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ABSTRACT

A generalized differential operator utilizing Raina’s function is constructed in light of a certain
type of fractional calculus. We next use the generalized operators to build a formula for analytic
functions of type normalized. Our method is based on the concepts of subordination and super-
ordination. As an application, a class of differential equations involving the suggested operator
is studied. As seen, the solution is provided by a certain hypergeometric function. We also cre-
ate a fractional coefficient differential operator. Its geometric and analytic features are discussed.
Finally, we use the Jackson’s calculus to expand the Raina’s differential operator and investigate

its properties in relation to geometric function theory.

1. Introduction

Fractional calculus has grown in popularity in recent
years, thanks to its applications in science and engi-
neering. Fifty-first-order differential equations are used
to model almost all nonlinear physical processes. In
terms of the Mittag-Leffler function and its extensions,
all classes of fractional differential equations have solu-
tions in terms of this function (the Queen Function of
Fractional Calculus) (see [1-3]).

Basic power sums and polynomials, particularly the
Mittag-Leffler function and its generalizations (Raina’s
function), as well as polynomials and their implications,
are recognized to have extensive applications in various
areas of number theory, such as the theory of parti-
tions. Vector calculus, statistical studies, particle physics,
optics, fluid studies, mechanical studies, quantum the-
ory and applications, thermal study, and measurements
all benefit from these functions (see [4-12]). This func-
tion has been investigated in different types of inequal-
ities and convex inequalities. Shu-Bo Chen et al. [13]
presented an integral formula inequality containing the
Raina’s function. Chu et al. [14] generalized harmoni-
cally ¥r-convex with respect to Raina’s function on frac-
tal set. Rashid et al. [15] extended the Mittag-Leffler
kernel. Mohammed et al. [16-18] introduced various
studies on the generalized Mittag-Leffler kernel.

In this study, we look at how Raina’s function
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may be used to extend a differential operator in the
open unit disk. The fractional differential operator is
employed to explain a variety of innovative normalized
analytic functions. Therefore, we utilize the convolution
product between the normalized Raina’s function and
analytic function satisfying the normalization equality
x(0) = x'(0) — 1 = 0.To investigate a collection of dif-
ferential inequalities, the concept of differential sub-
ordination and superordination is employed. Further-
more, we investigate the geometric behaviour of the
diffusive wave differential equation, a family of analytic
functions. The novel convolution linear operator is used
for a variety of applications.

2. Approaches

In this section, we'll go through the approaches we
employed.

2.1. Geometric approaches

We'll go over some geometric function theory funda-
mentals covered in this book [19]

Definition 2.1: Introduce the set K:={¢ € C:|¢]
< 1}, which indicates the open unit disk. The analytic
functions x1, x2 in K are subordinated x; < x2 or

x10) < x2(8), ¢ eK
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if for an analytic function ¥, || < |¢| < 1 fulfilling

X)) =20 (@), ¢ ek

Definition 2.2: Define the subclass of analytic func-
tions

o
X@=C¢+Y ant", nekK
n=2
denoting by A and satisfying x(0) = x'(0) — 1 = 0.
Moreover, two functions ¢,¢ € A are convoluted
(¢ * @) if they achieve the product [20]

(@ *9)(¢) = (c + qunc”) * (c + anc”)
n=2 n=2

=+ Z‘bn@n;n-

n=2

Definition 2.3: Related to this class, the class S* of
starlike functions and the class C of convex functions.
Moreover, theclassP := {p : p(¢) = 1+ p1¢ + pag? +
-+-,¢ € K} is a special class of analytic functions in K
with positive real partin K and p(0) = 1.

2.2. Raina’s function

Integrals and outcomes of many kinds of differential
equations fall within the category of special functions.
As a result, most integral sets contain descriptions of
special functions, and these special functions entail
the most fundamental integrals; at the very least, the
integral representation of special functions. Because
symmetries of differential equations are significant in
both physics and mathematics, the theory of special
functions is closely connected to several mathemat-
ical physics issues [21]. To begin, we'll look at the
Mittag-Leffler function, which is a well-known special
function.

