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A B S T R A C T   

The growth of compact density heat gadgets demands effective thermal transportation. The op-
tion of nanofluid plays a dynamic role in this requirement. This research shows the impact of 
gyrotactic microorganisms on non-Newtonian fluid (Maxwell fluid) passing on the expanding 
cylindrical surface. The main objective of the present observation is to determine the heat and 
mass transportation of Maxwell nanofluid. The convective boundary condition and zero mass flux 
conditions are incorporated. In mathematical derivation, the approximation of the boundary layer 
is applied. The primal motivation pertains to exaggerating the thermal transport of heat ex-
changers in industrial processes. To attain the effects of Brownian motion as well as thermo-
phoresis the Buongiorno nanofluid is utilized. By assimilating suitable transformation, the 
concluding simultaneous for a non-linear set of equations is tackled numerically by hiring Runge- 
Kutta procedure. The coding is developed and run in the Matlab environment. The leading partial 
differential system is converted into an ordinary differential system. The role of emerging pa-
rameters is elaborated. Also tangible quantities i.e. Skin friction factor, Nusselt number, Sher-
wood number, and motile density coefficient are enumerated. An accession in the magnetic field 
causes depreciation in the velocity profile. Where increment in Schmidt number Sc causes a 
decrement in Sherwood number. The suitable ranges of parameters where increasing or 
decreasing behavior becomes smooth are taken as 0.0 ≤ M ≤ 6.0, 0.0 ≤ γ ≤ 0.8, 0.7 ≤ Pr ≤ 1.0, 
0.1 ≤ Nt ≤ 0.7, 0.01 ≤ Nb ≤ 0.1, 3.0 ≤ Sc ≤ 6.0, 2.0 ≤ Lb ≤ 7.0, 0.1 ≤ Pe ≤ 0.7 and 1.0 ≤ δ ≤ 7.0. 
The applications of the current study can be seen in chemical and metallurgical industries, the 
process of thermo-fluid, power generation, executed via condensers, cooling, and heating in large 
buildings, transportation, etc.  
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1. Introduction 

The Maxwell fluid model was formulated with the help of Hookean springs in combination with a buffer designed to mechanically 
describe viscoelastic materials. Firstly, Maxwell fluid model was given by Maxwell [1] to discuss the behavior of air due to visco-
elasticity. The basic elements of different arrangements can be combined to show more complex behavior of viscoelasticity. An 
essential property of Maxwell fluids is that they exhibit relaxation of stress. The literature shows that many efforts have been made to 
study the effects of rheology on Maxwell fluids having various geometries in the boundary layer of hydrodynamics. Firstly, Olsson and 
Ystrom [2] investigated the characteristics of Maxwell fluid along with the upper convective viscoelasticity. Reddy et al. [3] elaborate 
Cattaneo–Christov heat flux effects for Maxwell fluid with the inclusion of nanoparticles. Sreedevi et al. [4] discussed the effects of 
Brownian motion and thermophoresis on 3-D Maxwell flow. Mahsud et al. [5] discuss the flow of the boundary layer for Maxwell fluid 

Nomenclature 

Latin Symbols 
u, v velocity components(m/s) 
z, r cartesian coordinates(m) 
Uw(r, z) stretching velocity(m/s) 
B0 magnetic field strength(T) 
C concentration of nanoparticles 
T temperature of nanoparticles(K) 
N Micro-organisms distribution 
K thermal conductivity(W/m.K) 
Cp effective heat capacity(J/K) 
Cs heat capacity for solid surface(J/K) 
DB Brownian diffusion coefficient(m2/s) 
DT thermophoresis diffusion coefficient(m2/s) 
Dm diffusivity of microrganisms(m2/s) 
T∞ ambient temperature(K) 
C∞ ambient concentration of nanoparticles 
N∞ ambient micro-organisms distribution 
b chemotaxis constant(m) 
Wc speed of gyrotactic cell(m/s) 
n rotation of micro-organisms(1/s) 
M Magnetic parameter 
Pr Prandtl number 
Nb Brownian motion parameter 
Nt thermophoresis parameter 
Sc Schimdt number 
Lb bio-convection Lewis number 
Pe Peclet number 

