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Abstract. The dependence of angle-of-arrival fluctuations on source co-
herence for free-space optics links in a turbulent atmosphere is exam-
ined. A monochromatic beam is taken, and the variation of the angle-of-
arrival fluctuations for a spatially partially coherent source is
investigated. Results are obtained for the currently used free-space op-
tics links, which use infrared wavelengths of 0.85 and 1.55 �m with link
lengths of 3 and 5 km. The angle-of-arrival fluctuations are calculated
and plotted against normalized source size and inner and outer scales of
turbulence. It is observed that the angle-of-arrival fluctuations show be-
havior that is essentially independent of the degree of source partial
coherence. In fact, as the source size increases, this dependence seems
to almost disappear. It is further observed that mean square angle-of-
arrival fluctuations become larger at greater propagation distances, at
smaller inner scales of turbulence, and at larger outer scales of turbu-
lence. However, the numerical values of the angle-of-arrival fluctuations
found for all cases are not expected to degrade substantially the perfor-
mance of a practical optical receiver having a field of view in the order of
several milliradians. Our results presented here are compared with the
existing theoretical and experimental work, and the range of applicability
of our formulation is discussed. © 2006 Society of Photo-Optical Instrumentation
Engineers. �DOI: 10.1117/1.2203371�
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1 Introduction

Free-space optics �FSO� communication has become in-
creasingly popular in recent years. In broadband access ap-
plications, easy employment of FSO systems without the
need for obtaining a license makes them attractive com-
pared with fiber optics cable installations.

The effect of atmospheric turbulence on the variation in
the angle of arrival of the mean wavefront has been studied
in detail.1–5 This effect may increase the field-of-view re-
quirements in a direct-detection optical receiver. Angle-of-
arrival fluctuations may also degrade the performance of a
heterodyne system. The main studies made on the angle-of-
arrival fluctuations, which calculate the phase-front vari-
ance around the average direction of the received beam,
cover a coherent beam wave source that mimics the funda-
mental mode excitation of a laser incidence. The general
conclusion in these studies is that the effect of angle-of-
arrival fluctuations, even in strong turbulence, is minor for
practical receivers with a finite field of view on the order of
a few milliradians.

Lasers at infrared wavelengths are usually employed in
the current applications of FSO broadband access commu-
nication systems, exhibiting basically coherent radiation if
they operate in a single mode. However, multimode content
in the laser excitation or nonlaser sources like LEDs will
generate both temporally and spatially partially coherent
s0091-3286/2006/$22.00 © 2006 SPIE
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xcitation. Recently we investigated6 the angle-of-arrival
uctuations for a multimode laser source, concluding that

he performance of a practical FSO receiver will not be
ffected substantially so long as the source excitation is
onfined to modes with indices below 20. In that study, it
as pointed out that there was a need to also assess the
ependence of the angle-of-arrival fluctuations on the de-
ree of source coherence. The present work is undertaken
o partially address this issue.

The question of interest here is to examine how the per-
ormance of a FSO communication system will be influ-
nced, with respect to the angle-of-arrival fluctuations,
hen the source exhibits partial coherence. In this paper,
e consider only the spatial partial coherence and do not

ake into account the temporal partial coherence. This is
ecause temporal source coherence bandwidth of the
ource is practically much less than the carrier wavelength
narrowband�, and the effect of atmospheric turbulence, es-
ecially in weakly turbulent regimes, is negligible in that
ase. Thus, our formulation represents quasimonochromatic
ncidence with central wavelength � where the variation of
he angle-of-arrival fluctuations for a spatially partially co-
erent source is investigated by introducing a source phase
hat changes spatially in a random manner.

Our results indicate that the angle-of-arrival fluctuations
ary slightly, depending on the degree of the partial �spa-
ial� coherence of the light source used. However, since the
alculated magnitudes of the angle-of-arrival fluctuations

tay on the order of tens of microradians, the performance
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of a practical optical receiver, with a field of view of sev-
eral milliradians, will not be affected. We note that our
formulation cannot be extended to cover a completely in-
coherent source, since spatial partial coherence is intro-
duced into the source by the random shifts and random tilts.
Therefore an incoherent summation of the source modes is
needed in order to mimic the perfectly incoherent source,
which is not covered in this work.