Definition 2.4: The power of the generalized Mit-
tag-Leffler function is as follows: [4]

o0

u _ (1)n g
Lop®) = n; I'(@n+B) n’

where
o0
F<;>=f xS e Xdy, %) >0
0

is the gamma function and

(o, Tt
W= —n+1)

is the Pochhammer operator. Obviously, we have [10]

o]
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£er© = 2 Tant
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Continue by defining Raina’s function.

Definition 2.5: The power series determines Raina’s
function as follows [22]:

AR S 1 (O N
Al (@) ‘g—mnwf . €K,

wherea > 0,8 > Tand i := {1 (0), u(1),...,u(n)}isa
bounded sequence of positive real numbers.

Remark 2.6:

o If u(n) = 1,then we have L}, 4(¢);
If w(n) = %, then we obtain Egyﬁ ©);

foa=18=1un) = %, then we receive the
hypergeometric function

S (@nb)n C"
2G1(a,b;c ) = .
,; (©n T+

Utilizing the function AZ,/S@)' we the convolution
operator, for x € A

r
AL 1) = ( s )) (A5 5 0C)

I'(a+ B)
= O
<( wu(1) >M( e

< (T(@+B) (n) n
+Z( ) )(F(am—ﬂ)){)

n=2
* (; +y a,,;”)
n=2

o (T@HB )\ (kN o,
_”Z(anw))(u(n)“”{

n=2

=C4 ) Ananl",

n=2

R :(r(a+ﬁ>><u<n>)
"\ L@n+p)) \n)’

(xeNteK a>0>1 u={wnQO),...

where

(M)
Now by using the Salagean derivative [23], we have

AZﬁX(C) =¢+ Z An@nt"

n=2

ANEX@) =C+) N Anant"

n=2

AEX@) = ¢+ Y 0" Kpant”.

n=2

Clearly, AZ,'ZX(O € A. As a result, the Raina fractional
differential operator can be studied geometrically.



434 R. W. IBRAHIM AND D. BALEANU
Remark 2.7:

e The linear operator Af;’ﬂx({) is a natural transform
of the analytic function x (¢) (x (¢) — Ag’ﬂx(g)).The
Raina’s summation, which is a generalization of the
Mittag-Leffler summation, is the name for this func-
tion

o]

dn n
Lax ()= gmi .

And the Borel’'s summation

Bx)=) e,

n=0

e In the geometric function theory, the operator
AZ,,gX (¢) is a generalization of the well-known linear
Carlson-Shaffer operator [24], whena = 8 = 1, and

_ (0
=",
such that
SR
CR,0x() = rg (F(n + 1)(C)n> ané

e When u(n) = I'(an + B) forall n > 1, we obtain the
well known the Salagean differential operator [23]

ALEX (@) =+ Y nfan".

n=2

2.3. Preparatory

The conclusions of this investigation into the differ-
ential subordination theory are established using the
following preliminaries:

Lemma 2.8 ([19]): Suppose that f(¢) and g(¢) are con-
vex univalent defining in K with f(0) = g(0). In addition,
fora constant & # 0, R(§) > O, the subordination

f(&) +(1/8)¢f () < g(©)
yields
f(¢) < 9(2).

Lemma 2.9 ([19]): Define the general class of analytic
functions

g, = {v:v@) =4 000" + g1 ™ + -},
wheref € C and nis a positive integer. If ” € R, then

Ru@) + cv'(0)} > 0= R () > 0.

Furthermore, if ”> 0 and v € T1[1, n], then there occurs
two positive numbers & > 0 and &, > 0 satisfying the
relation

1+¢

&
v(§) + "Cu(§) < (?)

implies
1 &
o< (173)
Lemma 2.10 (see [25]): Let i, v € I1[t, n], where v is
convex univalent in K and for vq,v, € C, v, # 0, then
VIR(E) + vat i (£) < viv(g) + vaLv'(€)
— h(¢) < v(Q).
Lemma 2.11 (see [26]): Let v, g € I1[f, n], where g is

convex univalent in K and the functional v(¢) + wl V' (¢)
is univalent for v > 0. Then

9 )+t () < V() +wtv'(§) = P (&) < v©).

