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1. Introduction

Segre [1] made a pioneering attempt in the development of special algebra. He conceptualized
the commutative generalization of complex numbers, bicomplex numbers, tricomplex numbers, etc.
as elements of an infinite set of algebras. Subsequently, in the 1930s, researchers contributed in this
area [2-4]. The next fifty years failed to witness any advancement in this field. Later, Price [5]
developed the bicomplex algebra and function theory. Recent works in this subject [6, 7] find some
significant applications in different fields of mathematical sciences as well as other branches of science
and technology. An impressive body of work has been developed by a number of researchers. Among
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these works, an important work on elementary functions of bicomplex numbers has been done by
Luna-Elizaarraras et al. [8]. Choi et al. [9] proved some common fixed point theorems in connection
with two weakly compatible mappings in bicomplex valued metric spaces. Jebril [10] proved some
common fixed point theorems under rational contractions for a pair of mappings in bicomplex valued
metric spaces. In 2017, Dhivya and Marudai [11] introduced the concept of a complex partial metric
space, suggested a plan to expand the results and proved some common fixed point theorems under a
rational expression contraction condition. In 2019, Mani and Mishra [12] proved coupled fixed point
theorems on a complex partial metric space using different types of contractive conditions. In 2021,
Gunaseelan et al. [13] proved common fixed point theorems on a complex partial metric space. In 2021,
Beg et al. [14] proved fixed point theorems on a bicomplex valued metric space. In 2021, Zhaohui et
al. [15] proved common fixed theorems on a bicomplex partial metric space. In this paper, we prove
coupled fixed point theorems on a bicomplex partial metric space. An example is provided to verify the
effectiveness and applicability of our main results. An application of these results to Fredholm integral
equations and nonlinear integral equations is given.

2. Preliminaries

Throughout this paper, we denote the set of real, complex and bicomplex numbers, respectively, as
%o, ¢1 and 6,. Segre [1] defined the complex number as follows:

3 =19 + iy,
where ¥, %, € %o, i% = —1. We denote the set of complex numbers %) as:
6 =1{3:3 =10 +thi, 0,10, € C).

Let 3 € €1; then, |3| = (19% + 19%)%. The norm ||.|| of an element in % is the positive real valued function
Il : 61 — €, defined by

il = 87 +03)°.
Segre [1] defined the bicomplex number as follows:
¢ = 191 + ﬂzi] + I?3i2 + ﬂ4i1i2,

where ¥, ¥, 3,94 € %), and independent units ij, i, are such that if =i, = =1l and ii; = ixi;. We
denote the set of bicomplex numbers %, as:

Cr =1{s: ¢ =10 +thi + Osip + Duiyin, 31, 0, 03,04 € 6},

1.e.,

© =1{s:¢ =31 +123,31,3% € 61},
where 3; = ¢ + thi; € € and 3, = 93 + H4i; € €1. If ¢ = 31 + i3, and 7 = w| + iLw, are any two
bicomplex numbers, then the sum is ¢ =+ 7 = (31 + i232) £ (W + hwy) = 31 = Wy + (32 £ Wy), and the
product is ¢.n7 = (31 + i23) (W + hwy) = Giw) — 32w2) + L(G1W2 + Fw)).
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There are four idempotent elements in %5: They are 0, 1,¢; = “;ﬂ, ey = ILZW of which ¢; and ¢, are
nontrivial, such that ¢; + ¢; = 1 and ¢;e; = 0. Every bicomplex number 3; + i3, can be uniquely

expressed as the combination of ¢; and e,, namely

¢ =31 +i =G —iu3)e + G +i13)e.

This representation of ¢ is known as the idempotent representation of a bicomplex number, and the
complex coeflicients ¢; = (3; — 132) and ¢, = (3; + i132) are known as the idempotent components of
the bicomplex number ¢.

An element ¢ = 3; + i3, € % is said to be invertible if there exists another element 1 in %> such
that ¢n = 1, and 7 is said to be inverse (multiplicative) of ¢. Consequently, ¢ is said to be the
inverse(multiplicative) of . An element which has an inverse in %5 is said to be a non-singular element
of %>, and an element which does not have an inverse in % is said to be a singular element of %>.

