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A B S T R A C T

This work is focused to analyze the generalized Calogero–Bogoyavlenskii–Schiff equation (GCBSE) by the Lie
symmetry method. GCBS equation has been utilized to explain the wave profiles in soliton theory. GCBSE was
constructed by Bogoyavlenskii and Schiff in different ways (explained in the introduction section). With the
aid of Lie symmetry analysis, we have computed the symmetry generators of the GCBSE and commutation
relation. We observed from the commutator table, translational symmetries make an Abelian algebra. Then by
using the theory of Lie, we have discovered the similarity variables, which are used to convert the supposed
nonlinear partial differential equation (NLPDE) into a nonlinear ordinary differential equation (NLODE). Using
the new auxiliary method (NAM), we have to discover some new wave profiles of GCBSE in the type of few
trigonometric functions. These exits some parameters which we give to some suitable values to attain the
different diagrams of some obtained solutions. Further, the GCBSE is presented by non-linear self-adjointness,
and conserved vectors are discovered corresponding to each generator.
Introduction

Uses of NLEEs [1–6] in designing, applied science, and physical
science are imperative and starting not very far in the past have
drawn great mindfulness concerning various researchers, scientists, and
specialists. The most extreme number of complex issues or physical
problems can be displayed by evolution equations. NLEEs are utilized
in electrical designing, optics, high-energy material science, astronomy,
dense matter physical science, optical fiber, biomechanics, synthetic
kinematics, gas elements, electrodynamics, plasma physical science,
sea, and quantum designing, and so on. The investigation of traveling
wave patterns to NLPDEs takes part a useful role in physics, fluid me-
chanics, and many other areas of engineering and science. In this task,
the new auxiliary technique [7] is used to work out a few solitary wave
structures of the GCBSE. The new auxiliary method (NAM) is strongly
applied to attain the solitary wave structures of the GCBSE in the
type of trigonometric and hyperbolic function solutions. NAM is very
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skilled and practically developed for obtaining new analytical solutions
to non-linear differential equations. Computing the exact solution in
a well-understood manner. Easier and faster employing a symbolic
computation system. Effective frameworks to tackle the various aspects
of analytical solitary solutions. Outcomes are more comprehensively
generalized. We have drawn some of these solutions by giving suitable
values to the parameters to get useful results.

Optical solitons have shaped their way through fiber optic innova-
tion in a quick way. Now a day, all electronic sources for exchanging
information are just conceivable due to soliton technology. Internet
websites, Facebook correspondence, twitter remarks are all surely im-
pressions of soliton innovation. It is a form of pulse that safeguards
its shape when going at a steady speed. The assortment of models
that review this innovation has given a wide scope of scholarly action
in this direction. Nonlinear differential equations are used to describe
vailable online 21 April 2022
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the many physical models and help us to compute the solutions of
that nonlinear physical models. These results are used in the many
branches of science and engineering. The importance of wave patterns
has much value and role in mathematical physics. It is very difficult
to compute the exact analytical solutions to non-linear models. As we
know, there are many number of schemes are constructed to find the
exact analytical solutions of NLPDEs, for example, extended algebraic
scheme [8], the variational scheme [9], 𝐺′∕𝐺-expansion method [10],
soliton perturbation theory [11], the inverse scattering method [12],
the integral scheme [13], and different schemes are showed in [14–22].

We will discuss the generalized Calogero–Bogoyavlenskii–Schiff
equation (GCBSE) [23,24] of the following form

𝑄𝑥𝑡 +𝑄𝑥𝑥𝑥𝑦 + 3𝑄𝑥𝑄𝑥𝑦 + 3𝑄𝑥𝑥𝑄𝑦 + 𝛿1𝑄𝑥𝑦 + 𝛿2𝑄𝑦𝑦 = 0, (1)

where 𝑄 = 𝑄(𝑡, 𝑥, 𝑦) is continuous function and 𝑥, 𝑦 are spatial com-
onents where 𝑡 is temporal component, 𝛿1 and 𝛿2 both are non-zero
arameters. GCBS equation has been utilized to explain the wave pro-
iles in soliton theory. GCBSE was constructed by Bogoyavlenskii and
chiff in different ways. In [25], Yu and Toda used the KdV equation
o construct the CBS equation. Using the Hirota bilinear method, Ma
d Chen constructed the different lump type solutions, with the help
f Mathematica symbolic computations by the quadratic system of
quations, to a GCBSE. Different types of singular soliton and multiple-
oliton solutions were computed by Wazwaz for the (2 + 1) and (3

1)-dimensional CBSE by using the Hirota bilinear scheme and the
ole–Hopf transformation.