2 Formulation of the Angle-of-Arrival
Fluctuations for a Partially Coherent Beam
Wave

When light travels through the atmosphere, it experiences
amplitude and phase fluctuations due to turbulence. In this
paper, we need to find the phase fluctuations, which are
governed by the phase structure function

DS�p1,p2,L� = ��S�p1,L� − S�p2,L��2�

= BS�p1,p1,L� + BS�p2,p2,L� − 2BS�p1,p2,L� .

�1�

Here � � denotes the ensemble average over the statistics
of the source and the medium; BS and DS are the phase
correlation function and the phase structure function, re-
spectively; S is the phase at the receiver transverse plane
coordinate p= �px , py�; and L is the path length, i.e., the
length of the atmospheric link.

In our earlier work,7 the phase structure function for a
spatially partially coherent beam-wave source,
DS�p1 ,p2 ,L�, was formulated. In this formulation, the laser
source is taken as a Gaussian beam wave, and the spatial
partial coherence of the source is introduced by a random
phase model consisting of a random phase shift and random
phase tilt. The source field can be written as

u�s� = A exp�− � 1

2�s
+

jk

2F
	s2
 exp�j�� , �2�

where A exp�−�1/2�s+ jk /2F�s2� represents the determin-
istic part, and exp�j�� represents the random part, of the
source field. Here s is the transverse source coordinate, j
= �−1�1/2, A is the amplitude, �s is the source beam size,
k=2� /� is the wave number, � is the wavelength of opera-
tion, and F is the focal length �infinity for a collimated
beam�. Source spatial partial coherence is introduced
through the random phase �, which is modeled as

� = a + ib · s , �3�

where a is the random phase shift and b is a random vector
introducing random tilt into the phase.

In Rytov method, the field at the point �p ,z� in the pres-
ence of turbulence is given by

u�p,z� = uFS�p,z� exp���p,z�� , �4�
where t
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�p,z� = ��p,z� + jS�p,z�

=
k2

2�uFS�p,z��0

L

dz��
−�

�

dpx��
−�

�

dpy� n1�p�,z��

	uFS�p�,z��
exp�jk�r − r���

�r − r��
�5�

enotes the fluctuations of the complex amplitude in turbu-
ence, uFS�p� ,z�� is the field in free space �i.e., in the ab-
ence of turbulence� at r�= �p� ,z��= �px� , py� ,z��, n1 is the
andom part of the refractive index, ��p ,z� represents the
og-amplitude fluctuations, and

�p,z� =
1

2j
���p,z� − �*�p,z�� . �6�

In obtaining the phase structure function by using the
ytov approximation, first using the source field given in
q. �2�, uFS�p� ,z�� is found by utilizing the Huygens-
resnel principle; then this uFS�p� ,z�� is inserted in Eq. �5�,

ntegrations over px� , py� are performed, and ��p ,z� thus
ound is inserted into Eq. �6� to find the phase fluctuations
�p ,z�, from which the phase correlation function is evalu-
ted as

S�p2,p2,L� = �S�p1,L�S�p2,L�� . �7�

ere � � represents the ensemble average over both the me-
ium and the source statistics. Employing Eq. �7� in Eq.
1�, the phase structure function for a spatially partially
oherent source in turbulence is obtained.

The remaining part of the derivation is quite lengthy,
nd it follows similar lines to those in Ref. 8, which covers
oherent beams. Thus, here we point out the difference in
he derivation introduced by the random source phase term
iven in Eq. �3�, i.e., by the spatial partial coherence. As-
uming that the medium and source statistics are indepen-
ent, in taking the ensemble average in Eq. �7�, for the
ource part we have the second-order source coherence
unction for the random portion of the field,

expj���s1� − ��s2����s, �8�

here � �s denotes the ensemble average over the source
tatistics. For Gaussian-distributed � with zero mean value,
q. �8� becomes exp�−�b2�s�s1−s2�2 /4�. The degree of
ource partial coherence 
S is defined as 
s

