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A B S T R A C T   

Efficient thermal transportation in compact heat density gadgets is a prevailing issue to be 
addressed. The flow of a mono nanofluid (SiO2/Kerosene oil) and hybrid nanofluid (TiO2 + SiO2/ 
Kerosene oil) is studied in context of Riga wedge. The basic purpose of this work pertains to 
improve thermal conductivity of base liquid with inclusions of nano-entities. The hybrid nano-
fluid flow over Riga wedge is new aspect of this work. The concentration of new species is 
assumed to constitute the base liquid to be non-Newtonian. The fundamental formulation of the 
concentration laws of mass, momentum and energy involve partial derivatives. The associated 
boundary conditions are taken in to account. Similarity variables are utilized to transform the 
leading set of equations into ordinary differential form. Shooting procedure combined with 
Runge-Kutta method is harnessed to attain numerical outcomes. The computational process is run 
in matlab script. It is seen that the velocity component f′(η) goes upward with exceeding inputs of 
modified Hartmann number Mh and it slows down when non-dimensional material parameter αh 
takes large values. Also, Nusselt number − θ′(0) is enhanced with developing values of Eckert 
number Ec and Biot number Bi.  
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k* permeability of porous medium 
j0 current density of electrodes 
Khnf hybrid nanofluid thermal conductivity 
M0 permanent magnetized magnate 
d width between the electrodes 
Q0 heat source coefficient 
Q heat source 
T Temperature 
Ec Eckert number 
T∞ Ambient fluid temperature 
Mh Hartmann number 
αh dimensionless parameter 
Pr Prandtl number 
Tw Wall temperature 
Rex Reynolds number 
hf heat transfer coefficient 

Greek Symbols 
αh dimensionless parameter 
ρCp heat capacity 
μhnf fluid dynamic velocity 
ρhnf density of hybrid nanofluid 
ν Kinematic viscosity 
μ Fluid viscosity 
β wedge angle parameter 
ρ Fluid density 
λ Deborah number 
λ1 relaxation time 
η Similarity variable 
σ electrical conductivity 

Subscripts 
p Nanoparticles 
w On the wall 
∞ Ambient  

1. Introduction 

All those fluids which can’t be fulfill the Newton’s law of viscosity are known as Non-Newtonian fluids. Common examples of non- 
Newtonian fluids are dissolved margarine, ketchup, squeezed apple, corn starch, starch suspensions and cleanser etc. A well known 
Non-Newtonian fluid is Maxwell fluid. Jamshed et al. [1] investigated the impacts of MHD Maxwell nanofluids. Abdal et al. [2] studied 
bioconvection of living microorganisms on MHD Maxwell nanofluid flow. Habib et al. [3] studied the comparative study of different 
non-Newtonian fluids. The impacts of chemical reaction on Maxwell nanofluid flow through a permeable surface with radiation was 
depicted by Ali et al. [4]. Bilal et al. [5] analyzed the radiative heat flux effect for Maxwell nanofluid flow in three dimension. Abdal 
et al. [6] discussed PST and PHF condition on MHD Maxwell nanofluid with living microorganisms. Similar work were done by [7–9]. 

In the recent last few decades various experts explored the progress in the thermal conductivity. Nano-fluid constituted of colloidal 
suspension of nanometer shaped particles in base liquid. These nano-fluids are favorable for the growth of thermal transportation to be 
known for microelectronics, refrigeration and cooling, sun collected heat, compact and processors of Personal computers etc. 
Inherently, the up-gradation of heat transportation based on the thermal conductivity of nano-particles, fixations of volume atom and 
mass stream rates. Initially, Choi [10] analyzed the heat transfer of nanofluids. The effect of nanofluids in a photovoltaic systems and 
solar plates collectors was depicted by Sheikholeslami et al. [11]. Yang et al. [12] analyzed the heat coefficient in bone micro grinding 
for using nanofluid aerosol cooling. The investigation of nanofluid flow through a Riga plate with heated bio-convection process was 
studied by Bhatti et al. [13]. Rostami et al. [14] examined the measurement of heat flow of MWCNT-CuO/water nanofluid by using 
artificial neural networks (ANNs). By using the silver-water nanofluid in three dimensions hemispherical of solar collector operating 
was depicted by Moravej et al. [15]. Similar work were done by many mathematicians [16–19]. 