As referred to, there exists no integration scheme to manage a big
cope of nonlinear PDEs. Maybe the significant technique to assemble
olitary wave profiles for nonlinear PDEs is the new auxiliary strat-
gy [7]. This technique is getting affirmation among the exploration
ocal area for its short estimation strategy soon after its initiation. In
his article, we construct the exact soliton structures of the GCBSE
ith the help of the powerful method NAM. Moreover, Lie symmetry

nvestigation technique [26–31] is utilizing to consider the alleged
onlinear model. This procedure is utilized to investigate the vari-
us kinds of NLEEs. The symmetry method is utilized to study the
CBSE and exercise the symmetry generators. By the Lie hypothesis,
e obtain the various types of important answers for the alleged non-

inear PDE. Over the latest years, various researchers have constructed
he methodology of the Lie hypothesis. Not many of the specialists
ho do an extraordinary commitment in this space are auto-Bäcklund

ransformation [32], A.F Cheviakov [33], Ibragimov [34], Olver [35],
nd Bluman [36]. Various sorts of techniques have been created to
nvestigate the NLPDEs, for example, Hirota’s bilinear strategy [37],
ie symmetry [38] method, and so on.

Conservation laws have a lot of significance in the analytical solu-
ions for PDEs. Many conserved quantities for PDE sure that the PDE is
trongly integrable [39]. Some different methods in which conserved
uantities have shown in the form of characters [40]. In this work,
y applying the nonlinear self-adjointness scheme [41] to compute
he conserved vectors for the discussed problem. In this research, the
esults are presented here are new and contains the trigonometric,
yperbolic functions, an exponential function. These results show the
raveling wave profiles in different fields of nonlinear science. These
esults are not present in the available literature. The design of this
tudy is elaborated as in Section ‘‘Preliminaries’’, the basics of this work
re presented. In Section ‘‘Classical symmetries’’, classical symmetries
re computed. In Section ‘‘Traveling wave profiles by abelian algebra’’,
imilarity reduction by abelian algebra and wave solutions of the sup-
osed model are presented. Nonlinear self-adjointness classification and
onservation laws of the GCBSE are investigated in Section ‘‘Nonlinear
2

elf-adjointness classification’’. In the end, the conclusion is presented.
Preliminaries

The new auxiliary method

Suppose, we have a general NLPDE of integer order:

𝐹 (𝑄,𝑄𝑡, 𝑄𝑥, 𝑄𝑦, 𝑄𝑥𝑥, 𝑄𝑥𝑡, 𝑄𝑦𝑦,…) = 0, (2)

where 𝑄 = 𝑄(𝑥, 𝑦, 𝑡) and 𝑥, 𝑦, and 𝑡 are space and temporal components.
Some steps of the technique are given below.

Step:1 Assuming the transformation of the form

𝑄(𝑥, 𝑦, 𝑡) = 𝑈 (𝜌), 𝜌 = 𝑘(𝑥 + 𝑦) + 𝑐𝑡. (3)

Here 𝜌 is new independent variable, where 𝑐 and 𝑘 are real parameter
for Eq. (2). Using Eq. (3) into Eq. (2) and gives the following ODE is of
the form

𝑃 (𝑈,𝑈 ′, 𝑈 ′′,…) = 0. (4)

Step:2 Suppose the solution for Eq. (4) of the type

𝑈 (𝜌) =
𝑁
∑

𝑖=0
𝑔𝑖𝑔

𝑖𝑓 (𝜌), (5)

where 𝑔𝑖’s are constants which are to be found later, and also first order
DE satisfy 𝑓 (𝜌).

′(𝜌) = 1
ln(𝑔)

{𝜈𝑔−𝑓 (𝜌) + 𝜇 + 𝛾𝑔𝑓 (𝜌)}, 𝑔 > 0, 𝑔 ≠ 1. (6)

tep:3 To find the value of 𝑁 in Eq. (5), we use the balancing
rocedures i.e., the highest order derivative is balanced by the linear
nd nonlinear terms.

tep: 4 Putting Eqs. (5) and (6) into Eq. (2) and collecting the like term
n the powers of 𝑔𝑓 (𝜌) (𝑖 = 0, 1, 2, 3.). After collecting the like term, we
ut them equal to zero and we have a collection of equations and then
olving these by computer algebra system (CAS) i.e., 𝑀𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎.

tep:5 Using all the values of 𝑔𝑓 (𝜌) into Eq. (5), we get the results for
q. (2).

onlinear self-adjointness

Suppose the 𝑚𝑡ℎ order PDE:

= 𝐺(𝑥,𝑄,𝑄1, 𝑄2,… , 𝑄𝑚), (7)

where 𝑄 = 𝑄(𝑥) and 𝑥 = 𝑥(𝑥1, 𝑥2,… , 𝑥𝑛). Suppose the Lagrangian
 = 𝑣𝐺 for Eq. (7), and we obtain adjoint equation below

𝐺⋆ ≡ 𝛿
𝛿𝑄

(𝑣𝐺), (8)

here

𝛿
𝛿𝑄

= 𝜕
𝜕𝑄

+
∞
∑

𝑖=1
(−1)𝑠𝐷𝑖1 ...𝐷𝑖𝑠

𝜕
𝜕𝑄𝑖1 ...𝑖𝑠

, (9)

is the Euler–Lagrange operator, where 𝐷𝑖 is defined as

𝐷𝑖 =
𝜕
𝜕𝑥𝑖

+𝑄𝑖
𝜕
𝜕𝑄

+𝑄𝑖𝑗
𝜕

𝜕𝑄𝑗
+⋯ . (10)

