb

N

h i
;

rsb ;nm s;bð Þ; s2 nþ1ð Þsb
N ;sb

h i
;

0; otherwise;

8>>><>>>: m¼1;2; . . . ;M�1;

8>>>>><>>>>>:
ð47Þ

with

gsb ;nm s;bð Þ¼N
1
2AB bð Þ
1�b

Xm
k¼1

a sbð Þ
mk k! Ns�nsbð ÞkEb;kþ1

�bN�b Ns�nsbð Þb
1�b

 !
;

ð48Þ
and

rsb ;nm s;bð Þ¼ N
1
2AB bð Þ
1�b

Xm
k¼1

a sbð Þ
mk kN

k
X1
j¼0

1
C jbþ1ð Þ � b

1�b

� �j Yk
l¼1

1
lþjb

Yk�1

l¼1

k� lð Þ s� nsb
N


 �kþjb

(

�
Xk
r¼1

Yr
l¼1

1
lþjb

Yr�1

l¼1
k� lð Þ sb

N


 �k�r s� nþ1ð Þsb
N

� �jbþr
� ��

:

ð49Þ

Proof. For b ¼ 1, the details of the proof are given in Theorem 6.
For 0 < b < 1, using Property 3 and relations (15) and (24), we get

ABC
0 Db

susb ;n0 sð Þ ¼ 0; ð50Þ
and for m ¼ 1;2; . . . ;M � 1, we have

ABC
0 Db

susb ;nm sð Þ¼

N
3
2AB bð Þ
1�b

Xm
k¼1

a sbð Þ
mk k

R s
nsb
N
Eb

�b s�sð Þb
1�b

� �
Ns�nsbð Þk�1ds; s2 nsb

N ; nþ1ð Þsb
N

h i
;

N
3
2AB bð Þ
1�b

Xm
k¼1

a sbð Þ
mk k

R nþ1ð Þsb
N

nsb
N

Eb
�b s�sð Þb

1�b

� �
Ns�nsbð Þk�1ds; s2 nþ1ð Þsb

N ;sb
h i

;

0; otherwise:

8>>>>>><>>>>>>:
ð51Þ

Property 3 yields
181
kAB bð Þ
1� b

Z s

nsb
N

Eb
�b s� sð Þb

1� b

 !
Ns� nsbð Þk�1ds

¼ Nk�1AB bð Þk! s� nsb
N


 �k
1� b

Eb;kþ1
�b s� nsb

N


 �b
1� b

 !
: ð52Þ

Moreover, from the definition of the Mittag–Leffler function, we
haveZ nþ1ð Þsb

N

nsb
N

Eb
�b s� sð Þb

1� b

 !
Ns� nsbð Þk�1ds

¼ Nk�1
X1
j¼0

1
C jbþ 1ð Þ � b

1� b

 �j Z nþ1ð Þsb
N

nsb
N

s� sð Þjb s� nsb
N

� �k�1
ds:

ð53Þ
Furthermore, integration by parts givesZ nþ1ð Þsb

N

nsb
N

s� sð Þjb s�nsb
N

� �k�1
ds

¼
Yk
l¼1

1
lþ jb

Yk�1

l¼1

k� lð Þ s�nsb
N

� �kþjb

�
Xk
r¼1

Yr
l¼1

1
lþ jb

Yr�1

l¼1
k� lð Þ sb

N

� �k�r
s� nþ1ð Þsb

N

 �jbþr
" #

: ð54Þ

Hence, from Eqs. (51)–(54), we have

ABC
0 Db

susb ;nm sð Þ ¼
gsb ;nm s;bð Þ; s 2 nsb

N ; nþ1ð Þsb
N

h i
;

rsb ;nm s; bð Þ; s 2 nþ1ð Þsb
N ; sb

h i
;

0; otherwise;

8>>><>>>:
where gsb ;nm s;bð Þ and rsb ;nm s;bð Þ are introduced respectively in (48)
and (49). Thus, the expressed assertion is proved.
Corollary 8. From the above Theorem, we have

P
0D

q að Þ;b
s;s1 usb ;nm sð Þ ¼

R 1
0 q að Þ ~usb ;nm s;að Þda; 0 6 s < s1;
�usb ;nm s;bð Þ; s1 6 s 6 sb:

(
ð55Þ
Two variables orthonormal Vieta-Lucas polynomials and their
properties

In this section, we introduce the two variables orthonormal VL
polynomials and derive some new results for them.

Two variables Vieta-Lucas polynomials

For bN; bM 2 Zþ, we can define the two variables VL polynomials
on 0; fb½ � � 0; nb½ � as

wfbnb ;ij
f; nð Þ ¼ wfb ;i

fð Þwnb ;i
nð Þ; i ¼ 0;1; . . . ; bN ; j ¼ 0;1; . . . ; bM; ð56Þ

where wfb ;i
fð Þ and wnb ;i

nð Þ are defined similar to (15). These functions
are orthonormal with respect to the weight function
xfbnb f; nð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fbf�f2ð Þ nbn�n2ð Þp . A function h 2 L2xfbnb
0; fb½ � � 0; nb½ �ð Þ can

be approximated by these polynomials as

h f; nð Þ ’
XbN
i¼0

XbM
j¼0

hijwfbnb ;ij
f; nð Þ , HTW

fbnb ;
bNbM f; nð Þ; ð57Þ
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where

H ¼ h00 h01 . . . h
0bM h10 h11 . . . h

1bM . . . hbN0
hbN1

. . . hbNbMh i|
;

with

hij ¼
Z fb

0

Z nb

0
xfbnb f; nð Þh f; nð Þwfbnb ;ij

f; nð Þdndf;

and

W
fbnb ;bNbM f;nð Þ¼ wfbnb ;00

f;nð Þwfbnb ;01
f;nð Þ . . . w

fbnb ;0bM f;nð Þwfbnb ;10
f;nð Þwfbnb ;11

f;nð Þ . . .
�
w

fbnb ;1bM f;nð Þ . . . w
fbnb ;bN0

f;nð Þw
fbnb ;bN1

f;nð Þ . . .w
fbnb ;bNbM f;nð Þ

�T
:

ð58Þ

Note that for convenience, we can rewrite (57) as follows:

h f; nð Þ ’
XbNþ1


 � bMþ1

 �

�1

l¼0

~hl
~wfbnb ;l f; nð Þ , HTW

fbnb ;
bNbM f; nð Þ; ð59Þ

where ~hl ¼ hij and ~wfbnb ;l f; nð Þ ¼ wfbnb ;ij
f; nð Þ with l ¼ bM þ 1

� �
iþ j for

i ¼ 0;1; . . . ; bN and j ¼ 0;1; . . . ; bM .