An element ¢ = 3| + i3; € %, is non-singular if and only if ||3% + 3§|| # 0 and singular if and only if
137 + 351l = 0. When it exists, the inverse of ¢ is as follows.

1 31—
sTEn= S5
2+ 32

Zero is the only element in %, which does not have a multiplicative inverse, and in %}, 0 = 0 + 7,0 is
the only element which does not have a multiplicative inverse. We denote the set of singular elements
of 6, and €| by O, and DO, respectively. However, there is more than one element in %, which
does not have a multiplicative inverse: for example, e; and e,. We denote this set by O,, and clearly
Oy = {0} =90, CO,.

A bicomplex number ¢ = & + i + P30, + 94111 € 65 is said to be degenerated (or singular) if the

matrix

hH

I
is degenerated (or singular). The norm ||.|| of an element in %, is the positive real valued function
IIIl : €2 — 6, defined by

. 1
sl = 1131 + i2all = {13311 + 1331}

. . 1

1= i13]” + 31 + 1137 ]2
2

= (2 + 03 + 9% +92)2,

where ¢ = 191 + 1921'1 + 193i2 + 194i1i2 =3 +03 € ng

The linear space %, with respect to a defined norm is a normed linear space, and %, is complete.
Therefore, %5 is a Banach space. If ¢, € %, then |l¢nll < V2l[s]lllnll holds instead of |lcnll < llsllinll,
and therefore %, is not a Banach algebra. For any two bicomplex numbers ¢, 7 € 6>, we can verify the
following:

L¢=i,n &= sl <linl.

2. lig + il < lIs1l + llmll,
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3. [1%s|l = [PlIs]], where ¥ is a real number,
4. |lsnll < \/§||g||||n||, and the equality holds only when at least one of ¢ and 7 is degenerated,
5. lls™!l = |IglI™! if ¢ is a degenerated bicomplex number with 0 < g,

6. ||,5]|| = Id ¢ n is a degenerated bicomplex number.

llnll >

The partial order relation <;, on % is defined as follows. Let %, be the set of bicomplex numbers and
S =31+ i3, n=w +ihw € 6. Then, ¢ <;, nif and only if 3; < w; and 3; < w,, i.e., ¢ <, nif one
of the following conditions is satisfied:

L. 31 = wi, 32 = wa,
2. 31 <wy, 32 = wy,
3. 31 = wi, 32 < wy,
4. 31 < Wy, 3 < Ws.

In particular, we can write ¢ 5;, nif ¢ <;, nand ¢ # 7, i.e., one of 2, 3 and 4 is satisfied, and we
will write ¢ <;, n7if only 4 is satisfied.
Now, let us recall some basic concepts and notations, which will be used in the sequel.

Definition 2.1. [15] A bicomplex partial metric on a non-void set U is a function pppms : U X U —
Cg;—, where Cg;— = {5‘ ¢ = 191 + ﬁzil + 193i2 + 194i1i2,191,192,193,194 € (50+} and Cgo-'— = {191 € (golﬁl > 0}
such that for all ¢, ,3 € U:

1. 0 =i, Poepms(Ps @) =iy Prepms(p, £) (small self-distances),

2. Poepms(@, &) = Poepms(L, ) (symmetry),

3. Poepms(@, @) = Prepms(®, &) = Prepms({, {) if and only if ¢ = £ (equality),
4. Ppepms(@5 ) =iy Pocpms(@s3) + Poepms(3: £) = Poepms(3, 3) (triangularity).

A bicomplex partial metric space is a pair (U, ppcpms) such that U is a non-void set and ppepms i @
bicomplex partial metric on U.

Example 2.2. Let U = [0, co) be endowed with bicomplex partial metric space ppepms : U X U — €5
with ppepms(@, £) = max{e, {}e??, where €2’ = cos §+i, sin6, forall ¢, € U and 0 < 6 < 5. Obviously,
(U, ppepms) 1s a bicomplex partial metric space.

Definition 2.3. [15] A bicomplex partial metric space U is said to be a T space if for any pair of
distinct points of U, there exists at least one open set which contains one of them but not the other.