Lemma 2.12([27]): Assume that hanalyticin K fulfilling
h(0) = 0. Then the upper value of hon thecircle |¢| = 1 at
thepointzg =re?, 0 e [—m, 7], 0 <q < 1is

¢0(0q1(20)) = "hi(%o),

7>

’

where 9 represents the Jackson fractional derivative (or
quantum fractional derivative).

3. Outcomes

In this study, we formulate the next class of normalized
analytic functions and study its properties in view of the
geometric function theory.

Definition 3.1: A function x € A is called to be in the
class Qgg (¢, p) if it fulfils the inequality

1 —
(T§> [ALS X (1 + SIALS X (T < p(©).
¢ ekK ¢cel01], p(0)=10a>0=1),

(M

where p is convex univalent in K.

Obviously, the convex univalent function

AC +1
B + 1

o) =

7

is a member in the class
o0
Pi= ipeK:p(n)=1 +> pig"
n=1

Considerthefunctional ¥, : K — K, asin thefollowing
structure:

'I —
£,(0) = (%) [ALA X O+ sTAM X @1 @)



Based on Definition 3.1,
inequality:

we have the following

Al +1
ZX(§)<B€+1, t ek

Our study is as follows:

3.1. Inequalities outcomes

We start with the next property of Raina’ s operator.
Theorem 3.2: Let x € le’g(g, p) such that

'|_
R{T, (0)} = %{(Tg)[ EX O+ STAL S X () }

o0
:=m{1 +Za,,} >0
n=1

Then the inequality is fully filled by the coefficient bound-
aries of ¥, with the probability measure dw (6):

21 .
@ 5/0 le” | dw (6),

Moreover, if

REVE, () >0, ¢eK vekR

then x € Q”k(ggﬂ)and

AC +1

ek |Al=1Bl=1.

Proof: Since

R(Ty(0) =R <1+Zan;>

then X, (¢) is a Carathéodory function in the open unit
disk. Continuously, the Carathéodory positivist method-
ology brings that

2 .
ool =2 [ 1™ doto)
0
where dw is a probability measure. Additionally, if
REVD, () >0, ¢eK veR

then in virtue of [20, Theorem 1.6] and for fixed number
v € R, we get

AC 41
B +1'

p(¢) = teK JAl=1[Bl=1.

Moreover, we have from the proof of [20, Theorem 1.6]

Xy (©) *p(5) #0,
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and that such that the range (X, * p)(K) i s contained
in the interior of p(K). This yields 0 & (X, * p)(K).
Hence,

The next outcomes indicate the necessary and suffi-
cient method for the functional sandwich theory.

Theorem 3.3: Let the following conditions hold:

[ALS X OV + AL X (O =< pa(©) +¢ph(©), (3)

where p;(0) = 1 and convex in K. Additionally, assume
that X, (¢) isunivalentin K such that =, € I1[p1(0), 11N
O, where Q presents the set of all univalent analytic func-
tions g with lim, c50 g # oo and

1) + PV (E) < SCIALS X (O + AL X (1. (@)

Then

p1(¢) < Xy (&) < p2(%)
and p1(Z) is the best sub-dominant and p>(¢) is the best
dominant.
Proof: Let

1—
(@) = (Tg) [ALS X (O] + S[ALS X (1.

A computation implies

T, () + T () = sTALSx ()

q(gg[Agﬂx@)}” (s — DIALEX )
+(s = DIALEX )]
3
(1= OALEX ()]
¢
= GCIALE X (O1 + [ALS X ().

As a result, the following double inequality is obtained

P1(Q) +EP1(E) < T,(5) + CE, () < pa(€) + £p5(0).