Definition 1. Eq. (7) is called a strictly self-adjoint if the equation
obtained from its adjoint equation with the help of the transformation
𝑣 = 𝑄, such that

𝐺⋆
|𝑣=𝑄 = 𝜇(𝑥,𝑄,…)𝐺, (11)

for some 𝜇 ∈ .
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Definition 2. Eq. (7) is said as quasi-self-adjoint if the equation
obtained from its adjoint equation with the help of the transformation
𝑣 = 𝑉 (𝑄) ≠ 0, such that

𝐺⋆
|𝑣=𝑉 (𝑄) = 𝜇(𝑥,𝑄,…)𝐺, (12)

here 𝜇 ∈ .

efinition 3. Eq. (7) is said to be weak self-adjoint if the equation
cquired from its adjoint equation with the help of the transformation
= 𝑉 (𝑥,𝑄) ≠ 0 for a particular function 𝑉 such that 𝑉𝑄 ≠ 0 and 𝑉𝑥𝑖 ≠ 0

or some 𝑥𝑖, such that
⋆
|𝑣=𝑉 (𝑥,𝑄) = 𝜇(𝑥,𝑄,…)𝐺, (13)

or some 𝜇 ∈ .

efinition 4. If the equation is obtained from its adjoint equation
hen Eq. (1) is said to be nonlinearly self-adjoint with the help of the
ubstitution 𝑣 = 𝑉 (𝑥,𝑄), with a some function such that 𝑉 (𝑥,𝑄) ≠ 0,
7) satisfy the condition,
⋆
|𝑣=𝑉 (𝑥,𝑄) = 𝜇(𝑥,𝑄,…)𝐺, (14)

or some 𝜇 ∈ .

It is great to specify that Ibragimov [42] gave the idea of stated
efs. 1, 2, 4 and Gandarias [41] gives the concept of Def. 3.

heorem 1. Let us suppose Lie point, Lie–Backlund, or nonlocal symmetry
f (7):

= 𝜙𝑖 𝜕
𝜕𝑥𝑖

+ 𝜂 𝜕
𝜕𝑄

, (15)

with a formal Lagrangian . We define the Conservation laws for Eqs. (1)
and (8):

𝐶𝑥𝑖 =𝜙𝑖 +𝑊
[

𝜕
𝜕𝑄𝑖

−𝐷𝑗

(

𝜕
𝜕𝑄𝑖𝑗

)

+𝐷𝑗𝐷𝑘

(

𝜕
𝜕𝑄𝑖𝑗𝑘

)]

+ 𝐷𝑗 (𝑊 )
[

𝜕
𝜕𝑄𝑖𝑗

−𝐷𝑘

(

𝜕
𝜕𝑄𝑖𝑗𝑘

)]

+𝐷𝑗𝐷𝑘(𝑊 ) 𝜕
𝜕𝑄𝑖𝑗𝑘

,
(16)

here 𝑊 is named as the Lie characteristic function which can be obtained
from

𝑊 = 𝜂 − 𝜙𝑖𝑄𝑖 , (17)

while 𝐷𝑖 (𝐶𝑥𝑖 ) = 0.

Classical symmetries

Here, we will compute the whole vector field of Eq. (1). For this,
assume Lie algebra of Eq. (1) below:

𝛷 = 𝜉1(𝑥, 𝑦, 𝑡, 𝑄) 𝜕
𝜕𝑥

+ 𝜉2(𝑥, 𝑦, 𝑡, 𝑄) 𝜕
𝜕𝑦

+ 𝜉3(𝑥, 𝑦, 𝑡, 𝑄) 𝜕
𝜕𝑡

+ 𝜂(𝑥, 𝑦, 𝑡, 𝑄) 𝜕
𝜕𝑄

,

(18)

we define the fourth prolongation of 𝛷 which can be written as:

𝛷[4] =𝜉1 𝜕
𝜕𝑥

+ 𝜉2 𝜕
𝜕𝑦

+ 𝜉3 𝜕
𝜕𝑡

+ 𝜂 𝜕
𝜕𝑄

+ 𝛩 + 𝜂𝑥𝑡 𝜕
𝜕𝑄𝑥𝑡

+ 𝜂𝑥𝑥𝑥𝑦 𝜕
𝜕𝑄𝑥𝑥𝑥𝑦

+ 𝜂𝑥 𝜕
𝜕𝑄𝑥

+ 𝜂𝑦 𝜕
𝜕𝑄𝑦

+ 𝜂𝑥𝑥 𝜕
𝜕𝑄𝑥𝑥

+ 𝜂𝑥𝑦 𝜕
𝜕𝑄𝑥𝑦

+ 𝜂𝑦𝑦 𝜕
𝜕𝑄𝑦𝑦

,

(19)