To improve the efficiency of transfer of heat of nanoparticles, the researchers are planning to dope more than one specie the 
nanoparticles called hybrid nanoparticles. Such types of particles are obtained by adding at least two unlike materials nano-sized 
particles. These fluids are utilized in different fields like cooling vehicles motor, electronic cooling, machine coolant and so forth. 
Toghraie et al. [20] studied the viscosity of nanofluid (Silver/Ethylene glycol) at various volume fractions and temperature of 
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nano-particles and design an artificial neural network (ANN), similar work was presented in Refs. [21,22]. The investigation of single 
and hybrid base nanofluids with WO3 and MWCNTs to enhance the thermal conductivity of fluids was analyzed by Soltani et al. [23]. 
Ruhani et al. [24] explored the statistical investigation for the enhancement of a new mathematical model for rheological behavior of 
Silica-ethylene glycol/water hybrid Newtonian nanofluid. Khodabandeh et al. [25] studied the improvement in thermal conductivity 
of water nanofluid/GNP-SDBS in double-layer micro-channel heat sink with sinusoidal cavities. Yan et al. [26] depicted the rheological 
behavior of MWCNTs-ZnO/water-ethylene glycol hybrid non-Newtonian nanofluid by using an experimental investigation. Abro et al. 
[27] experimental investigated mild steel. Alarifi et al. [28] analytically performed the quality assurance of impact-damaged laminate 
composite structures. further, Asmatulu et al. [29] investigated the effects of surface treatments on carbon fiber-reinforced composite 
laminates. Many researchers were done similar work on nanofluid [30–35]. 

Heat source is usually used to increase the heat of the objects. Radiation impacts on hybrid nanofluid (Fe3O4/graphene) flow 
through a folded sheet with heat source was analyzed by Acharya et al. [36]. Tlili et al. [37] investigated the impacts of heat resistive 
flow on MHD Sakiadis hybrid nanofluid transportation through thin needle. Analysis of heat conductivity of hybrid nanofluid 
Cu–Al2O3 with viscous dissipation was investigated by Aamir et al. [38]. Chamkha et al. [39] discussed presence of heat source in 
square shaped flow of hybrid nanofluid with MHD free convection. Evaluation of exact solution of Stokes second theorem with the flow 
of hybrid nanofluid was examined by Roy et al. [40]. Shehzad et al. [41] examined the conduction of heat in radiative hybrid nanofluid 
through a permeable domain. The increase in heat transfer rate in hybrid nanofluid with micro heat exchanger and its computational 
investigation was studied by Ghachem et al. [42]. 

From the survey of above related literature on the improvement of heat transfer in fluids, various techniques such as fin and fan 
increase the size of the heat exchanger. However, the concept of increased thermal conductivity of base fluid with the inclusion of 
nano-entities has become very popular. This work presents enhancement in thermal transportation of Kerosene oil slightly mixed with 
nano particles of SiO2 and (SiO2 + TiO2). The nanofluid transportation occurs across Riga wedge. This is novel aspect of this work to 
consider thermal transportation of two types of nanofluids (mono nanofluid and hybrid nanofluid) across Riga wedge. This work is 
rarely discussed in the existing literature. The very interest for this communication aroused to reduce thermal imbalances arising in 
concurrent complicated technological procedures pertaining to industries, transportation and electronics. 

2. Mathematical formulation 

We consider the fluid flow is incompressible, independent of time and two dimensional. On a Riga wedge surface a simple nanofluid 
SiO2/Kerosene oil and hybrid nanofluid TiO2 + SiO2/Kerosene oil flow pattern are shown in Fig. 1. Suppose that the Riga wedge surface 
is taken along the direction of x − axis and y − axis is drawn perpendicular to it. The velocity of fluid is denoted by u and v, which are 
taken along the x and y − axis respectively, fluid dynamic viscosity is named as μhnf, T is temperature, k* is the permeability of porous 
medium, J0 is expressing the current density of electrodes, density of hybrid nanofluid is denoted by ρhnf, khnf is the hybrid nanofluid 
thermal conductivity, permanent magnetized magnate is named as M0, width between the electrodes is labeled as d, Q0 is the coef-
ficient of heat source/sink, heat capacity of fluid is named as ρ Cp, λ1 is relaxation time. The wedge surface is stretched with a velocity 
Uw = uwxm and Ue = uexm is labeled as free stream velocity, an ambient temperature of fluid is denoted as T∞, heat transfer coefficient is 
labeled as hf and wall temperature is named as Tw. Thermo-physical characteristics are presented in Table 1. Here, we take the per-
centage volume for nano-particles SiO2/Kerosene oil is 0.01 in bulk of TiO2/Kerosene oil. In this problem φ1 = 0.04 and φ2 = 0 for 
TiO2/Kerosene oil. For hybrid nanofluid, volume-fraction φ1 = 0.03 (TiO2) and φ2 = 0.01 (SiO2) is assumed. For hybrid nano-fluid and 
nanofluid the thermo-physical characteristics are disclosed in Table 2. 