Theorem 2.4. [15] Let (U, ppcpms) be a bicomplex partial metric space; then, (U, ppepms) is To.

Definition 2.5. [15] Let (U, pycpms) be a bicomplex partial metric space. A sequence {¢.} in U is
said to be convergent and converges to ¢ € U if for every 0 <;, € € €, there exists N' € N such

that 9. € B, (¢, €) = {w € U : Ppepms(p, W) < € + Ppepms(p, )} for all T > N, and it is denoted by
lim ¢, = ¢.
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Lemma 2.6. [15] Let (U, ppepms) be a bicomplex partial metric space. A sequence {¢p.} € U is
converges 1o ¢ € u iﬁpbcpms(wa ‘P) = li_)rgpbcpms(so’ QOT)

Definition 2.7. [15] Let (U, ppepms) be a bicomplex partial metric space. A sequence {¢,} in U is
said to be a Cauchy sequence in (U, ppcpms) if for any € > O there exist ¢ € €, and N € N such that
”pbcpms((pﬁ ()Ov) - ﬁ” < e for all U2 N.

Definition 2.8. [15] Let (U, pycpms) be a bicomplex partial metric space. Let {¢.} be any sequence in
U. Then,

1. If every Cauchy sequence in U is convergent in U, then (U, pycpms) 1s said to be a complete
bicomplex partial metric space.

2. A mapping S : U — U is said to be continuous at ¢y € U if for every € > 0, there exists 6 > 0
such that S(B,,.,..(¢0,0)) C B,.,..(S(¢o, €)).

Lemma 2.9. [15] Let (U, ppepms) be a bicomplex partial metric space and {¢.} be a sequence in U.
Then, {¢.} is a Cauchy sequence in U iff 1im ppepms(@r, ©v) = Poepms(p, @).

Definition 2.10. Let (U, pycpms) be a bicomplex partial metric space. Then, an element (¢, ) € U XU
is said to be a coupled fixed point of the mapping S : U X U — U if S(¢,{) = ¢ and S({, ¢) = (.

Theorem 2.11. [15] Let (U, ppcpms) be a complete bicomplex partial metric space and S,T : U — U
be two continuous mappings such that

pbcpms(S(p’ T{) 51'2 [ maX{pbcpms(QD’ {), pbcpms((pa S(P)’ pbcpms({’ T()a
1
E(pbcpms(ﬁo, Tév) + pbcpms((:a S‘P))},

for all o, € U, where O < | < 1. Then, the pair (S,7T) has a unique common fixed point, and
pbcpms(QO*a ‘P*) =0.

Inspired by Theorem 2.11, here we prove coupled fixed point theorems on a bicomplex partial
metric space with an application.

3. Main results

Theorem 3.1. Let (U, ppcpms) be a complete bicomplex partial metric space. Suppose that the mapping
S : U X U — U satisfies the following contractive condition:

pbcpms(S(()O’ é/)a S(Va ,Ll)) ﬁiz /lpbcpms(S(‘pa {)’ <P) + Ipbcpms(S(Vv ,u), V),

Sforall ¢,¢,v,u € U, where A, 1 are nonnegative constants with A+1< 1. Then, S has a unique coupled
fixed point.

Proof. Choose vy, g € U and set vi = S(vo, o) and p; = S(uo, vp). Continuing this process, set
Veel = S(VT, ,uT) and Mzl = S(/l‘ra V‘r)- Then,

,Dbcpms(v‘ra V‘r+1) = pbcpms(S(VT—la MT—I)? S(VT5 ,u‘r))
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=iy APpepms(SVe—t1, r=1)s Veo1) + 10pepms(S(Ve, fir), V)
= APpepms(Ves Veo1) + Wbepms Ver1s Vi)
Pocpms(Ves Vre1) <iy L_Ipbcpms(vﬁ V1)
which implies that
l0bepms(Ves Ve DIl < 3llobepms (Ve-1, Vol (3.1)

where 3 = ﬁ < 1. Similarly, one can prove that

”pbcpms(,un ,u‘r+l)|| < Sllpbcpms(,u‘r—l’ ,u‘r)” (32)