Greek Symbols 
β Deborah number 
ν kinematic viscosity(m2/s) 
λ fluid relaxation time 
σ electrical conductivity(S/m) 
ρ Density(kg/m3) 
γ curvature parameter 
η similarity variable 
θ similarity temperature 
φ similarity concentration of nanoparticles 
χ similarity density of micro-organisms 
δ microorganisms concentration difference 

Subscripts 
p nanoparticles 
w on the cylinder surface 
∞ Ambient  
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which is formulated by the time-fractional derivatives of Caputo-Fabrizio along with an upper-convected. They observed that the flow 
of fractional fluids is slower than common fluids. Ullah et al. [6] analyzed the creeping flow of Maxwell fluids having a slit that is 
porous along with continuous absorption with the wall slip. Fetecau et al. [7] investigated the flow of Maxwell fluid in a porous plate 
along with mathematical reasoning, which was influenced by the accelerating wall. Zhao [8] demonstrated the convection, magnetic 
field, and velocity slip of part of the fluid’s peristaltic motion. Wang et al. [9] have established analytical expressions for the solutions 
of steady-state for oscillating motions of incompressible Maxwell fluids which are passing through a channel along with a rectangular 
or isosceles right-angled triangle cross-section. Abdal et al. [10] used living microorganisms to elaborate on the effects of activation 
energy of Williamson Maxwell nanofluid flow. 

Magnetohydrodynamics (MHD) is the discussion of conductive fluids, such as saltwater, electrolytes, plasmas, and liquid metals. 
Firstly, this term was introduced by Alfven [11]. Such fluids have many engineering as well as industrial applications, i.e. crystal 
growth, cooling in reactors, targeting the magnetic drug, MHD sensors, and generation of power. Dependency of MHD contains 
magnetic flux density. Saeed and Gul [12] studied the relocation of mass and heat of MHD Casson nanofluids flowing through a plate 
that is in motion. Jawad et al. [13] mathematically demonstrated the Maxwell MHD flow which is dependent on time along with 
nanofluids through the stretched surface. This can be useful in the field of food processing, transportation of biological fluids, drilling 
of oil, pharmaceutical, manufacturing of drugs, and coating rheology [14]. In order to adequately capture the different properties of 
non-Newtonian fluids, due to the different properties of the fluid, many theories, as well as models, have been published to elaborate 
on their flow [15,16]. Ali et al. [17] discussed magnetohydrodynamics effects on the nanofluid flow. Similar work was done with 
different numerical schemes by Refs. [18–20]. 

In various systems, there is a great importance of nanofluids due to the heat transfer. Its applications do not matter due to the 
presence of limited stocks of energy gadgets. Nanofluids has great importance in medical, physiological state, etc. The excellent storage 
of thermal energy and the greater coefficient of physical properties of the transmitted thermos is very basic aspects of the flow of 
nanofluids. Mostly, fluids having equitable thermal conductivity as well as water, oil, and relocation of heat are used for its energy and 
transformation. Due to the advancement in nanostructures firstly, a Chinese researcher Choi et al. [21] proposed a new fluid which was 
named by nano liquids. Huang et al. [22] assembled nano-particles into the required shapes that have fascinated the extensive 
attention. This type of architectures does not depend only on the properties of nano particles in building blocks, it also depends on the 
component’s geometry to attain unique results beyound the composition. Sami et al. [23] analyzed a high quality supplement which 
may be used for cereals as well as grains is mushroom. Rokayya et al. [24] investigated the effect of nano fluids their mechanical 
characteristics as well as chemical changes on the mushrooms with white buttom during the storage. Li et al. [25] investigated on the 
use of nano-materials for the safety and assessment of blueberry fruits along with chitosan. Yi et al. [26] There are a lots of processes 
are developed for the advance control of integration. For example with the help of colloidal self-assembly, modification in different 
nanoparticles can be organized with the help of assembly forces. Sreedevi et al. [27]studied magnetic field and thermal radiation effect 
by using Tiwari-Das nanofluid model. Sudarsana et al. [28] used zero mass flux conditions on the flow of nanofluids. Abro et al. [29] 
experimental investigated mild steel. Alarifi et al. [30] analytically performed the quality assurance of impact-damaged laminate 
composite structures. Further, Asmatulu et al. [31] investigated the effects of surface treatments on carbon fiber-reinforced composite 
laminates. Abdal et al. [32] used temperature conditions PST and PHF on micropolar based nanofluid. Many researchers were done 
similar work on nanofluid [33–39]. 