Hybrid approximation

A function v f; n; sð Þ defined over 0; fb½ � � 0; nb½ � � 0; sb½ � may be
expanded via the orthonormal two variables VL polynomials and
orthonormal piecewise VL functions as follows:

v f;n;sð Þ’
XbNþ1


 � bMþ1

 �

�1

l¼0

XNM
j¼1

�v lj
~wfbnb ;l f;nð Þûsb ;j sð Þ, W

fbnb ;
bNbM f;nð Þ

 �T
�VUsb ;NM sð Þ;

ð60Þ

where �V ¼ �v lj

� �
is an bN þ 1

� � bM þ 1
� �

� NM matrix with entries

�v lj¼
Z fb

0

Z nb

0

Z sb

0
xfbnb f;nð Þwsb ;n sð Þ~wfbnb ;l f;nð Þûsb ;j sð Þv f;n;sð Þdsdndf;

for 0 6 l 6 bN þ 1
� � bM þ 1

� �
and 1 6 j 6 NM, and wsb ;n sð Þ and

xfbnb f; nð Þ have already been introduced.

Two-dimensional operational matrices

Here, we obtain some relationships for the classical derivatives
of the orthonormal two variables VL polynomials.

Theorem 9. The first- and second-order derivatives of the vector
W

fbnb ;bNbM f; nð Þ defined in (58) can be expressed as follows:

@W
fbnb ;
bNbM f;nð Þ

@f ¼ P 1ð ÞbNbMWfbnb ;
bNbM f; nð Þ;

@W
fbnb ;
bNbM f;nð Þ

@n ¼ Q 1ð ÞbNbMWfbnb ;bNbM f; nð Þ;
ð61Þ

and

@2W
fbnb ;
bNbM f;nð Þ

@f2
¼ P 2ð ÞbNbMWfbnb ;

bNbM f; nð Þ;
@2W

fbnb ;
bNbM f;nð Þ

@n2
¼ Q 2ð ÞbNbMWfbnb ;bNbM f; nð Þ;

ð62Þ
182
where

P 1ð ÞbNbM ¼D 1ð Þ
fb ;
bN � IbM ¼

D 1ð Þ
fb ;
bN

� �
11
IbM D 1ð Þ

fb ;
bN

� �
12
IbM . . . D 1ð Þ

fb ;
bN

� �
1 bNþ1

 �IbM

D 1ð Þ
fb ;bN

� �
21
IbM D 1ð Þ

fb ;bN
� �

22
IbM . . . D 1ð Þ

fb ;bN
� �

2 bNþ1

 �IbM

..

. ..
.

. . . ..
.

D 1ð Þ
fb ;
bN

� �
bNþ1

 �

1
IbM D 1ð Þ

fb ;
bN

� �
bNþ1

 �

2
IbM . . . D 1ð Þ

fb ;
bN

� �
bNþ1

 � bNþ1


 �IbM

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
;

Q 1ð ÞbNbM ¼

D 1ð Þ
nb ;bM ObM ObM . . . ObM ObM
ObM D 1ð Þ

nb ;bM ObM . . . ObM ObM
..
. ..

. ..
.

. . . ..
. ..

.

ObM ObM ObM . . . D 1ð Þ
nb ;bM ObM

ObM ObM ObM . . . ObM D 1ð Þ
nb ;bM

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
;

and

P 2ð ÞbNbM ¼D 2ð Þ
fb ;
bN � IbM ¼

D 2ð Þ
fb ;
bN

� �
11
IbM D 2ð Þ

fb ;
bN

� �
12
IbM . . . D 2ð Þ

fb ;
bN

� �
1 bNþ1

 �IbM

D 2ð Þ
fb ;
bN

� �
21
IbM D 2ð Þ

fb ;
bN

� �
22
IbM . . . D 2ð Þ

fb ;
bN

� �
2 bNþ1

 �IbM

..

. ..
.

. . . ..
.

D 2ð Þ
fb ;
bN

� �
bNþ1

 �

1
IbM D 2ð Þ

fb ;
bN

� �
bNþ1

 �

2
IbM . . . D 2ð Þ

fb ;
bN

� �
bNþ1

 � bNþ1


 �IbM

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
;

Q 2ð ÞbNbM ¼

D 2ð Þ
nb ;
bM ObM ObM . . . ObM ObM

ObM D 2ð Þ
nb ;
bM ObM . . . ObM ObM

..

. ..
. ..

.
. . . ..

. ..
.

ObM ObM ObM . . . D 2ð Þ
nb ;bM ObM

ObM ObM ObM . . . ObM D 2ð Þ
nb ;bM

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
;

in which P lð ÞbNbM and Q lð ÞbNbM for l ¼ 1;2 are bN þ 1
� � bM þ 1

� �
-order

square matrices, D lð Þ
fb ;
bN and D lð Þ

nb ;
bM for l ¼ 1;2 are the matrices derived

in Theorem 2 and Corollary 3, � denotes the Kronecker product, ObM
is an bM þ 1

� �
-order zero matrix and IbM is an bM þ 1

� �
-order iden-

tity matrix.
Proof. The proof is straightforward. So, we leave it to the inter-
ested reader. h
The proposed method for the one-dimensional problem

In this section, we establish a hybrid method based on the
orthonormal one variable VL polynomials and orthonormal piece-
wise VL functions to solve the following one-dimensional piece-
wise fractional Galilei invariant advection–diffusion equation:

P
0D

q að Þ;b
s;s1 v f; sð Þ þ j1vf f; sð Þ ¼ j2

RL
0 D1�c

s vff f; sð Þð Þ þw f; s;v f; sð Þð Þ;
f; sð Þ 2 0; fb½ � � 0; sb½ �; ð63Þ

with the initial condition

v f;0ð Þ ¼ f fð Þ; ð64Þ
and non-local boundary conditions

v 0; sð Þ � .0vf 0; sð Þ ¼ R fb
0 K0 fð Þv f; sð Þdfþ g sð Þ;

v fb; sð Þ þ .1vf fb; sð Þ ¼ R fb
0 K1 fð Þv f; sð Þdfþ h sð Þ;

ð65Þ

where j1;j2 > 0; 0 < c < 1; fb; sb > 0;0 < s1 < s;.0;.1 > 0 and
0 < b 6 1 are real numbers,w; f ;K0;K1; g and h are continuous func-
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tions in their domains, RL
0 D1�c

s v f; sð Þ is the Riemann–Liouville frac-
tional derivative of order 1� c with respect to s of v f; sð Þ, and
P
0D

q að Þ;b
s;s1 v f; sð Þ is the piecewise fractional derivative with respect to

s of v f; sð Þ. To solve the above problem, we approximate v f; sð Þ as

v f; sð Þ ’
XbN
i¼0

XNM
j¼1

v ijwfb ;i
fð Þûsb ;j sð Þ , W

fb ;bN fð Þ
 �T

VUsb ;NM sð Þ; ð66Þ

where V ¼ v ij
� �

is an bN þ 1
� �

� NM undetermined matrix as

V ¼

v00 v01 . . . v0NM

v10 v11 . . . v1NM

..

. ..
.

. . . ..
.

vbN0
vbN1

. . . vbNNM

0BBBBB@

1CCCCCA:

From (12), (37), (46) and (66), we get

P
0D

q að Þ;b
s;s1 v f;sð Þ’

XbN
i¼0

XNM
j¼1

v ijwfb ;i
fð ÞR 1

0 q að Þ ~~usb ;j s;að Þda; 0<s<s1;

XbN
i¼0

XNM
j¼1

v ijwfb ;i
fð Þ ��usb ;j s;bð Þ; s1 6 s< sb;

8>>>>>><>>>>>>:
ð67Þ

where ~~usb ;j s;að Þ ¼ ~usb ;nm s;að Þ and ��usb ;j s;bð Þ ¼ �usb ;nm s;bð Þ with
j ¼ nM þmþ 1 for n ¼ 0;1; . . . ;N � 1 and m ¼ 0;1; . . . ;M � 1. The
integrals in (67) can be computed by an �p-point Gauss–Legendre
integration method asZ 1

0
q að Þ ~~usb ;j s;að Þda ’ 1

2

X�p
r¼1

ŵrq
1
2
ŝr þ 1ð Þ

 �
~~usb ;j s;1

2
ŝr þ 1ð Þ

 �
; ð68Þ

where

ŵr ¼ 2

1� ŝ2r

 �

L0�p ŝrð Þ
� �2 ;

and ŝrf g�pr¼1 are the Gauss–Legendre integration nodes in �1;1½ �. For
more details, see [40]. Substituting (68) into (67) yields

P
0D

q að Þ;b
s;s1 v f;sð Þ, ~v f;s;bð Þ

’

1
2

XbN
i¼0

XNM
j¼1

v ijwfb ;i
fð Þ
X�p
r¼1

ŵrq 1
2 ŝr þ1ð Þ
 �~~usb ;j s;

1
2 ŝr þ1ð Þ
 �

; 0< s< s1;

XbN
i¼0

XNM
j¼1

v ijwfb ;i
fð Þ ��usb ;j s;bð Þ; s1 6 s< sb:

8>>>>>><>>>>>>:
ð69Þ

Theorem 2 and Corollary 3, together with relation (66), result in

vf f; sð Þ ’ W
fb ;bN fð Þ

 �T

D 1ð Þ
fb ;bN

 �T

VUsb ;NM sð Þ;

vff f; sð Þ ’ W
fb ;
bN fð Þ

 �T

D 2ð Þ
fb ;bN

 �T

VUsb ;NM sð Þ:
ð70Þ

Property 1, together with Theorem 6 and relation (70), give

RL
0 D1�c

s vff f; sð Þð Þ ’ W
fb ;bN fð Þ

 �T

D 2ð Þ
fb ;
bN

 �T

V ~Usb ;NM s; cð Þ

þ sc�1

C cð Þ W
fb ;bN fð Þ

 �T

D 2ð Þ
fb ;bN

 �T

VUsb ;NM 0ð Þ; ð71Þ
183
where

~Usb ;NM s; cð Þ ¼ ~usb ;00 s;1� cð Þ ~usb ;01 s;1� cð Þ . . . ~usb ;0 M�1ð Þ
�
s;1� cð Þj~usb ;10 s;1� cð Þ ~usb ;11 s;1� cð Þ . . .
~usb ;1 M�1ð Þ s;1� cð Þj . . . j ~usb ; N�1ð Þ0 s;1� cð Þ
~usb ; N�1ð Þ1 s;1� cð Þ . . . ~usb ; N�1ð Þ M�1ð Þ s;1� cð Þ�T : ð72Þ

Meanwhile, for the functions given in (64) and (65), the following
approximations can be considered:

f fð Þ ’
XbN
i¼0

f iwfb ;i
fð Þ , FTW

fb ;bN fð Þ ¼ W
fb ;bN fð ÞTF; ð73Þ

and

g sð Þ ’
XN�1

n¼0

XM�1

m¼0

gnmusb ;nm sð Þ , GTUsb ;NM sð Þ;

h sð Þ ’
XN�1

n¼0

XM�1

m¼0

gnmusb ;nm sð Þ , HTUsb ;NM sð Þ:
ð74Þ

By considering (64), (65), (66), (70), (73) and (74), we derive

W
fb ;
bN fð Þ

 �T

VUsb ;NM 0ð Þ � F|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}K1

 �
’ 0; ð75Þ

and

W
fb ;bN 0ð Þ

 �T

V�.0 W
fb ;bN 0ð Þ

 �T

D 1ð Þ
fb ;
bN

 �T

V� �KT
0V�GT|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}K2

0@ 1AUsb ;NM sð Þ’0;

