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a b s t r a c t 

Recently, Zhang et al. (International Journal of Modern Physics B 30 (2016) 1640029) constructed N -wave 

solutions of a generalized B-type Kadomtsev −Petviashvili (gbKP) equation using the linear superposi- 

tion method. The authors’ aim of the present paper is to derive multi-complexiton and positive multi- 

complexiton structures of the gbKP equation through considering N-wave solutions and applying specific 

systematic methods. To investigate the dynamical characteristics of positive multi-complexiton structures, 

particularly single and double positive complexitons, several two and three-dimensional simulations are 

formally considered. The results of the current research enrich the studies regarding the gbKP equation. 
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. Introduction 

Nowadays, the search for exact solutions to nonlinear partial 

ifferential equations (NLPEDs) is a very hot research topic, es- 

ecially in nonlinear sciences. As mentioned many times, NLPEDs 

re effective tools in modeling a lot of phenomena from fluid 

echanics to nonlinear optics. Today, capable methods, benefit- 

ing from particular packages for handling symbolic computa- 

ions, have been used to deal with NLPEDs. Some of these meth- 
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generalized B-type Kadomtsev −Petviashvili equation, Journal of Ocean E
ds are simplified Hirota’s method [1–5] , multiple exp -function 

ethod [6–10] , and ansatz methods [11–15] . Here are some uses 

or these methods. Hosseini et al. [5] employed the simplified Hi- 

ota’s method to derive dispersive waves of a generalized Hirota 

ilinear Equation. Li et al. [10] obtained multiple waves of a gen- 

ralized Kadomtsev −Petviashvili equation using the multiple exp - 

unction method. Paul et al. [15] applied ansatz methods to acquire 

ump, rogue, and breather waves of a generalized Kadomtsev–

etviashvili–Boussinesq equation. 

Recently, Zhou and Manukure [16] employed effective meth- 

ds to construct multi-complexiton and positive multi-complexiton 

tructures of the Hirota −Satsuma −Ito equation. Such well- 

stablished methods were utilized several times by other schol- 

rs to derive multi-complexiton and positive multi-complexiton 

tructures of the B-type Kadomtsev–Petviashvili equation [17] , 

he generalized breaking soliton equation [18] , the asymmetric 

izhnik–Novikov–Veselov equation [19] , and the generalized Boiti–

eon–Manna–Pempinelli equation [20] . Such achievements encour- 

ged the authors for applying these methods to obtain multi- 

omplexiton and positive multi-complexiton structures of the gbKP 
access article under the CC BY-NC-ND license 

ulti-complexiton and positive multi-complexiton structures to a 

ngineering and Science, https://doi.org/10.1016/j.joes.2022.06.020 
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quation [21–25] 

 zt − u xxxy − 3 ( u x u y ) x + 3 u xx = 0 , (1) 

escribing the evolution of shallow water waves with insignificant 

ffects of surface tension and viscosity [26] . Some of the previous 

tudies on Eq. (1) are as follows. Ma and Fan [21] used the lin-

ar superposition principle to construct N-soliton solutions of the 

bKP equation. In another study conducted by Zhang et al. [22] , 

he linear superposition method was utilized to extract N-wave so- 

utions of the gbKP equation. Using the logarithmic transformation 

 = 2 ( ln f ) x , the gbKP equation is written as 

D z D t − D 

3 
x D y + 3 D 

2 
x 

)
f . f = 0 , 

r in the equivalent form 

 

f tz − f xxxy + 3 f xx ) f − f t f z + f xxx f y 

+ 3 f xxy f x − 3 f xx f xy − 3 f 2 x = 0 . (2) 

It should be pointed out that for z = y , the gbKP equation re-

uces the bKP equation in (2 + 1) dimensions as follows [ 27 , 28 ] 

 yt − u xxxy − 3 ( u x u y ) x + 3 u xx = 0 . 