2=1/ �b2�s, which
s a measure indicating the distance over which the random
hase at two source points stays correlated. Thus, within
he model used, the second-order source coherence function
or the random portion of the field given in Eq. �8� becomes

xp�−
�s1 − s2�2

4
s
2 
 , �9�

here 
s has the dimension of distance �m�, and 
s= � m
nd 
s=0 m will in turn correspond to the perfect spatially
oherent source and completely incoherent source. When 
s
s between these limits, then the source is said to be par-

ially spatially coherent.
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This model representing source spatial partial coherence
has been used by several researchers,9,10 and it is known to
describe a multimode laser source.2 A Gaussian Schell-
model source model is also used to describe partial coher-
ence and has been shown to be a good approximation for a
multimode laser source.11 The degree of coherence is also
introduced as a function of two spatial points.12 As seen
from Eq. �9�, the source partial coherence parameter 
s en-
ters into the expression for the second-order source coher-
ence function for the random portion of the field as a scale
determining the exponential decay of the coherence func-
tion with respect to the square of the distance between two
source points. In the source model we used for partial co-
herence, it is easier to obtain tractable numerical evalua-
tions.

The function DS�p1 ,p2 ,L� is rewritten below; the details
of the source model and the derivation of DS�p1 ,p2 ,L� can
be found in Ref. 7:

DS�p1,p2,L� = 4�2 Re��
0

L

d��
0

�

� d���0.5J0�2j�P1i�

+ 0.5J0�2j�P2i� − J0��P���H1�2�

− �1 − J0��Q��H2��n���
 , �10�

where Re means the real part, and p1= �px1
, py1

� and p2

= �px2
, py2

� are the transverse receiver coordinates of the
first and second phase points, respectively. Integration over
� takes into account the contribution of the fluctuations
throughout the link length, whereas the integration over �
incorporates the contribution from all spatial scales of tur-
bulence, i.e., over the turbulent blobs. In Eq. �10�, J0 refers
to the zeroth-order Bessel function of first kind, �n��� is
the three-dimensional spectral density of the index of re-
fraction fluctuations. The rest of the symbols are defined as

H2 = − k2 exp − � j�L − ���2/k� ,

�H1�2 = k2 exp��2�2�, �2 = − �L − ��2�1,

Pm = �pxm

2 + pym

2 �1/2, m = 1,2,

P = ��px1
− *px2

�2 + �py1
− *py2

�2�1/2,

Q = ��px1
− px2

�2 + �py1
− py2

�2�1/2,

 =
1 + j��

1 + j�L
, i = Im�� ,

� =
1

k�s
2 +

j

F
,

�1 =
�
s

2/L2��k2�s
2�1 − L/F�2 + �L/�s�2� − 1

�
2/L2��k2�2�1 − L/F�2 + �L/�s�2�2 . �11�

s s
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In Eq. �11�, * indicates the complex conjugate, and Im
he imaginary part.

The mean square angle-of-arrival fluctuation, ��a
2�, is re-

ated to the phase structure function through the expression
elow:

�a
2� =

DS�p1 = 0, �p2� = R,L�
�kR�2 . �12�

Light traveling through the atmosphere becomes inci-
ent on a receiver plane normal to the direction of propa-
ation. Here the mean square angle-of-arrival fluctuations
re evaluated at a radial distance R where the second phase
oint lies at p2= �px2

, py2
�, �p2 � =R, and the first phase point

s at the origin p1= �px1
, py1

�= �0,0�.
The three-dimensional spectral density of the index of

efraction fluctuations, described by the von Kármán spec-
rum, is given by

n��� =
0.033Cn

2 exp�− �2/�m
2 �

�2 + �0
2 . �13�

Here Cn
2 is the structure constant; �m=5.92/�0, where �0

s the inner scale of turbulence; and �0=1/L0, where L0 is
he outer scale of turbulence. For R much smaller than the
nner scale of turbulence, the integrand in Eq. �10� exists
ue to the presence of the second term in the series expan-
ions of the Bessel functions. Thus by setting J0�z��1
0.25z2 for small z, it is possible to reduce Eq. �10� to a

ingle integral. To achieve this, Eq. �17� in Appendix II and
he approximation in Appendix I of Ref. 13 are employed.
lso, since L0��0, and further applying the change of vari-

ble �=Lt, the angle-of-arrival fluctuations for a spatially
artially coherent beam-wave light source is obtained as

�a
2� = 0.1628Cn

2L�0
1/3�

0

1

dt�− 7.2 + 5.5663

	� �m
2

�0
2�1 + �m

2 L2�1 − t�2�1��1/6

��2	
+ Re�− 7.2 + 5.5663� k�m

2

�0
2�k + jL�1 − t��m

2 ��1/6

2	 .