applying 𝛷[4] to Eq. (1) and we get

𝛷[4]
(

𝑄𝑥𝑡 +𝑄𝑥𝑥𝑥𝑦 + 3𝑄𝑥𝑄𝑥𝑦 + 3𝑄𝑥𝑥𝑄𝑦 + 𝛿1𝑄𝑥𝑦 + 𝛿2𝑄𝑦𝑦

)

|Eq. (1) = 0,

(20)
3

𝑄

Table 1
Commutator table.
[𝑋𝑖 , 𝑋𝑗 ] 𝑋1 𝑋2 𝑋3 𝑋4

𝑋1 0 0 0 𝑋1
𝑋2 0 0 0 3𝑋2
𝑋3 0 0 0 3𝑋3
𝑋4 −𝑋1 −3𝑋2 −3𝑋3 0

furthermore, we have

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜂𝑥 = 𝐷𝑥(𝜂) −𝑄𝑥𝐷𝑥(𝜉1) −𝑄𝑦𝐷𝑥(𝜉2) −𝑄𝑡𝐷𝑥(𝜉3),
𝜂𝑥𝑥 = 𝐷𝑥(𝜂𝑥) −𝑄𝑥𝑥𝐷𝑥(𝜉1) −𝑄𝑦𝑥𝐷𝑥(𝜉2) −𝑄𝑡𝑥𝐷𝑥(𝜉3),
𝜂𝑦𝑦 = 𝐷𝑦(𝜂𝑦𝑦) −𝑄𝑥𝑦𝐷𝑦(𝜉1) −𝑄𝑦𝑦𝐷𝑦(𝜉2) −𝑄𝑡𝑦𝐷𝑦(𝜉3),
𝜂𝑥𝑡 = 𝐷𝑡(𝜂𝑡) −𝑄𝑥𝑥𝐷𝑡(𝜉1) −𝑄𝑥𝑦𝐷𝑡(𝜉2) −𝑄𝑥𝑡𝐷𝑡(𝜉3),
𝜂𝑥𝑥𝑥 = 𝐷𝑥(𝜂𝑥𝑥) −𝑄𝑥𝑥𝑥𝐷𝑥(𝜉1) −𝑄𝑥𝑥𝑦𝐷𝑥(𝜉2) −𝑄𝑥𝑥𝑡𝐷𝑥(𝜉3),
𝜂𝑥𝑥𝑥𝑥 = 𝐷𝑦(𝜂𝑥𝑥𝑥) −𝑄𝑥𝑥𝑥𝑥𝐷𝑦(𝜉1) −𝑄𝑥𝑥𝑥𝑦𝐷𝑦(𝜉2) − 𝑈𝑥𝑥𝑥𝑡𝐷𝑦(𝜉3).

(21)

Let (𝑥1, 𝑥2, 𝑥3) = (𝑥, 𝑦, 𝑡), where 𝐷𝑖 is written as:

𝐷𝑖 =
𝜕
𝜕𝑥𝑖

+ 𝑈𝑖
𝜕
𝜕𝑈

+ 𝑈𝑖𝑗
𝜕

𝜕𝑈𝑗
+⋯ , 𝑖 = 1, 2.

Eq. (20) gives the following vector field of Eq. (1): (see Table 1).

𝑋1 =
𝜕
𝜕𝑡
, 𝑋2 =

𝜕
𝜕𝑥

, 𝑋3 =
𝜕
𝜕𝑦

,

𝑋4 =
1
5
𝑥 𝜕
𝜕𝑥

+ 3
5
𝑦 𝜕
𝜕𝑦

+ 𝑡 𝜕
𝜕𝑡

−
(

2
15

𝛼𝑥 + 1
5
𝑢
)

𝜕
𝜕𝑢

.
(22)

Traveling wave profiles by abelian algebra

It can be seen that 𝛷 = {𝑋1, 𝑋2, 𝑋3} forms an abelian subalge-
bra [29]. Here we will find a traveling wave solution for the sup-
posed model corresponding to the linear combination of the translation
symmetries of the form

B = 𝑘
(

𝜕
𝜕𝑥

+ 𝜕
𝜕𝑦

)

+ 𝑐 𝜕
𝜕𝑡
.

Using the above linear combination B of symmetries, we define the
transformation below

𝑄(𝑥, 𝑦, 𝑡) = 𝑈 (𝜌), 𝜌 = 𝑘(𝑥 + 𝑦) + 𝑐𝑡, (23)

using Eq. (23) in Eq. (2) we have

𝑘3𝑈 ′′′′ + 6𝑘2𝑈 ′𝑈 ′′ + (𝑐 + (𝛿1 + 𝛿2)𝑘)𝑈 ′′ = 0, (24)

integrating once Eq. (24) and we have

𝑘3𝑈 ′′′ + 3𝑘2(𝑈 ′)2 + (𝑐 + (𝛿1 + 𝛿2)𝑘)𝑈 ′ = 0. (25)

he next task is to calculate the traveling wave profiles for Eq. (1) from
q. (25).

pplication of new auxiliary method

Here we construct the traveling wave solutions for the supposing
odel from Eq. (25) by using the new auxiliary scheme. By using the

alancing procedure, we have 𝑁 = 1; so, the solution is of the kind

(𝛾) = 𝑔0 + 𝑔1𝑔
𝑓 (𝜌). (26)

y putting Eq. (26) and its derivatives into Eq. (25). Collecting the
oefficients of 𝑔𝑓 (𝜌) gives the system of equations. Computing the
btained system, which is stated below.