From (3.1) and (3.2), we get

”pbcpms(v‘r’ V‘r+l)|| + ”pbcpms(/l‘r, /JT+1)|| < 3(||pbcpms(v‘r—l’ V‘r)”
+ ”pbcpms(ﬂ‘r—la/ir)”)a

where 3 < 1.
Also,

”pbcpms(V‘HIa V‘r+2)” < 3||pbcpms(v‘r» V‘r+1)” (33)
”pbcpms(/J‘Hla,u‘r-%—Z)” < 3”pbcpms(/~1‘ra ,u‘r+1)||- (34)

From (3.3) and (3.4), we get

||pbcpms(v7'+17 VT+2)|| + ||pbcpms(/1‘r+la/1‘r+2)” < 3(||pbcpms(vﬂ V‘r+1)||
+ ”pbcpms(/lr’ :u‘r+l)||)-

Repeating this way, we get

obepms(Ves VeIl + l0bepmsWes es DIl < 3U00epms W15 I + l0bepms(Ve1, VoIl
< 3°(lovepms(the—2, tte—1)|
+ lovepms Ve—2, V- DI
< - L35 lebepms (o, )
+ l0bepms Vo, vOII).

NOW, if ”pbcpms(v‘r’ VT+1)|| + ”pbcpms(,u‘r’ ﬂ‘r+l)” =Y then

Yz < 3Yr-1 <--- < STVO- (35)

If yo = 0, then [lopepms(Vo, VOII + lobepms(po, Il = 0. Hence, vo = vi = S(vo, o) and pg = p1 =
S(uo, o), which implies that (vy, 1) is a coupled fixed point of S. Let y, > 0. For each 7 > v, we have

,Dbcpms(v‘ra VU) 51'2 pbcpms(v‘r’ VT—I) + pbcpms(v‘r—l ) VT—2) - pbcpms(VT—l ) VT—I)
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+ pbcpms(VT—Z’ V‘r—3) + pbcpms(v‘r—?n V‘r—4) - pbcpms(v‘r—?n V‘r—3)
. pbcpms(vv+2, VU+1) + phcpms(vv+1 s Vv) - pbcpms(vv+1 ’ Vv+1)
51'2 pbcpms(v‘r’ VT—I) + ,Dbcpms(v‘r—l, VT—2) toee Tt pbcpms(vu+1a VU)a

which implies that

”phcpms(v‘r, Vv)” < ”phcpms(v‘r’ V‘r—l)” + ”pbcpms(v‘r—l» V‘r—2)”
Sl ”pbcpms(vuﬂ, Vu)”-

Similarly, one can prove that

”pbcpms(/'l‘r»,uu)” < ”phcpms(/l‘r, ,u‘r—l)” + ”pbcpms(/—l‘r—l,,ur—2)”
i ”pbcpms(,uu+1’/—1v)”-

Thus,

”pbcpms(v‘r» Vv)” + ”pbcpms(,u‘r’ ,uv)” < Ye-1t V2t Y3+t Yy
<SG+ 30

v

<

vo — 0 as v — oo,

which implies that {v;} and {u.} are Cauchy sequences in (U, ppcpms). Since the bicomplex partial
metric space (U, ppepms) 1S complete, there exist v, u € U such that {v;} — v and {u;} = pas 7 — oo,
and

pbcpms(v, V) = Tli_)nolopbcpms(va Vi) = Tlginoopbcpms(vﬁ VU) =0,
phcpms(/l’ ,u) = _}i_)rgpbcpms(ﬂ, /J‘r) = Tlviinoophcpnm(/l‘r, ,uu) =0.