Due to the increment in the density of self-propelled kinetic microorganisms in a definite direction of normal liquid occurrence of 
bioconvection is done. Where the density gets increases in moving fluid. Magnetic field shows great effect on the processes of relo-
cation of mass and heat in the fluids which is electrically conductive. It is very helpful in the treatment of arterial diseases, blood flow 
reduction during surgeries, drawing of copper wires, etc. Different biological sciences holds physical applications of it, such as 
enzymatic biosensors, biofuels, enzymes, transport processes, microsystems, biotechnology, biological tissues, bacteria, etc. It depends 
on the cumulative use of nutrients as well as microorganisms in the oil region to investigate the variation of permeability. Khan et al. 
[40] investigated the flow of bioconvection along with nanofluid having gyrotactic microorganisms. Nima et al. [41] discussed the 
flow of boundary layer in a vertical strong flat plate induced in a Darcian medium which is porous having gyrotactic microorganisms. 
Nayake et al. [42] studied the exponential development of the flow velocity of Casson fluid along with electromagnetic sheet during 
the sliding effects of nanofluid which has chemical, thermal, isolation, and mobile microbial effects in it. Mansour et al. [43] 
numerically elaborated the study of magneto-hydrodynamic convection as well as Gyro-Organism in a cave which is shape of 
closed-loop. Balla et al. [44] investigated the activity of microorganisms along with nanofluids in the square hole which is porous. 
Khan et al. [45] studied the bioconvection in the fluid flow of nanofluids having the continued Oldroyd-B walls. 

The exceeding heat transportation in compact equipment is a serious matter in the research field of thermal engineering. In 
comparison to the fin and fan extensions, nanofluid dynamics are becoming a popular concept. There seemed a gap to differentiate the 
characteristics of viscous nanofluid and viscoelastic (upper convected Maxwell) nanofluids’ heat and mass transport owing to an 
extending cylindrical surface (see Saif et al. [46]). Moreover, the probable settling of nano entities is addressed with the bioconvection 
of gyrotactic microorganisms. The findings of this study are relevant to different thermal transportation-related dynamics of rockets 
and missiles. There are many applications that can be observed such as chemical and metallurgical industries, process of thermo-fluid, 
power generation, executed via condensers, cooling and heating in large buildings, transportation etc. 

2. Flow assumptions and formulation 

Consider a flow of viscoelastic fluids in two dimensions that obeys the Maxwell model, and it is developed through a stretched 
cylindrical surface of radius R. According to the geometry of the problem, the z-axis is along the axial direction and r is the radial 
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coordinate. Assumed that the cylinder is expanding axially having velocity u = Uo
( z

l
)
, where Uo represents the reference velocity, as 

well as l, denotes its characteristics length (see Fig. 1). The fluid is assumed to be electrically conducting and a magnetic field is fixed 
normal to the axis of the cylinder. During the melting mechanism of the cylindrical surface, the transfer of heat is initiated. So, the 
considered assumption is Tm < T∞ where Tm denotes the melting temperature of the surface and T∞ is the asymptotic value for the 
temperature. A mild homogenous emulsion of nanoparticles is assumed with a volume concentration of C. In addition, a mixture of self- 
motivated microorganisms of concentration N exists independent of nano-entities. The origin is fixed and there are two equal and 
opposite forces acting on it. 

Flow model for the given problem is [46,47]: 

∂(ru)
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+
∂(rv)

∂r
= 0 (1)  
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(5) 

Subjected to the constraints [48,49]: 

u(r, z) = Uw(r, z) = Uo

(z
l

)
, v(r, z) = 0, − kf

∂T
∂r

= hf (Tw − T),DB
∂C
∂r

+
DT

T∞

∂T
∂r

= 0, N(r, z) = Nw, at r = R (6)  

u(r, z) → 0, v(r, z) → 0, T(r, z) → T∞, C(r, z) → C∞, N(r, z) → N∞ as r → ∞ (7)  

Here (u, v) indicates the velocities for radial and axial symmetries, λ denotes the time for relaxation, the density of fluid is represented 
by ρ, k, T, Cp, and Cs represents thermal conductivity, temperature, heat capacity, capacity of heat for solid surface. 