�14�

ince the angle-of-arrival fluctuations are evaluated for R
uch smaller than the inner scale of turbulence, we present

elow the limiting form of Eq. �14� when �0→0 and con-
equently �0→�:

�a
2� = 0.906Cn

2L�
0

1

dt�L−1/3�1 − t�−1/3�1
−1/6��2

+ L−1/6�1 − t�−1/6k1/6��11/6 cos�� , �15�

here

� = �r
2 + i

2�1/2, � =
�

−
11

tan−1� i	 ,

12 6 r
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r =
1 + b1

2t

1 + b1
2 , i =

b1�t − 1�
1 + b1

2 , b1 =
L

k�s
2 . �16�

Note that due to the new parameter b1 appearing in Eq.
�16�, we have had to redefine i that was originally intro-
duced in Eq. �11�.

From the definitions given in Eq. �11�, it is obvious that
�1 must be positive; otherwise the integrand in Eq. �10�
would not converge. Consequently a limitation is imposed
on 
s:

�s


s
� �4�2 �s

4

��L�2 + 1
1/2

. �17�

This restriction on 
s prevents us for obtaining the angle-
of-arrival fluctuations for a completely incoherent source.
The parameter �s /
s in Eq. �17� is dimensionless, since
both the source size ��s� and the degree of source partial
coherence �
s� have the dimensions of meters.

Here we note that, even though Eq. �15� represents the
limiting form of the angle-of-arrival fluctuations for zero
inner scale, in our numerical evaluations we used Eq. �14�
to introduce also the effect of the finite inner scale on the
angle-of-arrival fluctuations.

3 Results and Discussion
Taking a collimated beam, Eq. �14� is numerically evalu-
ated and used in plotting the root mean square of the angle-
of-arrival fluctuations, ��a

2�1/2, versus the source size nor-
malized with respect to the Fresnel zone, ��s /�L�1/2. In our
graphs, two infrared wavelengths are employed, represent-
ing the most commonly utilized wavelengths in the current
FSO links. As defined earlier, 
s=� and 
s=0 correspond
to perfect spatial coherence and complete incoherence, re-
spectively. To be more accurate, we note that, because 
s is
physically a measure indicating the distance over which the
random phase at two source points stays correlated, for a
fixed size source, as 
s increases, the source becomes more
coherent, and as 
s decreases, the source becomes less co-
herent. On the other hand, when 
s is fixed, as the source
size increases, the source becomes less coherent, and as the
source size decreases, the source becomes more coherent.
This means the scale 
s by itself does not accurately de-
scribe the spatial partial coherence of the source; the ratio
of 
s to the source size more accurately determines the
partial coherent regime. For example, when the value of

s=0.03 taken in the plots is considered, it gives the dis-
tance at which the random source phase stays correlated.
Relative value of 
s=0.03 compared to the corresonding
source size determines more accurately the partial coher-
ence property.

In Fig. 1, the variations of ��a
2�1/2 are displayed for an

FSO link operating at �=0.85 �m, and for L=3 km as well
as for L=5 km. Figure 2 shows the same variations of
��a

2�1/2 as Fig. 1, but this time the wavelength of operation,
�, is raised to 1.55 �m.

As observed from Figs. 1 and 2, within the permitted
range of values for 
s according to Eq. �17�, the behavior of
the angle-of-arrival fluctuations is virtually independent of
the degree of source partial coherence. Indeed, in both

cases, as the source size increases �eventually approaching 5
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he limit of plane wave�, the dependence on the source
oherence seems to almost disappear. By comparing Fig. 1
gainst Fig. 2, it is seen that, for the given source and
ropagation parameters, the mean square angle-of-arrival
uctuations become less at longer wavelengths. In any
ase, however, longer distances have the overall effect of
ncreasing the angle-of-arrival fluctuations. From the nu-
erical values placed along the vertical axes of these

raphs, we are able to deduce that angle-of-arrival fluctua-
ions will not heavily degrade the performance of a practi-
al optical receiver having a field of view on the order of
everal milliradians.