With the above assumption the flow model is [35,43,44] 

∂u
∂x

+
∂v
∂y

= 0, (1)  

Fig. 1. Flowchart.  
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u
∂u
∂x

+ v
∂u
∂y

=
μhnf

ρhnf

∂2u
∂y2 +

J0M0π
8

exp
(
−

π
d

y
)
−

μhnf

ρhnf

u
k∗

+ λ1

(

u2∂2u
∂x2 + v2∂2u

∂y2 + 2uvu2 ∂2u
∂y∂x

)

, (2)  

u
∂T
∂x

+ v
∂T
∂y

=
khnf

(ρCp)hnf

∂2T
∂y2 +

μhnf

(ρCp)hnf

(
∂u
∂x

)2

+
Q0

(ρCp)hnf
(T − T∞). (3) 

With supportive boundary condition [35]: 

u = Uw = cx, v = 0, − khnf
∂T
∂y

= hf (T − Tw), as y = 0,

u → ue, T → T∞, as y → ∞.

⎫
⎪⎪⎬

⎪⎪⎭

(4) 

Physical properties of Kerosene oil are given in Table 2. 
The transformed ordinary differential equations are: 

f ′′′

− A1

(
2m

m + 1
f ′2 − f f ′′

)

− A1
2

m + 1
Mh(αhη) − KpAf ′

+A1βmax

(
2m(m − 1)

m + 1
f ′3 +

(m − 1)3

m + 1
ηf ′2f ′′′

+
m − 1
2m + 2

η2f ′2f ′′′

+ (m + 1)f 2f ′′′

− f f ′ f ′′′

)

= 0,
(5)  

θ′′ −
kf

khnf
Pr
(

A3f θ
′

− EcA4f ′2 −
2

m + 1
Qθ
)

= 0, (6)  

f (η) = 0, f ′

(η) = 1,
khnf

kf
θ
′

(η) = Bi(1 − θ(η)), at η = 0,

f
′

(∞) → 1, θ(∞) → 0, as η → ∞.

⎫
⎪⎪⎬

⎪⎪⎭

(7)  

where, Mh = πJ0M0
8a2x2m− 1, αh = ( 2ν

a(m+1)xm− 1)
1/2π

d, Kp =
μ
k∗, β = 2m

m+1, Q = 2Q0
a(ρCp)hnf (m+1)xm+1, Ec = a2x2m

(Cp)f (Tw − T∞)
, Pr = νf (ρCp)f

κf 
and λ = λ1axm− 1 are 

modified Hartmann number, dimensionless parameter, porosity parameter, wedge angle parameter, heat source parameter, Eckert 
number, Prandtl number and Deborah number. Also 

Table 1 
Thermo-physical properties [45,46].  

Physical properties TiO2 SiO2 Kerosene oil 

ρ(kg.m− 3) 4230 2220 783 
Cp(J(kg.◦k 692 745 2090 
κ(W(m.◦k) 8.4 1.4 0.145  

Table 2 
Thermal characteristics [14,23,35,43].  

Properties Nanofluid Hybrid Nanofluid 

μ(viscosity) μnf =
μf

(1 − Φ)
2.5 μhnf = [

μf

(1 − Φ1)
2.5

(1 − Φ2)
2.5 ]

ρ(density) ρnf = ρf ((1 − Φ)+ Φ
ρs
ρf 

ρhnf = [ρf (1 − Φ2)((1 − Φ1) + Φ1
ρs1
ρf

) + Φ2ρs2]

ρCp(Heat capacity) 
(ρCp)nf = (ρCp)f ((1 − Φ)+ Φ

(ρCp)s
(ρCp)f 

(ρCp)hnf = [(ρCp)f (1 − Φ2)((1 − Φ1) + Φ1
(ρCp)s1
(ρCp)f

) + Φ2(ρCp)s2]