As a conclusion, the desired result is yielded by Lem-
mas 2.10 and 2.11. |

Theorem 3.4: Let
1-9
¢

(@) = (AL X (O] + STAL X (O

then

AL X (O
(’3T &1 + [ALE X (D)]len + 3e)]
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1+2)\"
+ 82§[A'uﬂX(§)] (m)

142\
= =00 (75)

1 >0,6>066=1—¢,e=¢>0)

Proof: A computation yields

() +¢ZL ()
(1—29)

= 2>[A
¢

1—
+¢ <( : )[A“ﬂx(C)Hg[A“ﬂx(()])

X O+ STALS X ()

[AM x @Y
= + g1+ le1 + 382][AM,3X(§)]

+ a2t AL X (D)

(1+§>
< —_—
1-¢

According to Lemma 2.9 with ”= 1, we get

142\
=0 (1)

3.2. Fractional differential equation

In this part, we continue our study using the convo-
lution linear operator. We formulate the operator to
present a generalized formula of the diffusive wave
differential equation. When inertial acceleration is sub-
stantially lower than all other sources of acceleration, or
when there is mostly sub-critical flow with low Froude
values, the diffusive wave is viable.

In Ilght of the suggested operator, we utilize the
class Q"ﬂ(g, 1+‘) to develop a class of fractional diffu-
sive wave dlfferentlal equations. We look at the upper
bound of the diffusive wave equation. The formula is as
follows:

1—-g¢ whk F_ Az +1
<—€_ )[A X (O] + clA ﬂx(s“)] BT ()

(A% ©1=0, ¢ €[0,1], ¢ € K.

The solution to (5) is given by the following result.

Theorem 3.5: Let x € Q“ﬂ(g, 1+5) Then (5) has a solu-
tion expressed by

2¢2G1(1,1 +%,2+%,C)
+1]),
c+1

(AL X (O] = ¢ (
(6)

where ,G1(a,b,c;¢) indicates

function.

the hypergeometric

Proof: Assume that x e Q"ﬁ(g, 1“) Then it satisfies
the differential equation

1—¢

1
(T) [ALS X (O] + SIALE X (O = &

1T— )

where ¢ is a Schwarz function with the property: |p| <
|¢] < 1 and ¢(0) = 0. Now, by using Schwarz lemma,
equality ¢(¢) =0¢,|lo] =1 (see [28, Theorem 5.34])
implies the differential equation

1— L+
%[Af;;gx(m +elalfxEr = S
Rearrange the above equation, we have
wk / 1T— Sk _ l 1 +§
setor + Suttron= (1) (125)

Multiply the above equation by the functional

1— 1-¢
T(c)=exp(f—§dc)=; =,

ot
R3] +(

S
-(9)()
IRNVANES VA
[ALS X O1((1 = 9)51/572)
9

we have

){ g [Aﬂlg)((é‘)

cVsTALS X ) —

-(5) (=)

The solution of the above first-order differential
equation is

202611, 1+ 4,2+ 1,0)
+1 7
s+1

[AHﬂX@)] =¢ (

where ;G (a, b, ¢; ¢) indicates the hypergeometric func-
tion. This completes the proof. ]
Example 3.6: Let x € Q“ﬂ(g, L ¢) Where ¢ =1/2.
Then in view of Theorem 3.5, we get the solution

1,3,4
Ag:;x(;)]:€<4§261(3’3’ I{) +,I>

=C+1302+ 3408 +0678°
+05728 +0(7), 7] < 1.

3.3. First order differential operator

In the next study, we employ the Raina’s operator to
define a new generalized differential operator.

Definition 3.7: For non-negative real numbers A let
[[A]] be the integer part of A. For x € A, and by employ-
ing the Raina’s operator A“ﬁx (2)1, we have the follow-
ing extended linear differential operator:

A [Aﬂﬁx(g)] AA—[[A]] (A[[)»]] [Aglrgx(é-)])



B k1 (r — A1, )
T ki — (A1, ©) 4+ ko(h — AL, ©)

x (Al A“kx@))

+ ko —[[A1],¢)
ki = (A1 §) + ko(r —[[A1], ©)

x (¢ (APIALE X (O, 7)

whereforv = A — [[All € [0, 1),

(AL X (©)]
ki (v, )
k1(v,2) + ko(v,2)

ko(v, 9] .k
A
k](v,n)—i-ko(v,{)(;[ wp X (1)