We note that in our solution, very small value of 
s that
ake �1 in Eq. �11� very small yield unreasonable angle-

f-arrival fluctuation values, as also can be seen from Eq.
15�. This is a limitation of our solution, that we cannot
pproach the incoherent limit �i.e., 
s→0�. The results seen
n Figs. 1 and 2 that the angle-of-arrival fluctuations are
ssentially independent of the degree of source partial co-
erence might be because that we cannot reach the incoher-

ig. 1 Mean square angle-of-arrival fluctuations versus normalized
ource size at a wavelength of 0.85 �m and link lengths of 3 and
km.

ig. 2 Mean square angle-of-arrival fluctuations versus normalized
ource size at a wavelength of 1.55 �m and link lengths of 3 and

km.
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Baykal and Eyyuboğlu: Effect of source spatial partial coherence¼

Download
ent regime, in which the angle-of-arrival fluctuations can be
differentiated more than in the relatively coherent regime.

The evaluations for the two sets in Figs. 1 and 2 are
made in such a manner that in each case, the horizontal axis
is normalized with respect to the related link length and
wavelength. It is observed in Figs. 1 and 2 that for
intermediate-size beams the mean square angle-of-arrival
fluctuations decrease sharply. This recalls the recent work
by Baker and Benson,14 where they point out that there is a
deficiency in the analytical theory �Rytov approximation�
when beam wander has to be considered, and due to this
deficiency, for intermediate-size beams, the predicted on-
axis scintillation index shows discrepancies when com-
pared with the numerical wave-optics simulation. However,
it is not easy to make one-to-one comparison of the
intermediate-size portions of our Figs. 1 and 2 with the
work in Ref. 14, since we deal basically with the phase
structure function, whereas the on-axis scintillation in weak
turbulence is based on the log-amplitude variance.

Figures 1 and 2 are compared with the existing theoret-
ical and experimental results for the root-mean-square an-
gular displacement of a coherent beam.5 Even though the
comparison could only be made under different source and
medium parameters, we can comment that the angle of ar-
rival in Figs. 1 and 2 shows a similar trend to the one
obtained theoretically in Ref. 5 for large-size coherent
beam. This trend changes both theoretically and experimen-
tally, especially in the range of small and intermediate
beam sizes, which might be attributed to the possible limi-
tations of the Rytov analytical theory as predicted in Ref.
14.

Next we investigate the dependence of angle-of-arrival
fluctuations on the inner scale of turbulence. For this pur-
pose, Fig. 3 shows the variations of ��a

2�1/2 against �0. It is
seen that ��a

2�1/2 becomes smaller for larger �0. However,
the absolute values of ��a

2�1/2 still remain in the microradian
range. The decrease in the angle-of-arrival fluctuations with
the increase in the inner scale of turbulence is attributed to
the fact that the contribution to the phase fluctuations com-

Fig. 3 Mean square angle-of-arrival fluctuations versus inner scale
of turbulence at constant source partial coherence, source size,
wavelength, and link length.
ing from the larger spatial frequencies of the refractive in- e
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ex spectral density is smaller when inner scale is large.
igure 4 illustrates the variation of ��a

2�1/2 against the outer
cale L0. It is observed from Fig. 4 that the changes in the
uter scale have a larger impact on the angle-of-arrival
uctuations.

We reiterate that the preceding results are constrained to
he permitted range of values for 
s as defined by Eq. �16�.
o overcome the limitation on the degree of source spatial
oherence 
s, we need to consider modal analyses with ran-
om phase introduced for each mode. Through such an
nalysis, one can obtain universally applicable results that
ill also cover the completely incoherent regime.
In Ref. 2, phase fluctuations of a multimode laser field

re examined in a turbulent atmosphere where the phase
uctuations of the wave are split into two parts: the random
hase distortions in a homogeneous medium due to source
artial coherence, and the random phase distortions due to
he turbulent atmosphere. Then the theoretical predictions
re compared with the experimental data obtained under
ncoherent thermal source excitation. Unfortunately, a di-
ect comparison of our work with the results in Ref. 2 is not
ossible.