W
fb ;
bN fbð Þ

 �T

Vþ.1 W
fb ;
bN fbð Þ

 �T

D 1ð Þ
fb ;
bN

 �T

V� �KT
1V�HT|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}K3

0@ 1AUsb ;NM sð Þ’0;

ð76Þ

where

�K0 ¼ �k00 �k01 . . . �k
0bNh iT

; �K1 ¼ �k10 �k11 . . . �k
1bNh iT

;

and

�k0i ¼
R fb
0 K0 fð Þwfb ;i

fð Þdf; �k1i ¼
R fb
0 K1 fð Þwfb ;i

fð Þdf; i ¼ 0;1; . . . ; bN :

Substituting (66), (69), (70) and (71) into (63) yields

~v f;s;bð Þ þj1 W
fb ;
bN fð Þ

 �T

D 1ð Þ
fb ;
bN

 �T

VUsb ;NM sð Þ�j2 W
fb ;
bN fð Þ

 �T

D 2ð Þ
fb ;
bN

 �T

V ~Usb ;NM s;cð Þ
(

þsc�1

C cð Þ W
fb ;
bN fð Þ

 �T

D 2ð Þ
fb ;
bN

 �T

VUsb ;NM 0ð Þ
)
�w f;s; W

fb ;
bN fð Þ

 �T

VUsb ;NM sð Þ
 !

,R f;s;b;cð Þ’0:

ð77Þ

From ()()()(75)–(77), we extract the below system:

R 2i�1ð Þfb
2bN ; 2j�1ð Þsb

2NM ; b; c
 �

¼ 0; 2 6 i 6 bN ; 2 6 j 6 NM;

K1½ �i ¼ 0; 2 6 i 6 bN ;

K2½ �j ¼ 0; K3½ �j ¼ 0; 1 6 j 6 NM:

8>>><>>>: ð78Þ

Eventually, we achieve a solution for the problem by solving system
(78) for specific values of b and c, and determining V and substitute
it into (66).

The proposed method for the two-dimensional problem

Here, we propose a hybrid method based on the orthonormal
two variables VL polynomials and orthonormal piecewise VL func-
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tions to solve the following two-dimensional piecewise fractional
Galilei invariant advection–diffusion equation:

P
0D

q að Þ;b
s;s1 v f; n; sð Þ þ �j1vf f; n; sð Þ þ �j2vn f; n; sð Þ
¼ RL

0 D1�c
s �j3vff f; n; sð Þ þ �j4vnn f; n; sð Þð Þ þ �w f; n; s;v f; n; sð Þð Þ;

ð79Þ
with f; n; sð Þ 2 0; fb½ � � 0; nb½ � � 0; sb½ �, under the initial condition

v f; n;0ð Þ ¼ �f f; nð Þ; ð80Þ
and non-local boundary conditions

v 0; n; sð Þ � �.0vf 0; n; sð Þ ¼ R fb
0 K0 f; nð Þv f; n; sð Þdfþ �g0 n; sð Þ;

v fb; n; sð Þ þ �.1vf fb; n; sð Þ ¼ R fb
0 K1 f; nð Þv f; n; sð Þdfþ �g1 n; sð Þ;

v f;0; sð Þ � �.2vn f;0; sð Þ ¼ R nb
0 K2 f; nð Þv f; n; sð Þdnþ �g2 f; sð Þ;

v f; nb; sð Þ þ �.3vn f; nb; sð Þ ¼ R nb
0 K3 f; nð Þv f; n; sð Þdnþ �g3 f; sð Þ;

ð81Þ
where �jl > 0 for l ¼ 1;2;3;4;0 < c < 1; fb; nb; sb > 0;0 < s1 <

s; �.l > 0 for l ¼ 0;1;2;3 and 0 < b 6 1 are real numbers, �w;�f ;Kl

and �gl for l ¼ 0;1;2;3 are continuous functions in their domains.
To solve the above problem, we assume

v f;n;sð Þ’
XbNþ1


 � bMþ1

 �

�1

l¼0

XNM
j¼1

�v lj
~wfbnb ;l f;nð Þûsb ;j sð Þ, W

fbnb ;
bNbM f;nð Þ

 �T
�VUsb ;NM sð Þ;

ð82Þ

where �V ¼ v lj

� �
is an bN þ 1

� � bM þ 1
� �

� NM undetermined matrix.

From (12), (37), (46) and (82), as well as employing the Gauss–
Legendre integration method, we get

P
0D

q að Þ;b
s;s1 v f;n;sð Þ, v̂ f;n;s;bð Þ

’

1
2

XbNþ1

 � bMþ1


 �
�1

l¼0

XNM
j¼1

�v lj
~wfbnb ;l f;nð Þ

X�p
r¼1

ŵrq 1
2 ŝr þ1ð Þ
 � ~~usb ;j s;12 ŝr þ1ð Þ
 �

; 0< s< s1;

XbNþ1

 � bMþ1


 �
�1

l¼0

XNM
j¼1

�v lj
~wfbnb ;l f;nð Þ��usb ;j s;bð Þ; s1 6 s< sb :

8>>>>>>><>>>>>>>:
ð83Þ

Based on Theorem 9 and relation (82), we obtain

vf f; n; sð Þ ’ W
fbnb ;bNbM f; nð Þ

 �T

P 1ð ÞbNbM
 �T

�VUsb ;NM sð Þ;

vff f; n; sð Þ ’ W
fbnb ;bNbM f; nð Þ

 �T

P 2ð ÞbNbM
 �T

�VUsb ;NM sð Þ

vn f; n; sð Þ ’ W
fbnb ;bNbM f; nð Þ

 �T

Q 1ð ÞbNbM
 �T

�VUsb ;NM sð Þ;

vnn f; n; sð Þ ’ W
fbnb ;
bNbM f; nð Þ

 �T

Q 2ð ÞbNbM
 �T

�VUsb ;NM sð Þ:

ð84Þ

Property 1, together with Theorem 6 and relation (84), yield

RL
0 D1�c

s vff f;n;sð Þð Þ ’ W
fbnb ;bNbM f;nð Þ

 �T

P 2ð ÞbNbM
 �T

�V ~Usb ;NM s;cð Þ

þsc�1

C cð Þ W
fbnb ;bNbM f;nð Þ

 �T

P 2ð ÞbNbM
 �T

�VUsb ;NM 0ð Þ,u1 f;n;s;cð Þ;

ð85Þ

and

RL
0 D1�c

s vnn f;n;sð Þð Þ ’ W
fbnb ;
bNbM f;nð Þ

 �T

Q 2ð ÞbNbM
 �T

�V ~Usb ;NM s;cð Þ

þ sc�1

C cð Þ W
fbnb ;
bNbM f;nð Þ

 �T

Q 2ð ÞbNbM
 �T

�VUsb ;NM 0ð Þ,u2 f;n;s;cð Þ;

ð86Þ
184
where ~Usb ;NM s; cð Þ has already been defined in (72). From (80) and
(82), we get

W
fbnb ;bNbM f; nð Þ

 �T
�VUsb ;NM 0ð Þ � �f f; nð Þ ,P0 f; nð Þ ’ 0: ð87Þ

Also, from (81), (82) and (84), we obtain

W
fbnb ;
bNbM 0;nð Þ

 �T
�VUsb ;NM sð Þ ��.0 W

fbnb ;
bNbM 0;nð Þ

 �T

P 1ð ÞbNbM
 �T

�VUsb ;NM sð Þ

� U 0ð Þ
nb ;
bNbM nð Þ

 �T
�VUsb ;NM sð Þ� �g0 n;sð Þ,P1 n;sð Þ¼0;

W
fbnb ;
bNbM fb;nð Þ

 �T
�VUsb ;NM sð Þ þ�.1 W

fbnb ;
bNbM fb;nð Þ

 �T

P 1ð ÞbNbM
 �T

�VUsb ;NM sð Þ

� U 1ð Þ
nb ;
bNbM nð Þ

 �T
�VUsb ;NM sð Þ� �g1 n;sð Þ,P2 n;sð Þ;

W
fbnb ;
bNbM f;0ð Þ

 �T
�VUsb ;NM sð Þ ��.2 W

fbnb ;
bNbM f;0ð Þ

 �T

Q 1ð ÞbNbM
 �T

�VUsb ;NM sð Þ

� U 2ð Þ
fb ;
bNbM fð Þ

 �T
�VUsb ;NM sð Þ� �g2 f;sð Þ,P3 f;sð Þ;

W
fbnb ;
bNbM f;nbð Þ

 �T
�VUsb ;NM sð Þ þ�.3 W

fbnb ;
bNbM f;nbð Þ

 �T

Q 1ð ÞbNbM
 �T

�VUsb ;NM sð Þ

� U 3ð Þ
fb ;
bNbM fð Þ

 �T
�VUsb ;NM sð Þ� �g3 f;sð Þ,P4 f;sð Þ;

ð88Þ
where

U 0ð Þ
nb ;
bNbM nð Þ¼ R fb

0 K0 f;nð ÞW
fbnb ;
bNbM f;nð Þdf; U 1ð Þ

nb ;
bNbM nð Þ¼ R fb

0 K1 f;nð ÞW
fbnb ;
bNbM f;nð Þdf

U 3ð Þ
fb ;
bNbM fð Þ¼ R nb

0 K2 f;nð ÞW
fbnb ;
bNbM f;nð Þdn; U 4ð Þ

fb ;
bNbM fð Þ¼ R nb

0 K3 f;nð ÞW
fbnb ;
bNbM f;nð Þdn:

By substituting Eqs. (82)–(86) into (79), we get

v̂ f;n;s;bð Þ þ�j1 W
fbnb ;bNbM f;nð Þ

 �T

P 1ð ÞbNbM
 �T

�VUsb ;NM sð Þþ �j2 W
fbnb ;bNbM f;nð Þ

 �T

Q 1ð ÞbNbM
 �T

�VUsb ;NM sð Þ

��j3u1 f;n;s;cð Þ� �j4u2 f;n;s;cð Þ� �w f;n;s; W
fbnb ;bNbM f;nð Þ

 �T
�VUsb ;NM sð Þ

 !
, �R f;n;s;b;cð Þ’0:

ð89Þ

From (87)–(89), we extract the following system:

�R fi;nj;sl;b;c

 �¼0; i¼2;3; . . . ; bN; j¼2;3; . . . ; bM; l¼2;3; . . . ;NM;

P0 fi;nj

 �¼0; i¼1;2; . . . ; bNþ1; j¼1;2; . . . ; bMþ1;

Pr nj;sl

 �¼0; r¼1;2; j¼1;2; . . . ; bMþ1; l¼2;3; . . . ;NM;

Pr fi;slð Þ ¼0; r¼3;4; i¼2;3; . . . ; bN; l¼2;3; . . . ;NM;

8>>>>><>>>>>:
ð90Þ

where

fi ¼ 2i�1ð Þfb
2 bNþ1

 � ; nj ¼ 2j�1ð Þnb

2 bMþ1

 � ; sl ¼ 2l�1ð Þsb

2NM :

Finally, we obtain a solution for the problem by solving system (90)
for specific values of b and c, and determining �V and substitute it
into (82).

Numerical examples

In this section, we examine the accuracy of the proposed meth-
ods by solving several examples. The following formulae are used
to compute the accuracy of the obtained results:

One-dimensional problem:
The maximum absolute error is computed as

e1 ¼ max
f;sð Þ2 0;fb½ �� 0;sb½ �

v f; sð Þ � W
fb ;bN fð Þ

 �T

VUsb ;NM sð Þ
�����

�����;
where v is the exact solution. Also, the convergence order (CO) of
the method is calculated as
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CO ¼
ln e1 �m2ð Þ

e1 �m1ð Þ

� �
ln �m2

�m1

� �
������

������;
where �m1 and �m2are the number of basis functions used in the first
and second implementations, respectively.