κ(Thermal conductivity) κnf

κf
=

κs + (sf − 1)κf − (sf − 1)Φ(κf − κs)

κs + (sf − 1)κf + Φ(κf − κs)

κhnf

κbf
= [

κs2 + (sf − 1)κbf − (sf − 1)Φ2(κbf − κs2)

κs2 + (sf − 1)κbf + Φ(κbf − κs2)
]

where 
κbf

κf
= [

κs1 + (sf − 1)κf − (sf − 1)Φ1(κf − κs1)

κs1 + (sf − 1)κf + Φ(κf − κs1)
]

σ(Electrical conductivity) σnf

σf
= 1+

3(σ − 1)Φ
(σ + 2) − (σ − 1)Φ 

σhnf

σbf
= [1 +

3Φ(σ1Φ1 + σ2Φ2 − σbf (Φ1 + Φ2))

(σ1Φ1 + σ2Φ2 + 2Φσbf ) − Φσbf ((σ1Φ1 + σ2Φ2) − σbf (Φ1 + Φ2))
]
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A1 =

[

(1 − Φ1)
2.5
(1 − Φ2)

2.5
[(

1 − Φ2)

{(

1 − Φ1) + Φ1
ρs1

ρf

}

+ Φ2
ρs2

ρf

]

,

A2 =

[(

1 − Φ2)

{(

1 − Φ1) + Φ1
ρs1

ρf

}

+ Φ2
ρs2

ρf

]

,

A3 =

[(

1 − Φ2)

{(

1 − Φ1) + Φ1
(ρCp)s1

(ρCp)f

}

+ Φ2
(ρCp)s2

(ρCp)f

]

,

A4 = [(1 − Φ1)
2.5
(1 − Φ2)

2.5
],

khnf

kf
=

[
κs2 + (sf − 1)κbf − (sf − 1)Φ2(κbf − κs2)

κs2 + (sf − 1)κbf + Φ2(κbf − κs2)
.
κs1 + (sf − 1)κf − (sf − 1)Φ1(κf − κs1)

κs1 + (sf − 1)κf + Φ1(κf − κs1)

]

.

Physical quantities are (see Ref. [35]): 

Cf =
τw

ρf U2
w
, Nu =

xqw

kf (Tw − T∞)
, τw = μhnf (1+ λ1)

(
∂u
∂y

)

, qw = khnf
∂T
∂y

, at y = 0, (8) 

Using similarity transformation, we get 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

CfxRex
1/2 =

(1 + λ)f ′′(0)
A4

,

NuxRex
− 1/2 = −

[
khnf θ

′

(0)
]

kf
.ed  

3. Solution procedure 

The non-linear boundary value problems constituted by eq. (5) to eq. (7) is difficult to solve analytically. A numerical procedure 
involving Runge-Kutta method is coded in matlab script. The higher order derivatives are reduced to a system of first order differential 
equations as given below: 

s′1 = s2 

s′2 = s3 

(1 + WeA1s3)s
′

3 = A1(s2
2 − s1s3)+ A2Ms2 + Kps2 

s′3 − A1(
2m

m+1s
2
2 − s1s3) − A1

2
m+1 Mhexp( − π

d η) − KAs2 + A1βmax
(

2m(m− 1)
m+1 s3

2 +
(m− 1)3

m+1 ηs2
2 +

m− 1
2m+2η2s2

2s′3 + (m+1)s2
1s′3 − s1s2s′3

)
= 0, 

s′4 = s5 

s′5 =
kf

khnf
Pr(A3s1s5 − EcA4s2

3 − Qs4)

Along with the boundary conditions: 

s1 = 0, s2 = 1, s4 = 1, at η = 0 
s2 → 0, s4 → 0 as η → ∞. 

4. Outcomes and discussion 

Here, two cases of fluid flow are computed and expressed for their numerical solution. First case is SiO2/Kerosene oil and second 
case is TiO2 + SiO2/Kerosene oil. The four sets of results are contained in Table 3 and a close co-relation is seen among all of them. The 
numerical findings for the dependent physical quantities are yielded by utilizing Runge-Kutta procedure. This method is widely used 
for solution of such problems. This is efficient and straight method with accuracy O(h5). Reliability of the numerical scheme is 
ascertained in limiting cases as enlisted in Table 3. A good comparison is seen among previous and current findings. Computations are 
prepared to elucidate the thermal and mass transfer by Maxwell hybrid nanofluid when the dimensionless numbers of influence are 
varied in appropriate ranges. 