Similarity transformations are given below: 

η =
r − R

2R

̅̅̅̅̅̅
Uo

vl

√

, u =
Uoz

l
f ′
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R
r
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l

√

f (η), (8)  

θ(η) = T − T∞

Tw − T∞
, φ(η) = C − C∞

Cw − C∞
, χ(η) = N − N∞

Nw − N∞
(9) 

The above equations are converted as: 

(1 + 2γη)f ′′ + 2γf ′′ + f f ′′ − f
′2 +

1
ρ

γβ
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β
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′

= 0 (10)  

(1 + 2γη)θ′′ + 2γθ
′

+ Prθ
′

f + NbPr(1 + 2γη)θ′

φ′

+ NtPr(1 + 2γη)θ′2 = 0 (11)  

(1 + 2γη)φ′′ +
Nt
Nb

(1 + 2γη)θ′′ +
Nt
Nb

γθ
′

+ 2γφ′

− Scf φ′

= 0 (12) 

Fig. 1. Flowchart.  
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(1 + 2γη)χ′′ + 2γχ ′

− Lbχf
′

+ Lbχ′

− Pe((φ
′

(1 + 2γη) + 2γφ
′

θ
′

φ
′

)(χ + δ) + (1 + 2γη)χ ′

φ
′

) = 0 (13) 

The boundary conditions (6) and (7) are transformed as: 

f ′

(0) = 1, f (0) = 0, θ
′

(0) = − Bi(1 − θ(0)),Nbφ′

(0) + Ntθ
′

(0) = 0, χ(0) = 1, (14)  

f
′

(∞) → 0, θ(∞) → 0, φ(∞) → 0, χ(∞) → 0. (15) 

In the above β = λUo
l is Deborah number, γ =

̅̅̅̅̅̅̅̅
vl

UoR2

√
is known as curvature parameter, Prandtl number is Pr = v

α, Nb =
τDB(Cw − C∞)

v is the 

Brownian motion parameter, Nt = τDT (Tw − T∞)

T∞ 
is the Thermophoresis parameter, Lb = v

Dm 
is the bioconvection lewis number, Peclet 

number is Pe = bWc
Dm

, Microorganisms difference parameter is δ = N∞
(Nw − N and Sc = v

DB 
is Schmidt number. 

The physical quantities are defined as [37,46]: 

1
2
CfzRe1

2
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τrz

ρU2
w
, Nuz =

zqw
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, Shrz =

zqm

DB(Cw − C∞)
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zqr
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. (16) 

Thus we have. 
Cf (Rex)

− 1/2
= f ′′(0), Nux(Rex)

− 1/2
= − θ

′

(0), Shx(Rex)
− 1/2

= − φ′

(0), Nnx(Rex)
− 1/2

= − χ ′

(0),Where, (Rex) =
xUw

ν is the local 
Reynolds number. 

3. Solution procedure 

The system of equations (10)-(13) along with the boundary constraints (14) and (15) is solved with the shooting technique. This 
compound set of non-linear equations requires simultaneous solutions. Such problems are better to be resolved numerically because 
their closed form solutions are extremely difficult. Beside the other methods such as FDM, FEM, Runge-Kutta method is very 
economical and reliable to yields results. In order to develop a coding of the procedure, a system of first order differential equations in 
attained as follows: 

y′
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3 =
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y′
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y′
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(
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)(
2γy9 − Lby2y8 + Lby9 − Pe

( (
y′

7(1+2γη)+2γy7)(y8 +δ1) + (1+2γη)y7y9
) )

While the relation in eq (12) are given as: 
y2(0) = 1, y1(0) = 0, y4(0) = (1 + y5)(1/Bi), Nby7 + Nty5 = 0, y9 = 1, 
y2(∞) → 0, y4(∞) → 1, y4(∞) → 0, y6(η) → 0, y8(η) → 0. 

4. Results and discussion 

For the validation of current results, these are compared with some previous numerical studies as limiting cases to be enlisted in 
Table 1 (see Refs. [46,50–52]). Here, the results are compared for various values of curvature parameter γ. There seems a good 
correlation among the results. After gaining confidence in the numerical procedure, an extensive computational effort is carried out to 
disclose to the impact of sundry parameters on the velocity f′(η), skin friction factor − f′′(0), temperature θ(η), Nusselt number − θ′(0), 
nanoparticle volume friction φ(η), Sherwood number − φ′(0), microorganism distribution function χ(η) and density function − χ′(0). 
The graphical results are presented for two situations (i) viscous nanofluids (β = 0) (ii) UCM nanofluids (β ∕= 0). 