Comparing the results of this work to our earlier
ndings,6 we see that the magnitude of angle-of-arrival
uctuations remains on the order of several microradians
oth for a source with multimode content and for a spatially
artially coherent source. Thus, from the point of view of
ngle-of-arrival fluctuations, neither the multimode content
or the spatial partial coherence of the source can manifest
tself as a serious design consideration for an FSO link.

Conclusion
n this study, we have investigated the effect of fluctuations
n the angle of arrival in FSO and its relation to source
oherence and inner and outer scales of turbulence. It is
ound that perfectly coherent and partially coherent sources
re not expected to a have a serious affect on the receiver
erformance. However, as is known, depending on the tur-
ulence strength, partial coherence of the source affects the
econd- and fourth-order moments of the field to a certain

ig. 4 Mean square angle-of-arrival fluctuations versus outer scale
f turbulence at constant source partial coherence, source size,
avelength, and link length.
xtent. This fact may not seem in line with our findings.
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The discrepancy may arise because we cannot extend our
solution to more incoherent sources where a noticeable dif-
ference in the angle-of-arrival fluctuations occurs from
those obtained with a relatively coherent source. The de-
pendence of the angle-of-arrival fluctuations of a partially
coherent source on the inner-scale and outer-scale values of
turbulence is still not major. To extend the analysis so that
it includes the limit of completely incoherent sources �e.g.,
LEDs�, a mathematical formulation involving incoherent
multimode analysis is required, which is not covered in this
paper. An extension of our formulation for angle-of-arrival
fluctuations in strong turbulence by using a different source
partial coherence model covering an arbitrary degree of co-
herence is foreseen.
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6. H. T. Eyyuboğlu and Y. Baykal, “Analysis of laser multimode content
on the angle-of-arrival fluctuations in free space optics access sys-
tems,” Opt. Eng. 44�5�, 056002-1–6 �2005�.

7. Y. Baykal and M. A. Plonus, “Intensity fluctuations due to a partially
coherent source in atmospheric turbulence as predicted by Rytov’s
method,” J. Opt. Soc. Am. A 2�12�, 2124–2132 �1985�.

8. A. Ishimaru, “Fluctuations in the parameters of spherical waves
propagating in a turbulent atmosphere,” Radio Sci. 4�4�, 295–305
�1969�.

9. A. I. Kon and V. I. Tatarskii, “On the theory of the propagation of
partially coherent light beams in a turbulent atmosphere,” Radiophys.
Quantum Electron. 15�10�, 1187–1192 �1972�.

10. M. S. Belen’kii, A. I. Kon, and V. L. Mironov, “Turbulent distortions
of the spatial coherence of a laser beam,” Sov. J. Quantum Electron.
7�3�, 287–290 �1977�.
Optical Engineering 056001-6

ed From: http://opticalengineering.spiedigitallibrary.org/ on 03/31/2016 Term
1. R. Gase, “Methods of quantum mechanics applied to partially coher-
ent light beams,” J. Opt. Soc. Am. A 11�7�, 2121–2129 �1994�.

2. G. L. Mandel and E. Wolf, Optical Coherence and Quantum Optics,
Cambridge University Press, Cambridge �1995�.

3. L. C. Andrews and R. L. Phillips, Laser Beam Propagation through
Random Media, SPIE Optical Engineering Press, Bellingham, WA
�1998�.

4. G. J. Baker and R. S. Benson, “Gaussian beam scintillation on ground
to space paths: the importance of beam wander,” Proc. SPIE 5550,
225–235 �2004�.

Yahya Baykal received his BSc and MSc
degrees from Middle East Technical Univer-
sity �METU�, Ankara, Turkey, in 1974 and
1977, respectively, and his PhD degree
from Northwestern University, Evanston, Illi-
nois, in 1982. He was an assistant profes-
sor in the Electronic Engineering Depart-
ments of METU and Hacettepe University,
fiber optics project manager in R&D with the
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