Two-dimensional problem:
The maximum absolute error at the terminal time is computed

as

e1 ¼ max
f;nð Þ2 0;fb½ �� 0;nb½ �

v f; n; sbð Þ � W
fbnb ;bNbM f; nð Þ

 �T
�VUsb ;NM sbð Þ

�����
�����;

where v is the exact solution. Also, the CO of the method is com-
puted similar to the one-dimensional problem.

Note that Maple 18 (with 25 digits) on a X64-based PC with
Intel (R) Core (TM) i7-7500U CPU @ 2.90 GHz and 32.0 GB of
RAM is applied for all simulations. Meanwhile, the series in the
Mittag–Leffler functions are truncated after 35th term. Moreover,
for numerical integration, we put �p ¼ 15.

EXAMPLE 1. Consider the problem

P
0D

q að Þ;b
s;23

v f; sð Þ þ vf f; sð Þ þ sin fð Þe�v f;sð Þ

¼ RL
0 D

1
2
s vff f; sð Þð Þ þw f; sð Þ; f; sð Þ 2 0;2½ � � 0;2½ �;

where q að Þ ¼ C 4� að Þ and

w f; sð Þ ¼ s3 cos fð Þ þ 16s5
2

15
ffiffiffiffi
p

p sin fð Þ þ sin fð Þe�s3 sin fð Þ

þ sin fð Þ

6s2 s�1ð Þ
ln sð Þ ; 0 < s < 2

3 ;

6AB bð Þ
1�b s3Eb;4

�b sb
1�b

� �
; 0 < b < 1;

3s2; b ¼ 1;

8<: 2
3 6 s 6 2:

8>>><>>>:
Table 1
The results obtained with two values of b and some choices of bN where (N ¼ 3;M ¼ 4) in

b ¼ 0:4bN N M e1 CO

6 3 4 1:2672� 10�02 –

8 1:4996� 10�04 15:4225

10 1:0445� 10�06 22:2584

12 4:8273� 10�09 29:4918

Fig. 1. Approximate solution (left) and associated absolute error functio
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The below conditions are imposed for this problem

v f;0ð Þ ¼ 0;

and

v 0;sð Þ�pvf 0;sð Þ¼ R 2
0 sin fð Þv f;sð Þdfþs3 1

4 sin 4ð Þ�4ð Þ�p
 �
;

v 2;sð Þþv f 2;sð Þ¼ R 2
0 cos fð Þv f;sð Þdfþs3 sin 2ð Þþcos 2ð Þþ 1

2 cos2 2ð Þ�1

 �
 �

:

The function v f; sð Þ ¼ s3 sin fð Þ is the problem exact solution. The
results acquired of the established approach are shown in Table 1
for two values of b. These results reflect the high accuracy of the
method presented in the previous section. This table also confirms
that the results have a high degree of convergence. The columns
regarding the CPU time (seconds) confirm the low computational
works of the expressed method. Fig. 1 illustrates the behavior of
the obtained results for the case b ¼ 0:4.
EXAMPLE 2. Consider the problem

P
0D

q að Þ;b
s;12

v f; sð Þ þ 2vf f; sð Þ þ v f; sð Þ v f; sð Þ � 2ð Þ

¼ 2RL
0 D

2
3
s vff f; sð Þð Þ þw f; sð Þ; f; sð Þ 2 0;3½ � � 0;1½ �;

where q að Þ ¼ C 5� að Þ and

w f; sð Þ ¼ s4e�f s4e�f � 4

 �� 243

ffiffiffi
3

p

35p
C

2
3

 �
s10

3 e�f

þ e�f

24s3 s�1ð Þ
ln sð Þ ; 0 < s < 1

2 ;

24AB bð Þ
1�b s4Eb;5

�b sb
1�b

� �
; 0 < b < 1;

4s3; b ¼ 1;

8<: 1
2 6 s 6 1:

8>>><>>>:
The below conditions are imposed for this problem

v f;0ð Þ ¼ 0;

and
Example 1.

b ¼ 0:8
CPU time e1 CO CPU time

17:00 8:5641� 10�03 – 20:40

27:31 1:0125� 10�04 15:4258 30:84

43:18 7:1087� 10�07 22:2227 63:07

68:21 3:3095� 10�09 29:4517 71:26

n (right) with b ¼ 0:4 where (bN ¼ 12;N ¼ 3;M ¼ 4) in Exa.mple 1.
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v 0; sð Þ � vf 0; sð Þ ¼ R 3
0 efv f; sð Þdf� s4;

v 3; sð Þ þ 2vf 3; sð Þ ¼ R 3
0 e�fv f; sð Þdf� 1

2 s
4 1þ 2e�3 � e�6

 �

:

The problem exact solution is v f; sð Þ ¼ s4e�f. Table 2 is used to con-
firm the validity of the results obtained by the presented approach.
For the case b ¼ 0:2 the extracted results are shown in Fig. 2.
EXAMPLE 3. Consider the problem

P
0D

q að Þ;b
s;32

v f; sð Þ þ 3vf f; sð Þ þ 2v f; sð Þ

¼ RL
0 D

1
4
s vff f; sð Þð Þ þw f; sð Þ; f; sð Þ 2 0;1½ � � 0;2½ �;

where q að Þ ¼ C 3� að Þ and
w f; sð Þ ¼ g1 sð Þ þ g2 sð Þð Þ cos fð Þ

þ 2 cos fð Þ � 3 sin fð Þð Þ s2; 0 < s < 3
2 ;

s3; 3
2 6 s 6 2;

(
in which

g1 sð Þ ¼
2s s�1ð Þ
ln sð Þ ; 0 < s < 3

2 ;

g3 sð Þ; 0 < b < 1;
3s2; b ¼ 1;

�
3
2 6 s 6 2;