The organization of the current paper is as follows: In Section 2 , 

ased on the methods adopted by Zhou and Manukure in [16] , 

ulti-complexiton and positive multi-complexiton structures of 

he gbKP equation are obtained. In Section 3 , to investigate the 

ynamical characteristics of positive multi-complexiton structures, 

articularly single and double positive complexitons, several two 

nd three-dimensional simulations are formally considered. A re- 

iew of the achievements is given in the last section. 

. The gbKP equation: its multi-complexiton and positive 

ulti-complexiton structures 

In the present section, based on the methods used by Zhou 

nd Manukure, multi-complexiton and positive multi-complexiton 

tructures of the gbKP equation are constructed. First, we would 

ike to mention that the following N-wave solution to the gbKP 

quation was derived in [22] using the linear superposition 

ethod 

 = 2 ( ln f ) x , f = 

N ∑ 

i =1 

εi e 
k i x + k −1 

i 
y + a 3 k −1 

i 
z+ 1 

a 3 
k 3 

i 
t 
, 

here εi , i = 1 , 2 , . . . , N and k i , i = 1 , 2 , . . . , N are constants. 

To construct the positive multi-complexiton structure of the 

bKP equation, the following exponential functions are considered 

f 1 = ε1 e 
σ1 + ε2 e 

σ2 + . . . + εN e 
σN , 

σi = k i x + k −1 
i 

y + a 3 k 
−1 
i 

z + 

1 

a 3 
k 3 i t, 1 ≤ i ≤ N, 

f 2 = ε1 e 
−σ1 + ε2 e 

−σ2 + . . . + εN e 
−σN , 

σi = ( −k i ) x + ( −k i ) 
−1 

y + a 3 ( −k i ) 
−1 

z + 

1 

a 3 
( −k i ) 

3 
t, 1 ≤ i ≤ N,

here k i � = 0 , i = 1 , ..., N. As the above exponential functions sat-

sfy Eq. (2) , therefore the following new function 

1 

2 

( f 1 + f 2 ) = 

N ∑ 

i =1 

εi cosh 

(
k i x + k −1 

i 
y + a 3 k 

−1 
i 

z + 

1 

a 3 
k 3 i t 

)
, 

atisfies Eq. (2) . Furthermore, by considering k N+1 , k N+2 , . . . , k N+ M 

as nonzero constants) and 

f 1 = εN+1 e 
σN+1 + εN+2 e 

σN+2 + . . . + εN+ M 

e σN+ M , 

σi = ( Ik i ) x + ( Ik i ) 
−1 

y + a 3 ( Ik i ) 
−1 

z 

+ 

1 

( Ik i ) 
3 
t = I 

(
k i x − k −1 

i 
y − a 3 k 

−1 
i 

z − 1 

k 3 i t 

)
, 
a 3 a 3 

2 
f 2 = εN+1 e 
−σN+1 + εN+2 e 

−σN+2 + . . . + εN+ M 

e −σN+ M , 

σi = I 

(
( −k i ) x − ( −k i ) 

−1 
y − a 3 ( −k i ) 

−1 
z − 1 

a 3 
( −k i ) 

3 
t 

)
, 

t is found that 

1 

2 

( f 1 + f 2 ) = 

N+ M ∑ 

i = N+1 

εi cos 

(
k i x − k −1 

i 
y − a 3 k 

−1 
i 

z − 1 

a 3 
k 3 i t 

)
, 

atisfy Eq. (2) . Now, the new function 

f = 

N ∑ 

i =1 

εi cosh 

(
k i x + k −1 

i 
y + a 3 k 

−1 
i 

z + 

1 

a 3 
k 3 i t 

)

+ 

N+ M ∑ 

i = N+1 

εi cos 

(
k i x − k −1 

i 
y − a 3 k 

−1 
i 

z − 1 

a 3 
k 3 i t 

)
, 

hen εi > 0 , i = 1 , 2 , ..., N and 

N ∑ 

i =1 

εi > 

N+ M ∑ 

i = N+1 

| εi | is a positive func-

ion and accordingly, the positive compelexiton structure of the 

bKP equation can be expressed as 

 = 2 ( ln f ) x , 

here 

f = 

N ∑ 

i =1 

εi cosh 

(
k i x + k −1 

i 
y + a 3 k 

−1 
i 

z + 

1 

a 3 
k 3 i t 

)