0 = 𝑔0, 𝑔1 = −2𝑘𝛾, 𝑘 = 𝑘, 𝑐 = (4𝜈𝛾 − 𝜇2)𝑘3 − (𝛿1 + 𝛿2)𝑘. (27)

ow by substituting Eq. (27) into Eq. (26) the wave solutions of the
iven equation for the obtained result

𝑓 (𝜌)
(𝑥, 𝑦, 𝑡) = 𝑔0 − 2𝑘𝛾𝑔 . (28)
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Fig. 1. 3D diagram of (29) for 𝜇 = 1, 𝛾 = 1.2, 𝜈 = 0.75, 𝑘 = 1, 𝑡 = 1, 𝛿2 = 0.50, and 𝑐 = 1.50.
Case: 1 When 𝜇2 − 𝜈𝛾 < 0 and 𝛾 ≠ 0

𝑔𝑓 (𝜌) =
−𝜇
𝛾

+

√

−(𝜇2 − 𝜈𝛾)
𝛾

tan
(

√

−(𝜇2 − 𝜈𝛾)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡), (29)

𝑔𝑓 (𝜌) =
−𝜇
𝛾

+

√

−(𝜇2 − 𝜈𝛾)
𝛾

cot
(

√

−(𝜇2 − 𝜈𝛾)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡). (30)

Case: 2 When 𝜇2 + 𝜈𝛾 > 0 and 𝛾 ≠ 0

𝑔𝑓 (𝜌) =
−𝜇
𝛾

+

√

(𝜇2 − 𝜈𝛾)
𝛾

tanh
(

√

(𝜇2 − 𝜈𝛾)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡), (31)

𝑔𝑓 (𝜌) =
−𝜇
𝛾

−

√

(𝜇2 − 𝜈𝛾)
𝛾

coth
(

√

(𝜇2 − 𝜈𝛾)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡). (32)

Case: 3 When 𝜇2 + 𝜈𝛾 > 0 and 𝛾 ≠ 0 and 𝛾 ≠ −𝜈

𝑔𝑓 (𝜌) =
𝜇
𝛾
+

√

(𝜇2 + 𝜈2)
𝛾

tanh
(

√

(𝜇2 + 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡). (33)

𝑔𝑓 (𝜌) =
𝜇
𝛾
+

√

(𝜇2 + 𝜈2)
𝛾

coth
(

√

(𝜇2 + 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡), (34)

Case: 4 When 𝜇2 + 𝜈𝛾 < 0, 𝛾 ≠ 0 and 𝛾 ≠ −𝜈

𝑔𝑓 (𝜌) =
𝜇
𝛾
+

√

−(𝜇2 + 𝜈2)
𝛾

tan
(

√

−(𝜇2 + 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡), (35)

𝑔𝑓 (𝜌) =
𝜇
𝛾
+

√

−(𝜇2 + 𝜈2)
𝛾

cot
(

√

−(𝜇2 + 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡). (36)

Case: 5 When 𝜇2 − 𝜈2 < 0 and 𝛾 ≠ −𝜈

𝑔𝑓 (𝜌) =
−𝜇
𝛾

+

√

−(𝜇2 − 𝜈2)
𝛾

tan
(

√

−(𝜇2 − 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡), (37)

𝑔𝑓 (𝜌) =
−𝜇
𝛾

+

√

−(𝜇2 − 𝜈2)
𝛾

cot
(

√

−(𝜇2 − 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡). (38)

Case: 6 When 𝜇2 − 𝜈2 > 0 and 𝛾 ≠ −𝜈

𝑔𝑓 (𝜌) =
−𝜇
𝛾

+

√

(𝜇2 − 𝜈2)
𝛾

tanh
(

√

(𝜇2 − 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡), (39)

𝑔𝑓 (𝜌) =
−𝜇
𝛾

+

√

(𝜇2 − 𝜈2)
𝛾

coth
(

√

(𝜇2 − 𝜈2)
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡). (40)

Case: 7 When 𝜈𝛾 > 0, 𝛾 ≠ 0 and 𝜇 = 0

𝑔𝑓 (𝜌) =
√

−𝜈
𝛾

tanh
(

√

−𝜈𝛾
2

)

(𝑘(𝑥 + 𝑦) + 𝑐𝑡), (41)

𝑔𝑓 (𝜌) =
√

−𝜈 coth
(

√

−𝜈𝛾 )
(𝑘(𝑥 + 𝑦) + 𝑐𝑡). (42)
4

𝛾 2
Case: 8 When 𝜇 = 0 and 𝜈 = −𝛾

𝑔𝑓 (𝜌) =
−(1 + 𝑒2𝜈(𝑘(𝑥+𝑦)+𝑐𝑡)) ±

√

2(1 + 𝑒2𝜈(𝑘(𝑥+𝑦)+𝑐𝑡))
𝑒2𝜈(𝑘(𝑥+𝑦)+𝑐𝑡) − 1

. (43)