Graphical outcomes are obtained for different parameters when M = 0.5, β = 0.1, γ = 0.1, Pr = 0.7, Nt = 0.1, Sc = 3.0, Nb = 0.1, Pe 
= 0.1, Lb = 1.0, δ = 1. The effect of curvature γ, as well as magnetic parameter M, is illustrated in Fig. 2. Axillary flow expands in the 

Table 1 
Comparative study for γ.  

γ Saif et al. [46] Hashim et al. [50] Poply et al. [51] Rangi and Naseem [52]. Our results 

0.00 − 1.000000 − 1.000000 – − 1.000000 − 1.000000 
0.10 − 1.037231 − 1.036979 − 1.036977 – − 1.038081 
0.25 − 1.094951 − 1.094373 – − 1.094378 − 1.095154 
0.30 − 1.111219 − 1.111165 − 1.111138 – − 1.111501  
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boundary layer by incrementing the curvature parameter γ. On the other hand, an accession in the value of M causes a depreciation in 
the velocity. It is because of reactive and resistive force (Lorentz force). The thickness of the boundary layer is narrowed. Thus, 
decrement in velocity can be seen due to the enhancement in drag force by increasing the value of M. These figures convince that the 
speed of non-Newtonian nanofluid (β = 0) is slower in comparison to that of viscous nanofluid (β ∕= 0). Physically, the viscous effects 
for non-Newtonian fluid are stronger. Fig. 3, shows the enhancement in curvature parameter γ causes arise in the temperature θ(η). It is 
due to the reduction in the thickness of boundary layer thermally with incrementing values of γ. Similarly, an accession in magnetic 
parameter M which diminishes the temperature θ(η). Physically, the effect of magnetic field generates a resistance force (Lorentz force) 
as well as it supports and increases the thickness of thermal boundary layer. In Fig. 4, rising trend is observed in θ(η) when Nt 
(thermophoresis parameter) is boosted up. The reason is that as the particles get heat and start moving with more kinetic energy and 
pulled away from cold to hotter region. But incrementing the values of Prandtl number Pr, temperature θ(η) goes down due to 
depreciation in thermal diffusivity. Basic reason for the retardation in temperature is that Prandtl number Pr has inverse relation with 
thermal diffusivity. Fig. 5 is displayed to show the effect of concentration profile φ(η) due to variation of M and γ. The concentration 
φ(η) increases when M has larger values. Physically, the increment in M shows an accession in drag force which causes an increase in 
concentration profile φ(η). While by increasing the value of γ causes an increment in the concentration profile φ(η) too. By increasing 
the values of curvature γ corresponds to the small amount of surface area of cylinder. It causes to reduce the resistance due to which 
concentration profile φ(η) increases. Fig. 6 elaborates that with increasing values of Schmidt number Sc, the concentration profile φ(η) 
decreases. It is due to the inverse relation of mass diffusivity with Schmidt number. So greater value of Sc causes a depreciation in mass 
diffusion due to which the concentration of nano particles drops. The effect of Brownian motion parameter Nb on concentration profile 
φ(η) can also be observed. It is clear that an accession in Nb causes a decrement in concentration profile φ(η). Physically, the fluid gets 
heat up due to the Brownian motion in the boundary layer along with a depreciation in the particles of fluid. Also form these curves it 
can be observed that concentration profile φ(η) is said to an increasing function for the incrementing values of Nt. Physically the tiny 
particles backed out from hotter to cold area in thermophoresis phenomenon. The thermal boundary layer, temperature as well as 
concentration profile shows increment with constantly heating and the particles gets back from surface. Fig. 7 is desire to elaborates 
the motile density profile χ(η) for incrementing values of magnetic parameter M. With these curves, it can be observed that an accession 
in M causes an enhancement in motile density profile χ(η) due to increase in drag force. It can also be observed that with enhancement 
in curvature parameter γ causes an increase in motile density profile χ(η). In Fig. 8, the motile density profile χ(η) can be said as 
decreasing function for the bioconvection Lewis number Lb. With increasing the values of Lb, a depreciation in diffusivity in the motile 
microorganisms due to which motile density profile χ(η) decreases. While by increasing the values of Peclet number i.e. Pe causes a 
decrease in motile density profile χ(η). Physically, it is due to yielding of rapid motion in the particles of fluid. Due to which the 
thickness of motile microorganisms reduces. Similarly, by increasing the values of microorganism’s difference parameter δ a depre-
ciation in motile density profile χ(η) can be observed. Basically, the strength of particles decreases when microorganisms difference 
parameter raises which cause reduction in motile density profile. 