+ 

N+ M ∑ 

i = N+1 

εi cos 

(
k i x − k −1 

i 
y − a 3 k 

−1 
i 

z − 1 

a 3 
k 3 i t 

)
, 

εi > 0 , i = 1 , 2 , ..., N 

nd 

∑ N 
i =1 εi > 

∑ N+ M 

i = N+1 | εi | . 
In order to extract the multi-complexiton structure of the gbKP 

quation, it is supposed that k i can be written as 

 i = k 1 i + Ik 2 i , k 1 i , k 2 i ∈ R , i = 1 , 2 , ..., N. 

By considering the above assumption, one can find 

i = k i x + k −1 
i 

y + a 3 k 
−1 
i 

z + 

1 

a 3 
k 3 i t = σi, 1 + Iσi, 2 , 

¯ i = k̄ i x + ̄k −1 
i 

y + a 3 ̄k 
−1 
i 

z + 

1 

a 3 
k̄ 3 i t = σi, 1 − Iσi, 2 . 

As e σi and e ̄σi satisfy Eq. (2) , consequently, the new function 

f = 

N ∑ 

i =1 

(
εi e 

σi + ε̄i e 
σ̄i 

)

= 

N ∑ 

i =1 

e σi, 1 ( εi, 1 cos ( σi, 2 ) + εi, 2 sin ( σi, 2 ) ) , εi, 1 , εi, 2 ∈ R , 

atisfy Eq. (2) . As a result, the multi-complexiton structure of the 

bKP equation is as 

 = 2 ( ln f ) x , 

here 

f = 

N ∑ 

i =1 

(
εi e 

σi + ε̄i e 
σ̄i 

)

= 

N ∑ 

i =1 

e σi, 1 ( εi, 1 cos ( σi, 2 ) + εi, 2 sin ( σi, 2 ) ) , εi, 1 , εi, 2 ∈ R . 

It is noteworthy that another N-wave solution of the gbKP 

quation was reported in [22] using the linear superposition 

ethod as follows 

 = 2 ( ln f ) x , f = 

N ∑ 

i =1 

εi e 
k i x + k −1 

i 
y + a 3 k 3 i 

z+ 1 
a 3 

k −1 
i 

t 
, 
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Fig. 1. . (a) Single positive complexiton (3); (b) Double positive complexiton (4). 
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here εi , i = 1 , 2 , . . . , N and k i , i = 1 , 2 , . . . , N are constants. In

 similar manner, the following multi-complexiton and positive 

ulti-complexiton structures to the gbKP equation are constructed 

 = 2 ( ln f ) x , 

here 

f = 

N ∑ 

i =1 

(
εi e 

σi + εi e 
σ̄i 

)
= 

N ∑ 

i =1 

e σi, 1 ( εi, 1 cos ( σi, 2 ) + εi, 2 sin ( σi, 2 ) ) , 

i = k i x + k −1 
i 

y + a 3 k 
3 
i z + 

1 

a 3 
k −1 

i 
t = σi, 1 + Iσi, 2 , 

k i = k 1 i + Ik 2 i , k 1 i , k 2 i , εi, 1 , εi, 2 ∈ R , 

nd 

 = 2 ( ln f ) x , 

here 

f = 

N ∑ 

i =1 

εi cosh 

(
k i x + k −1 

i 
y + a 3 k 

3 
i z + 

1 

a 3 
k −1 

i 
t 

)

+ 

N+ M ∑ 

i = N+1 

εi cos 

(
k i x − k −1 

i 
y − a 3 k 

3 
i z −

1 

a 3 
k −1 

i 
t 

)
, 
3 
εi > 0 , i = 1 , 2 , ..., N 

nd 

∑ N 
i =1 εi > 

∑ N+ M 

i = N+1 | εi | . 