Case: 9 When 𝜇2 = 𝜈𝛾

𝑔𝑓 (𝜌) =
−𝜈(𝜇(𝑘(𝑥 + 𝑦) + 𝑐𝑡) + 2)

𝜇2(𝑘(𝑥 + 𝑦) + 𝑐𝑡)
. (44)

Case: 10 When 𝜇 = 𝑘, 𝜈 = 2𝑘 and 𝛾 = 0

𝑔𝑓 (𝜌) = 𝑒(𝑘(𝑥+𝑦)+𝑐𝑡) − 1. (45)

Case: 11 When 𝜇 = 𝑘, 𝛾 = 2𝑘 and 𝜈 = 0

𝑔𝑓 (𝜌) = 𝑒(𝑘(𝑥+𝑦)+𝑐𝑡)

1 − 𝑒(𝑘(𝑥+𝑦)+𝑐𝑡)
. (46)

Case: 12 When 2𝜇 = 𝜈 + 𝛾

𝑔𝑓 (𝜌) = 1 + 𝜈𝑒
1
2 (𝜈−𝛾)(𝑘(𝑥+𝑦)+𝑐𝑡)

1 + 𝛾𝑒
1
2 (𝜈−𝛾)(𝑘(𝑥+𝑦)+𝑐𝑡)

. (47)

Case: 13 When −2𝜇 = 𝜈 + 𝛾

𝑔𝑓 (𝜌) = 𝜈 + 𝜈𝑒
1
2 (𝜈−𝛾)(𝑘(𝑥+𝑦)+𝑐𝑡)

𝛾 + 𝛾𝑒
1
2 (𝜈−𝛾)(𝑘(𝑥+𝑦)+𝑐𝑡)

. (48)

Case: 14 When 𝜈 = 0

𝑔𝑓 (𝜌) =
𝜇𝑒𝜇(𝑘(𝑥+𝑦)+𝑐𝑡)

1 + 𝛾
2 𝑒

𝜇(𝑘(𝑥+𝑦)+𝑐𝑡)
. (49)

Case: 15 When 𝜈 = 𝜇 = 𝛾 ≠ 0

𝑔𝑓 (𝜌) =
−(𝜈(𝑘(𝑥 + 𝑦) + 𝑐𝑡) + 2)

𝜈(𝑘(𝑥 + 𝑦) + 𝑐𝑡)
. (50)

Case: 16 When 𝜈 = 𝛾, 𝜇 = 0

𝑔𝑓 (𝜌) = 𝑡𝑎𝑛
(

𝜈(𝑘(𝑥 + 𝑦) + 𝑐𝑡) + 𝑐
2

)

. (51)

Case: 17 When 𝛾 = 0

𝑔𝑓 (𝜌) = 𝑒𝜇(𝑘(𝑥+𝑦)+𝑐𝑡) − 𝜈
2𝜇

. (52)

Graphical representation of the results

This section is devoted to reflecting on the physical interpretation
of some of the exact outcomes obtained in this paper. We have used a
NAM to get the summarized required results.

Figs. 1, 2a and 2b demonstrate the 3D, 2D, and contour graphical
behaviors in wave propagation. This behavior can be more clearly
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Fig. 2. Diagrams 2a and 2b represent the 2𝐷 and contour diagram of Eq. (29) with values 𝜇 = 1, 𝛾 = 1.2, 𝜈 = 0.75, 𝑘 = 1, 𝑡 = 1, 𝛿2 = 0.50, and 𝑐 = 1.50.
Fig. 3. 3D Graphical behavior of (31) for 𝜇 = 1.5, 𝛾 = 0.5, 𝜈 = 1, 𝑘 = 0.5, 𝑡 = 1.5, 𝛿2 = 1, and 𝑐 = 1.2.
understood for taking the unique values of parameters for solution (29)
with 𝜇 = 1, 𝛾 = 1.2, 𝜈 = 0.75, 𝑘 = 1, 𝑡 = 1, 𝛿2 = 0.50, and 𝑐 = 1.50.

Figs. 3, 4a and 4b represent the 3D, 2D and contour diagrams of
(31) by choosing the unique values of involving parameters 𝜇 = 1.5,
𝛾 = 0.5, 𝜈 = 1, 𝑘 = 0.5, 𝑡 = 1.5, 𝛿2 = 1, and 𝑐 = 1.2.

Graphical behavior of solution (43) with parameters values 𝜇 = 1.25,
𝛾 = 1.5, 𝜈 = 1, 𝑘 = 1.2, 𝑡 = 1, 𝛿2 = 0.7, and 𝑐 = 0.75 is represented in
Figs. 7, 8a and 8b.