Table 2 illustrates the alterations in the skin friction against different parameters. An accession in skin friction factor can be 
observed with the rising values of M, γ and β parameters. Table 3 demonstrates the changings in Nusselt number with respect to various 
parameters. By increasing the various parameters i.e. γ, Pr and Nt causes an increase in Nusselt number. Table 4 shows the behavior of 
Sherwood number by variating the parameters i.e. γ, Sc, Nb and Nt. An increment is observed in Sherwood number with the raising 
values of γ and Nt. Along with a depreciation is examined with the incrementing values of Sc and Nb. By incrementing the values of γ 
causes an increase in motile density. While a decrement can be observed in motile density with an accession in Pe, Lb and δ is seen in 
Table 5. 

5. Conclusions 

A numerical and theoretical study of microorganisms is made for the flow of Maxwell nanofluid. The fluid moves owing to a linear 
stretch in a stretching cylindrical surface. A comparative analysis for viscous nanofluid and Maxwell nanofluid is presented. The 
computational procedure is reveals the nature of velocity, temperature and their physical quantities due to variation of influential 
parameters. The salient finding are outlined as below:  

● By incrementing the values of curvature parameter γ, velocity field f′(η) shows an accession. Whereas, a decreasing trend can be 
observed by increasing the values of M. 

Fig. 2. Fluctuation of f′(η) along with M and γ.  
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Fig. 3. Fluctuation of θ(η) along with M and γ.  

Fig. 4. Fluctuation of θ(η) along with Pr and Nt.  

Fig. 5. Fluctuation of φ(η) along with M and γ.  

Fig. 6. Fluctuation of φ(η) along with Nb, Nt and Sc.  

A. Mariam et al.                                                                                                                                                                                                       



Case Studies in Thermal Engineering 34 (2022) 102062

8

Fig. 7. Fluctuation of χ(η) along with M and γ.  

Fig. 8. Fluctuation of χ(η) along with Lb, Pe and δ.  

Table 2 
Results for Skin friction factor − f′′(0).  

M β γ ¡ f′′(0) 

0.0 0.1 0.1 1.9542 
0.5   2.1665 
1.0   2.3494 
0.5 0.01  1.8845  

0.05  2.0029  
0.1  2.1665  
0.1 0.1 2.1665   

0.2 2.1931   
0.3 2.2214  

Table 3 
Results for Nusselt number − θ′(0).  

γ Pr Nt ¡ θ′(0) 

0.1 0.7 0.1 0.3280 
0.2   0.3305 
0.3   0.3337 
0.1 0.7  0.3280  

0.9  0.3523  
1.1  0.3702  
0.7 0.01 0.3289   

0.05 0.3285   
0.1 0.3280  
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● Temperature profile θ(η) increases with the increase in γ, M as well as Nt, having the thin region boundary. Also it shows a 
depreciation in θ(η) with increasing values of Pr.  

● An increment in concentration profile φ(η) can be observed with the increasing values of γ, M and Nt. Also a decrease is caused with 
the incrementing values of Sc and Nb.  

● While motile density profile φ(η) shows an accession along with the growing values of M and γ. Also it shows a decrement with the 
raising values of Lb, Pe and δ.  

● Skin friction factor − f′′(0) rises for sufficiently greater values of M, γ and β.  
● The value of Nusselt number − θ′(0) is raising with the increasing values of γ and Pr. While it a depreciation can be observed with 

growing values of Nt.  
● An accession can be seen in Sherwood number − φ′(0) with the raising values of γ and Nt whereas it diminishes by the growing 

values of Sc and Nb.  
● Motile density number show accretion by the growing values of γ, Pe, Lb and δ. 
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