We now show that v = S(v, ). We suppose on the contrary that v # S(v,u) and u # S(u, v), so that
0 <i2 pbcpms(va S(V’ ﬂ)) = Il and 0 <i2 pbcpms(;u’ S(/J, V)) = IZ~ ThGIl,
I1 = pbcpms(y, S(V’ ,Lt)) 51’2 pbcpms(va VT+1) + pbcpms(V‘Hl s S(V’ ,Lt))
= pbcpms(va Ver) + pbcpms(S(V‘r’ #T)’ S(V, ,u))
Siz pbcpms(v’ V‘r+1) + /lpbcpms(v‘r—la VT) + Ipbcpms(S(V, /l), V)

A
51'2 mpbc‘pms(% V‘r+1) + 1__[pbcpmx(v‘r—la V‘r)a

which implies that

1 A
||Il ” < m”pbcpms(va V‘r+l)” + m”pbcpms(v‘r—l ’ V‘r)”-

As T — oo, ||l;]| £ 0. This is a contradiction, and therefore |opepms(v, S(v, u))l| = 0 implies v = S(v, ).
Similarly, we can prove that 4 = S(u,v). Thus (v, ) is a coupled fixed point of S. Now, if (g, b) is
another coupled fixed point of S, then
pbcpms(v, g) = pbcpl11s(8(v9 ,U), 8(97 b)) Siz Apbcpms(S(Va /J), V) + Ipbcpms(S(ga b)’ g)
= /lpbcpms(va V) + Ipbcpms(g, g)=0.

Thus, we have g = v. Similarly, we get [) = u. Therefore S has a unique coupled fixed point. O
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Corollary 3.2. Let (U, ppepms) be a complete bicomplex partial metric space. Suppose that the mapping
S : U X U — U satisfies the following contractive condition:

pbcpms(S(‘p’ 5)7 S(Va ,Ll)) ﬁiz /l(pbcpms(S((p’ g)’ ‘10) + pbcpms(S(Va ,Ll), V))’ (36)

forall p,C,v,u € U, where 0 < 1 < % . Then, S has a unique coupled fixed point.

Theorem 3.3. Let (U, ppcpms) be a complete complex partial metric space. Suppose that the mapping
S : U X U — U satisfies the following contractive condition:

pbcpms(S(QOa 5), S(V’ ,Ll)) 51'2 /lpbcpms(so, V) + Ipbcpms(é/, ,U),

forall ¢,¢,v,u € U, where A, 1 are nonnegative constants with A+1< 1. Then, S has a unique coupled
fixed point.

Proof. Choose v,y € U and set vi = S(vo, o) and p; = S(up, vo). Continuing this process, set
Vrel = S(V‘ra /JT) and Hre1 = S(/J‘ra v.). Then,

pbcpms(vﬁ V‘r+1) = pbcpms(S(VT—la /JT—I)’ S(VT’ /'l‘r))
ﬁ1'2 /lpbcpms(VT—] s V'r) + Ipbcpms(/lr—] s /’tT)?

which implies that

“pbcpms(vﬁ V‘r+1)” < /l”pbcpms(v‘r—l’ V‘r)” + [Hpbcpms(/-l‘r—l,llr)”- (37)

Similarly, one can prove that

”pbcpms(ﬂra /JT+1)|| < /l”pbcpms(,u‘r—ly,u‘r)” + I”pbcpms(v‘r—la VT)”' (38)
From (3.7) and (3.8), we get
”pbcpms(vﬁ V‘r+l)|| + ”pbcpms(,u‘ra ,uT+l)|| < (/l + I)(”pbcpms(:u‘r—l nu‘r)”
+ ”pbcpms(v‘r—l ) V‘r)”)

= a(”pbcpms(ﬂr—l,ﬂr)n
+ ”pbcpms(v‘r—l, VT)||)7

where a = 1+ 1< 1. Also,
”pbcpms(V‘rHv VT+2)|| < /l”pbcpms(v‘rv V‘r+l)” + I”pbcpms(lur’ :uT+1)|| (39)
||pbcpms(/1‘r+la/17+2)“ < /ulpbcpms(/l‘r’ ,u‘r+1)|| + I”pbcpms(v‘r’ V‘r+1)||- (310)
From (3.9) and (3.10), we get
||pbcpms(v7'+l’ VT+2)|| + ||pbcpms(/1‘r+l’/1‘r+2)” < (/1 + I)(”pbcpms(ﬂ‘ra ,u‘r+1)||
+ ”pbcpms(vﬂ VT+1)||)

= a’(”phcpms(/-l‘r’ /-17'+1)||

+ ”pbcpms(vﬂ V‘r+l)”)-
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Repeating this way, we get

lobcpms Ves Vs DIl + N10bepms (thes v DI < @l0pepms (-1, o)l
+ llopepms(Ve-1, voll)
< C¥2(||Pbcpms(/lr—2,llr—1)||
+ lovepms Ve—2, ve—D)ID)
< -+ < @ (llovepms (o> )l
+ lovepms Vo, vID.