In each of Figs. 2–5, results for SiO2/Kerosene oil and for TiO2 + SiO2/Kerosene oil are presented. The fixed Prandtl number Pr = 30 
is taken. Fig. 2 depicts the influence of modified Hartmann number Mh and dimensionless parameter αh on f′(η). It comes to know that 
for both nanofluids, velocity goes upward with large Mh and it slows down when αh takes large values. The modified Hartmann number 
Mh is related to the design of Riga surface which reduce the friction to the flow and hence acceleration is resulted. Fig. 3, delineated to 

Table 3 
Comparative outputs of − θ′(0).  

Pr Wang [47] Khan and Pop [48] Yahya et al. [43] Our results 

2.0 0.9114 0.9113 0.9112 0.9114 
6.13 – – 1.7597 1.7595 
7.0 1.8954 1.8954 1.8953 1.8954 
20.0 3.3539 3.3539 3.3540 3.3540  
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capture impact of λ and Kp, the porosity parameter on f′(η). The flow decelerates against (λ and Kp). The main reason behind the 
decreases in velocity is that λ, the Debora number is related with relaxation time due to this large value of λ, the velocity declines. Also, 
there exists higher resistance the flow when Kp intensifies so, velocity decreases. Fig. 4, demonstrates the inputs of nonlinear parameter 
m and wedge angle β, on velocity f′(η). The velocity recedes down against the parameter m but it increases more rapidly with the rising 
values of β. The very reason behind this inclination is that the higher wedge angle slows the motion of fluid which causes decrease in 
boundary layer thickness. The variation of temperature for the simple and hybrid nanofluids for different values of Ec and Q is 
demonstrated in Fig. 5. It is seen that when Ec increases, temperature goes down for both fluids. The basic reason behind this 
retardation is that the larger values of Ec convert the mechanical energy to heat energy. On the other hand, temperature increases for 
both fluids with the rising values of Q. Physically, more additional heat provided to the liquid when heat source takes larger values 
which enhances the temperature of the fluid. In Fig. 5, the impact of volume fraction φ2 and Bi is observed. It is seen that with the 
enhancement in values of φ2, temperature rises. The basic reason behind this phenomenon is that the thermal conductivity rises with 
the increasing values of φ2. Similarly, temperature increases for Biot number for both the fluids. Physically, there is direct relation 
between Biot number and temperature. So, temperature rises rapidly with increasing values of Bi. Moreover, for the different inputs of 

Fig. 2. The curve for velocity f′(η) with fluctuation of Mh and αh.  

Fig. 3. The curve for velocity f′(η) with fluctuation of λ and Kp.  

Fig. 4. The curve for velocity f′(η) with fluctuation of m and β.  
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the numbers λ, Kp, Mh, m and αh the outputs of skin friction − f′ ′(0) are enlisted in Table 4. It is observed that absolute values of − f′ ′(0) 
is enhanced with Mh and λ. However, − f′ ′(0) diminishes when the parameter λ, Kp, m and αh are incremented. Also, Nusselt number −
θ′(0) is enhanced with developing values of Ec and Bi as detailed in Table 5. It is noticed that − θ′(0) diminishes against heat source 
parameter Q. 

5. Conclusions 

In order to enhance flow thermal transportation, mono nanofluid (SiO2/Kerosene oil) and hybrid nanofluid (TiO2 + SiO2/Kerosene 
oil) is discussed across a Riga wedge. Theoretical and numerical investigation is made and that findings are attained for the two cases. 
The valuable findings are summarizes as below:  

● When the dimensionless parameters αh, Kp, λ and m increase, the velocity decreases while opposite behavior is noticed for Mh and β.  
● With the rising values of Ec, temperature goes down while the temperature is boosted up with Q and Bi.  
● With the growing value of φ2, the temperature θ(η) is uplifted.  
● The coefficient of skin friction factor rises with Mh and λ but the growing values of m, Kp and αh causes to reduce the magnitude of −

f′ ′(0).  
● With developing values of Ec and Bi, progressive behavior is shown for Nusselt number − θ′(0) but it is inversely proportional to Q.  
● It is perceived that temperature distribution and heat transfer is increased in case of hybrid nanofluid. 

6. Future direction 

In future this problem can be extended for bioconvection of living microorganisms and with different numerical techniques like 
FEM, FDM and Artificial neural network ([20,22]). 
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