Figs. 9, 10a and 10b represent the different diagrams of (44) with
parameters values 𝜇 = 1.5, 𝛾 = 1.2, 𝜈 = 2.1, 𝑘 = 0.5, 𝑡 = 1, 𝛿2 = 0.75, and
𝑐 = 1.
5

Figs. 5, 6a and 6b represent the 3D, 2D and contour diagrams of
traveling wave solution (49) with special values of involving param-
eters 𝜇 = 1, 𝛾 = 1.75, 𝜈 = 1.50, 𝑘 = 1, 𝑡 = 1, 𝛿2 = 0.50, and
𝑐 = 1.

Nonlinear self-adjointness classification

Classification of nonlinear self-adjointness of Eq. (1) is presented in
this portion. Suppose the formal Lagrangian  is:

 = 𝑣
[

𝑄𝑥𝑡 +𝑄𝑥𝑥𝑥𝑦 + 3𝑄𝑥𝑄𝑥𝑦 + 3𝑄𝑥𝑥𝑄𝑦 + 𝛿1𝑄𝑥𝑦 + 𝛿2𝑄𝑦𝑦
]

. (53)

Eq. (8) yields:

𝐺⋆ ≡ 𝛿 [

𝑣
(

𝑄 +𝑄 + 3𝑄 𝑄 + 3𝑄 𝑄 + 𝛿 𝑄 + 𝛿 𝑄
)]

, (54)

𝛿𝑄 𝑥𝑡 𝑥𝑥𝑥𝑦 𝑥 𝑥𝑦 𝑥𝑥 𝑦 1 𝑥𝑦 2 𝑦𝑦
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Fig. 4. Figs. 4a and 4b represent the 2𝐷 and contour diagram of Eq. (31) with values 𝜇 = 1.5, 𝛾 = 0.5, 𝜈 = 1, 𝑘 = 0.5, 𝑡 = 1.5, 𝛿2 = 1, and 𝑐 = 1.2.
Fig. 5. 3D Graphical representations of (43) for 𝜇 = 1.25, 𝛾 = 1.5, 𝜈 = 1, 𝑘 = 1.2, 𝑡 = 1, 𝛿2 = 0.7, and 𝑐 = 0.75.
which gives as follows

𝐺⋆ = 2𝑣𝑄𝑥𝑥𝑦 + 2𝑣𝑦𝑄𝑥𝑥 + 𝑣𝑥𝑥𝑄𝑦 + 4𝑣𝑥𝑄𝑥𝑦 + 𝛿2𝑣𝑦𝑦
+𝑣𝑥𝑡 + 𝛿1𝑣𝑥𝑦 + 3𝑣𝑥𝑦𝑄𝑥𝑥 + 𝑣𝑥𝑥𝑥𝑦.

(55)

Using the Definitions 1 − 4, We have reached this conclusion to state
the theorem below:

Theorem 2. Eq. (1) is not weak self-adjoint, quasi-self-adjoint, and strictly
self-adjoint. After all, Eq. (1) is nonlinearly self-adjoint for 𝑣 = 𝛷, while
𝛷(𝜏, 𝜉) is satisfy the equation given below:

2𝛷𝛷𝑥𝑥𝑦 + 4𝛷𝑥𝛷𝑥𝑦 = 0. (56)

Conservation laws

Conservation laws are calculated in this section by using the sym-
metries. The entire vector field of Eq. (1) is

𝑋1 =
𝜕
𝜕𝑡
, 𝑋2 =

𝜕
𝜕𝑦

, 𝑋3 =
𝜕
𝜕𝑥

, 𝑋4 = 𝑡 𝜕
𝜕𝑦

+ 1
3
𝑥 𝜕
𝜕𝑢

,

𝑋5 =
1𝑥 𝜕 + 3 𝑦 𝜕 + 𝑡 𝜕 −

(

2 𝛼𝑥 + 1 𝑢
)

𝜕 .
(57)
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5 𝜕𝑥 5 𝜕𝑦 𝜕𝑡 15 5 𝜕𝑢
(I) The conservation laws for 𝑋1 are

𝐶 𝑡 = +𝛷𝑡𝑄𝑡,

𝐶𝑥 =𝑄𝑡
[

3𝛷𝑥𝑄𝑦 + 3𝛷𝑄𝑥𝑦 + 𝛿1𝛷𝑥 + 𝛿2𝛷𝑦 +𝛷𝑥𝑥𝑥
]

+𝑄𝑥𝑡

[

3𝛷𝑄𝑦 + 3𝛷𝑄 + 𝛿1𝛷
]

+ 𝑄𝑦𝑡𝛿2𝜙 +𝑄𝑥𝑥𝑡𝛷𝑥,

𝐶𝑦 = −𝑄𝑡
[

3𝛷𝑄𝑥𝑥 − 3𝛷𝑦𝑄𝑥 − 𝛿1𝛷𝑦 + 𝛿2𝛷𝑦 − 3𝛷𝑄𝑥𝑦
]

+𝑄𝑦𝑡
[

𝛿2𝛷 + 3𝛷𝑄𝑥 + 𝛿1𝛷
]