8><>:
with

g3 sð Þ¼ 2AB bð Þ
1�b

3
2

3
2�s

 �

Eb;2 � b
1�b s� 3

2


 �b� �
� s� 3

2


 �2Eb;3 � b
1�b s� 3

2


 �b� �n
þs2Eb;3 � b

1�bs
b

� �o
þ AB bð Þ

1�b
27
4 s� 3

2


 �
Eb;2 � b

1�b s� 3
2


 �b� �n
þ9 s� 3

2


 �2Eb;3 � b
1�b s� 3

2


 �b� �
þ6 s� 3

2


 �3Eb;4 � b
1�b s� 3

2


 �b� �o
;

and

g2 sð Þ¼ 1
C 3

4


 � 32
21s

7
4; 0< s< 3

2 ;

5 s� 3
2


 �3
4 þ 16

3 s� 3
2


 �7
4 þ 32

21s
7
4 þ 128

77 s� 3
2


 �11
4 ; 3

26 s62:

(

Table 2
The results obtained with two values of b and some choices of bN where (N ¼ 2;M ¼ 5) in

b ¼ 0:2bN N M e1 CO

5 2 5 2:1066� 10�02 –

7 3:6329� 10�04 12:0670

9 5:6495� 10�06 16:5674

11 6:1773� 10�08 22:5038

Fig. 2. Approximate solution (left) and associated absolute error functio
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The following conditions are used for this problem:

v f;0ð Þ ¼ 0;

and

v 0; sð Þ � 2vf 0; sð Þ

¼
Z 1

0
f sin fð Þv f; sð Þdf

þ 1
4

3þ 2 cos2 1ð Þ � 1
2
sin 2ð Þ

 � s2; 0 6 s < 3
2 ;

s3; 3
2 6 s 6 2;

(
v 1; sð Þ þ 3vf 1; sð Þ

¼
Z 1

0
cos fð Þv f; sð Þdf

þ cos 1ð Þ � 3 sin 1ð Þ � 1
2

1
2
sin 2ð Þ þ 1

 � � s2; 0 6 s < 3
2 ;

s3; 3
2 6 s 6 2:

(
The problem exact solution is

v f; sð Þ ¼ cos fð Þ s2; 0 6 s < 3
2 ;

s3; 3
2 6 s 6 2:

(
We have reported the results achieved of applying the presented
technique for two values of b in Table 3. For the case b ¼ 0:6, the
extracted results are shown in Fig. 3. Taken together, these results
confirm the high capability of the proposed method.
EXAMPLE 4. Consider the problem

P
0D

q að Þ;b
s;12

v f; n; sð Þ þ 2vf f; n; sð Þ þ 2vn f; n; sð Þ

¼ RL
0 D

3
4
s vff f; n; sð Þ þ vnn f; n; sð Þð Þ þ v f; n; sð Þ þ �w f; n; sð Þ;

with f; n; sð Þ 2 0;1½ � � 0;1½ � � 0;1½ �, where q að Þ ¼ C 3� að Þ and
Example 2.

b ¼ 0:6
CPU time e1 CO CPU time

09:40 2:0956� 10�02 – 11:78

14:46 3:6511� 10�04 12:0365 16:98

21:31 5:7010� 10�06 16:5512 24:04

35:03 6:2487� 10�08 22:4917 38:54

n (right) with b ¼ 0:2 where (bN ¼ 11;N ¼ 2;M ¼ 5) in Exa.mple 2.



Table 3
The results obtained with two values of b and some choices of bN where (N ¼ M ¼ 4) in Example 3.

b ¼ 0:6 b ¼ 0:8bN N M e1 CO CPU time e1 CO CPU time

5 4 4 1:7158� 10�03 – 17:85 1:5813� 10�03 – 20:62

7 7:1428� 10�06 16:2911 21:56 6:6171� 10�06 16:2757 27:17

9 1:6229� 10�08 24:2208 25:84 1:5081� 10�08 24:2086 28:62

11 2:3193� 10�11 32:6440 33:10 2:1586� 10�11 32:6362 36:45

Fig. 3. Approximate solution (left) and associated absolute error function (right) with b ¼ 0:6 where (bN ¼ 11;N ¼ M ¼ 4) in Exa.mple 3.
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�w f;n;sð Þ¼2s2 cos fð Þsin nð Þ

þ2s2 sin fð Þcos nð Þþ32
ffiffiffi
2

p
C 3

4


 �
s5

4 sin fð Þsin nð Þ
5p �s2 sin fð Þsin nð Þ

þ sin fð Þsin nð Þ

2s s�1ð Þ
ln sð Þ ; 0< s< 1

2 ;

2AB bð Þ
1�b s

2Eb;3
�bsb
1�b

� �
; 0< b<1;

2s; b¼1;

(
1
26 s61:

8>><>>:
The following conditions are used for this problem:

v f; n;0ð Þ ¼ 0;

and

v 0; n; sð Þ � 1
10 vf 0; n; sð Þ ¼ R 1

0 fv f; n; sð Þdf� 1
10 s

2 sin nð Þ
�s2 sin nð Þ sin 1ð Þ � cos 1ð Þð Þ;
v 1; n; sð Þ þ 1

10 vf 1; n; sð Þ ¼ 1
2

R 1
0 f2v f; n; sð Þdf� 1

5 s
2 sin nð Þ 2 cos 1ð Þ � 5ð Þ;

v f;0; sð Þ þ 1
100vn f; 0; sð Þ ¼ R 1

0 nv f; n; sð Þdn
� 1

100 s
2 sin nð Þ 1þ 100 sin 1ð Þ � 100 cos 1ð Þð Þ;

v f;1; sð Þ þ 1
100 vn f;1; sð Þ ¼ R 1

0 fn3v f; n; sð Þdn
þ 1

100 s
2 sin nð Þ 300n sin 1ð Þ � 500n cos 1ð Þ þ 100 sin 1ð Þ þ cos 1ð Þð Þ:

The exact solution of the problem is v f; n; sð Þ ¼ s2 sin fð Þ sin nð Þ. The
results obtained by the proposed technique for two values of b at
s ¼ 1 are shown in Table 4. These results confirm the high accuracy
of the proposed method in solving this example. In the case of
b ¼ 0:3, the obtained results are shown in Fig. 4.
EXAMPLE 5. Consider the problem

P
0D

q að Þ;b
s;34

v f; n; sð Þ þ vf f; n; sð Þ þ vn f; n; sð Þ

¼ RL
0 D

1
2
s

1
2
vff f; n; sð Þ þ 1

2
vnn f; n; sð Þ

 �
þ sin sð Þv2 f; n; sð Þ

þ �w f; n; sð Þ;
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with f; n; sð Þ 2 0;1½ � � 0;1½ � � 0; 32
� �

, where q að Þ ¼ C 4� að Þ and
�w f; n; sð Þ ¼ �s3 sin fð Þ sin nð Þ � cos fð Þ cos nð Þð Þ

þ 16
5
ffiffiffi
p

p s5
2 cos fð Þ sin nð Þ � s6 sin sð Þ cos2 fð Þ sin2 nð Þ

þ cos fð Þ sin nð Þ

6s2 s�1ð Þ
ln sð Þ ; 0 < s < 3

4 ;

6AB bð Þ
1�b s3Eb;4

�b sb
1�b

� �
; 0 < b < 1;

3s2; b ¼ 1;

8<: 3
4 6 s 6 3

2 :

8>>><>>>:
The initial condition for this problem is

v f; n;0ð Þ ¼ 0;

and the boundary conditions are

v 0;n;sð Þ�1
2
vf 0;n;sð Þ¼

Z 1

0
sin fð Þcos nð Þv f;n;sð Þdf

þ1
2
s3 cos2 1ð Þ�1

 �

cos nð Þþ2

 �

;

v 1;n;sð Þþvf 1;n;sð Þ¼
Z 1

0
sin fð Þcos nð Þv f;n;sð Þdf

þ1
2
s3 sin nð Þ cos2 1ð Þ�1


 �
cos nð Þ


þ2 cos 1ð Þ�sin 1ð Þð ÞÞ;

v f;0;sð Þþvn f;0;sð Þ¼
Z 1

0
cos fð Þsin nð Þv f;n;sð Þdn

þ1
2
s3 cos fð Þ 1

2
sin 2ð Þcos fð Þ�cos fð Þ�2

 �
;

v f;1;sð Þþ1
2
vn f;1;sð Þ¼

Z 1

0
cos fð Þsin nð Þv f;n;sð Þdn

þ1
2
s3 cos fð Þ 1

2
sin 2ð Þ�1

 �
cos fð Þ


þcos 1ð Þþ2sin 1ð ÞÞ:



Fig. 4. Approximate solution (left) and associated absolute error function (right) at s ¼ 1 with b ¼ 0:3 where (bN ¼ bM ¼ 7;N ¼ 2;M ¼ 6) in Exa.mple 4.

Table 4
The results obtained with two values of b and some choices of (bN ; bM;N;M) in Example 4.

b ¼ 0:3 b ¼ 0:9bN bM N M e1 CO CPU time e1 CO CPU time

4 4 1 3 9:1325� 10�03 – 003:18 7:2820� 10�03 – 003:23

5 5 1 4 6:4626� 10�06 09:8826 009:98 6:4432� 10�06 09:5782 009:90

6 6 2 5 4:9878� 10�07 01:9998 191:60 4:7105� 10�07 02:0421 192:03

7 7 2 6 2:6051� 10�08 06:0170 442:68 2:5094� 10�08 05:9767 453:45

Fig. 5. Approximate solution (left) and associated absolute error function (right) at s ¼ 1:5 with b ¼ 0:95 where (bN ¼ bM ¼ 8;N ¼ 1;M ¼ 4) in Exa.mple 5.

Table 5
The results obtained with two values of b and some choices of (bN ; bM) at s ¼ 3

2 where (N ¼ 1;M ¼ 4) in Example 5.

b ¼ 0:45 b ¼ 0:95bN bM N M e1 CO CPU time e1 CO CPU time

4 4 1 4 2:6351� 10�03 – 022:62 1:3443� 10�03 – 017:48

5 5 3:3100� 10�04 04:6484 098:76 1:2555� 10�04 05:3125 064:03

6 6 1:4468� 10�05 08:5842 184:29 7:8835� 10�06 07:5907 150:85

7 7 1:2541� 10�06 07:9322 398:68 5:0177� 10�07 08:9340 345:32

8 8 4:0907� 10�08 12:8167 898:23 2:3347� 10�08 11:4867 797:32
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The analytic solution of this problem is v f; n; sð Þ ¼ s3 cos fð Þ sin nð Þ.
We have used the hybrid method proposed for the two-
dimensional problem to solve this example. The obtained results
with two values of b at s ¼ 3

2 are reported in Table 5. These out-
188
comes confirm the high accuracy of the method in solving this
example. Note that the execution time of the program is relatively
long due to the non-linear nature of the problem. For b ¼ 0:95,
the behaviors of obtained results are illustrated in Fig. 5.
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Conclusion

In this paper, the distributed-order fractional derivative in the
Caputo type together with the ABC fractional derivative were used
to define a new kind of piecewise fractional derivative. This deriva-
tive was used to define piecewise fractional forms of the one- and
two-dimensional Galilei invariant advection–diffusion equations.
The orthonormal piecewise Vieta-Lucas (VL) functions (as a useful
class of basis functions) were generated using the orthonormal VL
polynomials to construct two hybrid methods for solving these
problems. Analytical formulas regarding the Caputo and ABC frac-
tional derivatives of these piecewise functions were obtained. The
proposed methods transformed solving the problems under con-
sideration into solving systems of algebraic equations. Several
examples were studied to investigate the validity of the obtained
results. These dervived results confirmed the high capability and
accuracy of the proposed methods. As a future research direction,
the methods introduced in this paper can be easily developed by
generating fractional Vieta-Lucas functions to solve problems with
fractional solutions.
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