B ki (v, ¢) — . .n
= (v + ko(v, 0) [; 2 hatant }

ko(v,¢) o k+1 n
An n
T 0,0 T ko) (k +n§ mant ])

— x ki(v, &) +nko(w, 2)\ & )
= +;<k1(v,§)+ko(‘)'§) )n An Ané

ACLALS X (O] =

ATALS X ()] = (AL X (D]

oo
=+ annk An dnc”

n=2
ATALS X (O] = CAALS X O,
A[[M] [AZ,’I/;X({)] — A1 (A[[)u]]*1 [AZI’I};X({)])'

where

o (k1(v.§) +nko(vr§)>.
n ki(v,¢) +ko(v,¢)

and the functions kq, ko : [0, 1] x K — Kare analyticin
K with

ki (v, ) # —ko(v, ),

Ji_r)nok1(v,§) =1, vlm ki(w,£) =0, ki(v,¢) #0,
VieK, ve(0,1),
and
Ji_r;noko(v,g“) =0, Vlm ko(v,¢) =1, ko(v,§) #0,

Ve eK, ve(01).

It is clear that, for constant coefficients, A”[AZ,’:;
x(D)] € A. For example ko(v,¢) =v and ky(v,¢) =
1—v.

Clearly, if A assumes only non-negative integer
values, that is if A —[[A]l =0, a =8=1, u(n)=n,
Vn > 1, then we have the Salagean differential operator
[23]. We also have the differential operatorin [29], which
is based on the same assumptions. In this section, we
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examine the geometric properties of the complex con-
formable derivative (7) when applied to functions with
a positive real portion.

Theorem 3.8: For a fixed number ¢ € (0,1) and X\ €
[0, c0) let

ko(x —[[A1],0) = < ) ka2 — [A1), ©).

1—¢
Then
AH2[ALE ©n AHTALE X ()]
At [ka(o] AALS X (D)

Proof: For ko(A —[[A]],¢) =
by Definition 3.7, we get

7 ki =[] ¢) and

AT AL X ()] = (1 = ) (APDIAL L (©)])

+ et (APIAL ¥ (0)])
AHFAL 3 () = c(APILAME 3 )1

+ e 2 (APIALE X (0))
and

AFAALC (0] = C(APIALE X O + (1 + 2¢)
x A2 (AIALE X (©))”

+ 23 (AVIAL S (D).

Obviously, we obtain

N AH2ARE Y (0)]

A )
if and only if

(1 + )¢ (APIALE X (0)])”

e 2(AMAL X ()]
n >0

_|_
(APILAL S 3 ()]
+et (A[[)n]] [AZ:I/; X (g—)])//

Accordingly, if and only if

£I(1 — &) (ATIALS ¢ (£)])

+e (Al [As,kx@)]) 14
[(1 — &) (ATIALS 5 (£)))

+e (AIAL S ()T

The convexity of a function is obtained by combining
the inequality 8 with the idea of convex functions:

(1 — &) (APIALS 3 () + e LAPIAL S 4 (1Y
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But all convex functions are starlike, then we obtain that

£1(1 — &) (APIAL S ¥ (0)))

+er (AT M,k DT
5 e ( XD o ©)

(1 — &) (Al fx(C)])
+8§(~A ﬁX(f) )/

The inequality 9 occurs if and only if

W A [ALpx @1\ _
b —_— >
AM A# o,pX ()]
and this ends the proof. |

The main condition to put on the operator A[W][Ag'g
x (¢£)1is computed by our second theorem, for the func-
tional

AFALA X 9)
CCABDALE Y ()Y

to be of positive real part.

Theorem 3.9: For a positive number ¢ € (0,1) and A €
[0, 00) let

ki (. — [}, ¢) = (%) ko(. — A1), ©).

If AU ﬂX@)] € C, then

AHTALS ()]
;(A[[)»]] [AZ,II/;X ()

€ P(e).