,

where 𝛷 fulfills the Eq. (56).
(II) The conserved vectors for 𝑋2 are

𝐶 𝑡 = +𝛷𝑡𝑄𝑦,

𝐶𝑥 =𝑄𝑦
[

3𝛷𝑥𝑄𝑦 + 3𝛷𝑄𝑥𝑦 + 𝛿1𝛷𝑥 + 𝛿2𝛷𝑦 +𝛷𝑥𝑥𝑥
]

+𝑄𝑥𝑦

[

3𝛷𝑄𝑦 + 3𝛷𝑄 + 𝛿1𝛷
]

+ 𝑄𝑦𝑦𝛿2𝜙 +𝑄𝑥𝑥𝑦𝛷𝑥,

𝐶𝑦 = −𝑄𝑦
[

3𝛷𝑄𝑥𝑥 − 3𝛷𝑦𝑄𝑥 − 𝛿1𝛷𝑦 + 𝛿2𝛷𝑦 − 3𝛷𝑄𝑥𝑦
]

+𝑄𝑦𝑦
[

𝛿2𝛷 + 3𝛷𝑄𝑥 + 𝛿1𝛷
]

,

where 𝛷 satisfies Eq. (56).
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Fig. 6. Figs. 8a and 8b represent the 2𝐷 and contour diagram of Eq. (43) with values 𝜇 = 1.25, 𝛾 = 1.5, 𝜈 = 1, 𝑘 = 1.2, 𝑡 = 1, 𝛿2 = 0.7, and 𝑐 = 0.75.
Fig. 7. 3D Graphical behavior of (44) for 𝜇 = 1.5, 𝛾 = 1.2, 𝜈 = 2.1, 𝑘 = 0.5, 𝑡 = 1, 𝛿2 = 0.75, and 𝑐 = 1.
(III) The conservation laws for 𝑋3 are

𝐶 𝑡 = +𝛷𝑡𝑄𝑥,

𝐶𝑥 =𝑄𝑥
[

3𝛷𝑥𝑄𝑦 + 3𝛷𝑄𝑥𝑦 + 𝛿1𝛷𝑥 + 𝛿2𝛷𝑦 +𝛷𝑥𝑥𝑥
]

+𝑄𝑥𝑥

[

3𝛷𝑄𝑦 + 3𝛷𝑄 + 𝛿1𝛷
]

+ 𝑄𝑥𝑦𝛿2𝜙 +𝑄𝑥𝑥𝑥𝛷𝑥,

𝐶𝑦 = −𝑄𝑥
[

3𝛷𝑄𝑥𝑥 − 3𝛷𝑦𝑄𝑥 − 𝛿1𝛷𝑦 + 𝛿2𝛷𝑦 − 3𝛷𝑄𝑥𝑦
]

+𝑄𝑥𝑦
[

𝛿2𝛷 + 3𝛷𝑄𝑥 + 𝛿1𝛷
]

,

where 𝛷 satisfies Eq. (56).

Similarly, we can find conserved vectors corresponding to the re-
maining two operators.
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Conclusion

In this work, GCBSE was analyzed by the Lie symmetry method
and further nonlinear self-adjointness. The Lie theory is considered to
examine the GCBSE and evaluate the symmetry operators. Conserva-
tion laws are constructed by nonlinear self-adjointness theory for the
assumed equation. NAM is used to get some new wave solutions for
NLPDEs. We get more exact wave profiles by the new auxiliary scheme
for the generalized Calogero–Bogoyavlenskii–Schiff equation (GCBSE)
compared with some other methods as compared to other methods. We
have used a NAM to get the required results and we get, bright solu-
tions, soliton-like solutions, singular bright solutions, periodic soliton
solutions, and combined soliton are produced. The proposed method
is victoriously employed to evaluate the wave patterns of a discussed
nonlinear model in the type of trigonometric and hyperbolic function
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Fig. 8. Figs. 10a and 10b represent the 2𝐷 and contour diagram of Eq. (44) with values 𝜇 = 1.5, 𝛾 = 1.2, 𝜈 = 2.1, 𝑘 = 0.5, 𝑡 = 1, 𝛿2 = 0.75, and 𝑐 = 1.
Fig. 9. 3D Graphical representations of (49) for 𝜇 = 1, 𝛾 = 1.75, 𝜈 = 1.50, 𝑘 = 1, 𝑡 = 1, 𝛿2 = 0.50, and 𝑐 = 1.
results. The obtained results consist of trigonometric function results
which are more useful to break down the GCBSE. As far as we could
know, the outcomes represented in this paper generally have not been
described in the literature. We have drawn some 2D, 3D, and density
diagrams of wave profiles of some of these solutions by giving suitable
values to the parameters to get useful results.
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Fig. 10. Figs. 6a and 6b represent the 2𝐷 and contour diagram of Eq. (49) with values 𝜇 = 1, 𝛾 = 1.75, 𝜈 = 1.50, 𝑘 = 1, 𝑡 = 1, 𝛿2 = 0.50, and 𝑐 = 1.
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