. Simulations and discussion 

In the current section, to investigate the dynamical charac- 

eristics of positive multi-complexiton structures, particularly sin- 

le and double positive complexitons, several two and three- 

imensional simulations are formally considered. Particularly, the 

rst positive multi-complexiton structure for 

 

N = 1 , M = 1 , ε1 = 2 , ε2 = 1 , k 1 = 1 . 65 , 

k 2 = −1 , a 3 = −1 , z = 1 , t = 0 } , 

 

N = 2 , M = 2 , ε1 = 5 , ε2 = 5 , ε3 = 1 , ε4 = 1 , k 1 = 0 . 5 , 

k 2 = −1 , k 3 = −1 , k 4 = 1 , a 3 = −1 , z = 1 , t = 0 } , 
an be written as 

 = 

2 ( 3 . 3 sinh ( 1 . 65 x + 0 . 6060606061 y − 0 . 6060606061 ) − sin ( x − y + 1 ) ) 

2 cosh ( 1 . 65 x + 0 . 6060606061 y − 0 . 6060606061 ) + cos ( x − y + 1 ) 
,

(3) 
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Fig. 2. . (a) Single positive complexiton (5); (b) Double positive complexiton (6). 
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 = 

2 ( 2 . 5 sinh ( 0 . 5 x + 2 y − 0 . 125 ) + 5 sinh ( x + y − 1 ) − 2 sin ( x − y + 1 ) ) 

5 cosh ( 0 . 5 x + 2 y − 0 . 125 ) + 5 cosh ( x + y − 1 ) + 2 cos ( x − y + 1 ) 
. 

(4) 

The dynamical behavior of the above single and double positive 

omplexitons has been shown on the x-y plane in Fig. 1 . 

As another investigation, the second positive multi-complexiton 

tructure for 

 

N = 1 , M = 1 , ε1 = 2 , ε2 = 1 , k 1 = 1 . 65 , 

k 2 = −1 , a 3 = −1 , z = 1 , t = 0 } , 

 

N = 2 , M = 2 , ε1 = 5 , ε2 = 5 , ε3 = 1 , ε4 = 1 , k 1 = 0 . 5 , 

k 2 = −1 , k 3 = −1 , k 4 = 1 , a 3 = −1 , z = 1 , t = 0 } , 
an be written as 

 = 

2 ( 3 . 3 sinh ( 1 . 65 x + 0 . 6060606061 y − 4 . 492125 ) − sin ( x − y + 1 ) ) 

2 cosh ( 1 . 65 x + 0 . 6060606061 y − 4 . 492125 ) + cos ( x − y + 1 ) 
, 

(5) 
4 
 = 

2 ( 2 . 5 sinh ( 0 . 5 x + 2 y − 2 ) + 5 sinh ( x + y − 1 ) − 2 sin ( x − y + 1 ) ) 

5 cosh ( 0 . 5 x + 2 y − 2 ) + 5 cosh ( x + y − 1 ) + 2 cos ( x − y + 1 ) 
. 

(6) 

Fig. 2 shows the dynamical behavior of the above single and 

ouble positive complexitons on the x-y plane. 

. Conclusion 

In the present paper, the authors conducted a detailed in- 

estigation on the evolution of shallow water waves in a gener- 

lized B-type Kadomtsev −Petviashvili equation. More specifically, 

ased on the N-wave solutions of the governing model (derived by 

hang et al.) and the methods used by Zhou and Manukure, multi- 

omplexiton and positive multi-complexiton structures of the gbKP 

quation were successfully constructed. Additionally, the dynam- 

cal features of positive multi-complexiton structures, especially 

ingle and double positive complexitons, were examined through 

onsidering some two and three-dimensional plots. The achieve- 

ents of the authors in the current paper play a significant role 

n completing the research on the gbKP equation. As a new task, 
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Ocean Eng. Sci. (2022), doi: 10.1016/j.joes.2022.06.004 . 

30] S. Kumar, S. Malik, H. Rezazadeh, L. Akinyemi, Nonlinear Dyn. 107 (2022) 
2703–2716 . 

31] L. Akinyemi, M. Inc, M.M.A. Khater, H. Rezazadeh, Opt. Quantum Electron. 54 
(2022) 191 . 
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