Proof: Applying the differential operator rule to
AHAL 3 (] = AAMALS X ()
implies
ATALS ()]
TN ATBI ARy (0)))

[AMﬂX(g)]}

—A)L )u]]{é- A[[M] Al‘-ﬁx(g)]]}

k(=11 c>+ko<x— (A1, ¢)

x {c[ AP A”kx(c)]]}

ko(2 —[IA], 0)
ki =[], ¢) + ko(r —[[A1], ©)

x (CICATTLALE x (O + ¢ (APIALS x )1}

B kq (h — [IA10, ©)
k(v = [ 0) + koA — [[A11, )

x (CLAPIALS x (1)

_ A)Lf[[)»]]{A[A

+

n ko —[[Al], §)
ki = [[A1), &) + ko(r — [[A]], ©)

x (S LATIAL S ¥ (11}

+ ko(x — [[A]), ©)
k(v — [l §) + ko(r — [[AI], ©)

x {2 LAPIEAL S (1)

= ¢[A [A“ﬂx@)n

ke — A, &) + ko(/\ — [, 9)

x (C2LAPIALE X (O). (10

Dividing Equation 10 by the term ¢ (A
and utilizing the relation

(AL X D

ki G — [A],¢) = (%) koG — [AI1, ©),

we get
AHTIALE X ()]
£ (ARTALS y ()]

¢ (APIALS y ()])"
(Al [AZ,'ZX )1 )

The convexity of A [AZ,'EX (¢)], it becomes

wlis ¢ (APITAL ¥ () .
(ABDEALS y ()]

Hence, it yields that

o | AT |
N .
CCABIALS 5 (£)])'

This ends the proof. [ |

3.4. Quantum starlike methodology

Quantum calculus (QC) is a novel field of mathemat-
ical analysis and its applications, with applications in
physics and mathematics. Jackson [30, 31] originally
defined and enhanced the functions of g-differentiation
and g-integration. The geometric function theory idea
of g-calculus was later incorporated by Ismail et al. [32].
QC is now being used by researchers to propose and
build new Ma and Minda classes. Seoudy and Aouf [33]
suggested a quantum starlike function subclass based
on g-derivatives. Recently, Zainab et al. [34] employed
a novel curve to create appropriate g-stralikeness crite-
ria. Different types of g-stralik functions dominated by a
2D-Julia set were explored by Samir et al. [35]. Further-
more, QC is used to generalize a variety of differential
and integral operators [36-42].



Definition 3.10: The Jackson derivative may be shown
using the difference operator below.

p() — p(g%)
¢t -9

1— C
9q(¢9) = (ﬁ) ¢

The total of the numbers is also included in the Maclau-
rin’s series representation.

(Og)p(5) = » qe@©OnH (1)

such that

@gp)(¢) = Y pilklg* ", (12)
k=0
where
_1-4
g = 7
Note that

3L =0, Jim_(©qp)(¢) = P,

where ( is a constant. Then there’s the multiplication
rule, which is formulated by multiplying two numbers
together

0q(P1(2)P2(2)) = p2(£)Tgp1(¢) + p1(q2)dgp2(8)
= p2(q2)0gp1(¢) + p1(£)Tgp2(8).

We then use the g-parametric Mandelbrot function to
formulate our g-starlike class, linking it to the normal-
ized function subclass in the process K

&O() =0+ ¢2

€ eC,t eKk. (13)

We aim to investigate the sufficient conditions on the
two parameters £ and g to obtain the g-starlike function.

Theorem 3.11: Assumethatb € Kwithb(0) = 1 and

14+¢0@h@) <V1+¢, ek (14)

If for some positive constant j achieves the inequalities

3 272 —45 -1
]>1+\/;, 0<QET, (15)

then for some £ € C, we have
(@) <&V @) =L +¢% (16)
Proof: Formulate a function # by

(&) =14 £ (0gb(2)).
The condition (14) implies that

1+ ¢(9gP(8)) = V14 v(0),
() =0, [v(@) =[Z] <T)
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A computation gives

v(§) =1 (@) 1.
Our aim is to show that

@Ol =172 =1 <1,

where 7o € K satisfying

b(¢) = [€ + v (O)1.
Consume not; if so, the preceding conclusion applies

hi() = 1+ 1(@qle + v* (D).

Employing Jackson'’s derivative principles as well as the
formula

v(g¢) = v(&) — (1 = q)¢dqu (L),

and

Bqu(2) = Bgu()2v(¢) — (1 — q)¢dgu(Q)],

we obtain

h(&) =1+ ¢0qu(D)2v(E) — (1 — @)5qu(Z)].

Consider the existence of a point o € K such that

max [v(§)] = [v(¢o)| =1
¢ I=<l%ol

and

$0(@qu(80)) = ju(Co), J =1

We proceed to prove

(@) =1r@) —1] <1,
utilizing Jack Lemma 2.12.
Letting v(Zo) = €', we get
(¢) — 1]

= |1+ 2t[1 + £9qv()Rv(Z) — (1 — Ldqu ()]l
+ 11+ £0qu(@O[2v() — (1 = @)t dgu(O)I
— Tle=¢o

= |2+ 2¢05v(H)RVE) — (1 — )LTqu(©)]
+ 1+ 2¢09qv(D)Ru () — (1 = g)¢gu(0)]
+ [£0qu()RV(E) — (1 = QLU |r=g,

= |3 + 2£00qv(50)[2v(%0) — (1 — @)0Tqv(£0)]
+ 2800qv(80)[2v(20) — (1 — q)£o0qu(£0)]
+ [200qU (£0)[2v(Z0) — (1 — g)¢0Dgu (£0)]1P]

=13+ 2v(0)Ru (%) — (1 — g)jv(%o)]
+ 2jv(%0)[2vu(%o) — (1 — q)jvu(Lo)]
+ [Jv(Eo)Rvo) — (1 — q)ju(E)]P|
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> 13+ 450202 — (1 — gyl
=134+45e%2-(1-q)]

211

- 3 2]2—41—1< 1
> - —_— = <1,
J ,/2 2,2 q

which contradicts (15). Hence, we obtain (16). [ |

where

The following examples involve the Raina’ s operator.

Example 3.12: Fora positive numbere € (0,1)and X €
[0, 00) let

k1 G = (411, ¢) = ——ko(. — [1L¢).

o If AIMI[ALEy (£)] € C, then in view of Theorem 3.9,

we have

AFUAL 2 ()]
CCATIAL 5 (0)])'

That is b(0) = 1. Moreover, if

b(L) 1= € P(e).

AHTALY 3 ()]
£CATIAL S 3 ()]

<y1+¢,

1+ 9,

where g satisfies (15) then according to Theorem 3.11
AHTALS X ()]
¢CABDIALE X ()]

<60

A“Z[A“kx(s“)]
ARFTAL kx(;)

then in view of Theorem 3.8, we get

) A‘“[A““ﬁx(c)l
LAY X))

Thatis b(0) = 1. In addition, if

A)HH AM'kX(C)]
AM AMﬁX (]

<Vv1+¢,

1+ 9,

where g satisfies (15) then by Theorem 3.11, we have

A 1 My
M—/SX(O 6(@@')-
AMAME 3 ()]

o Let

(AL X (D]
#(6) = ——,

where ¢ (0) = 1.If
14 ¢050(0) <142,

where g achieves the inequality (15) then in virtue of
Theorem 3.11, we obtain

¢ (¢) < 8D (@).

4. Conclusion

Raina’s transformations in K were generalized utiliz-
ing conformable calculus and Jackson calculus in the
aboveinvestigation. The Raina’s convolution operator is
acted on the normalized subclass. As an application, we
considered the proposed linear convolution operator
in fractional differential equation, type wave equation.
The solution of a certain type of diffusion differential
equation, which is utilized as a case study, is determined
by the hypergeometric function.

More investigation is presented by formulating the
Raina’s convolution operator in a conformable frac-
tional calculus. We studied the main sufficient condi-
tions to get stralike geometry of the operator (see The-
orems 3.8 and 3.9).

Finally, the quantum calculus is utilized to recognize
the g-starlike function together with the g-parametric
Mandelbort function. As an application, we applied
the result using the Raina’s convolution operator (see
Example 3.12).
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