NOW’ if ”pbcpms(v‘r, V‘r+l)|| + ”pbcpms(/l‘r’ ,u‘r+l)|| =Y then
Ve <@y < < a'yy. (3.11)

If yo = 0, then [|opepms(Vo, VOII + llosepms (o, )l = 0. Hence, vo = vi = S(vo,p0) and pio = py =
S(uo, vo), which implies that (v, uo) is a coupled fixed point of S. Let v, > 0. For each 7 > v, we have

,Dbcpms(v‘ra Vv) ﬁ1'2 pbcpms(v‘r’ VT—]) + pbcpms(v‘r—l ) VT—2) - ,Dbcpms(v‘r—l ) VT—I)
+ pbcpms(VT—Z’ V‘r—3) + pbcpms(VT—S’ V‘r—4) - pbcpms(v‘r—3a V‘r—3)
+-ee pbcpms(vv+2, Vv+1) + pbcpms(VUH ) VU) - pbcpms(vv+l ) Vv+1)

51'2 pbcpms(v‘r’ VT—l) + pbcpms(v‘r—l’ VT—Z) tee T+ pbcpms(vv+la Vv)a
which implies that
”pbcpms(v‘r, Vv)” < ”pbcpms(v‘r’ V‘r—l)” + ”pbcpms(v‘r—b V‘r—2)”
t+e- ”pbcpms(vv+1a VU)”-
Similarly, one can prove that
”pbcpms(ﬂ-ra ,uv)” < ”pbcpms(ﬂ‘r’ ﬂr—l)ll + ”pbcpms(ﬂ?'—l,ﬂT—Z)”
i ”pbcpms(#vﬂ’,uv)”-

Thus,

bepms\V1s Vu bepms\Mrs Hu)ll = Yr-1 T2 73 v
osepms Ves VIl + Wopepmshes Ml < Voot + Ye2 + Vo3 + - +y
<@ ' +a 7+ + )
aV
<
-«

Yo as T — 00,
which implies that {v;} and {u.} are Cauchy sequences in (U, Ppcpms). Since the bicomplex partial
metric space (U, pyepms) 1S complete, there exist v, u € U such that {v.} — v and {u,} - pas 7t — oo,
and

pbcpms(v, V) = ‘}i_)rgpbcpms(va Vi) = Tluiinoopbcpms(vﬁ Vv) =0,

pbcpms(ﬂ’ ,Ll) = _}i_)rgpbcpms(/l, /J‘r) = leiinoopbcpmx(ﬂ‘r,ﬂu) =0.
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Therefore ,

phcpms(S(V» /.l), V) < phcpms(S(V’ /-1)’ V‘r+l) + pbcpms(vr+l ) V) - pbcpms(V‘Hl ) V‘r+1)’
< pbcpms(S(V’ /J))’ S(V‘ra /—17) + pbcpms(v‘r+1 s V)
< /lpbcpms(v‘ra V) + Ipbcpms(,u‘r’ /'t) + pbcpms(v7'+1’ V)~

As T — oo, from (3.6) and (3.12) we obtain pycpms(S(v, 1), v) = 0. Therefore S(v, ) = v. Similarly, we
can prove S(u, v) = u, which implies that (v, u) is a coupled fixed point of S. Now, if (g;, ;) is another
coupled fixed point of S, then

pbcpms(gla V) = pbcpms(S(gla bl)’ S(V, ,U)) Siz ﬂpbcpms(gla V) + Ipbcpms(blaﬂ),
pbcpms(bl ’ ,u) = pbcpms(S(bl » 91 )’ S(/l’ V)) Siz /lpbcpms(bl > /l) + Ipbcpms(gl > V),

which implies that

”pbcpms(gl’ V)” < /l”pbcpms(gla V)” + I”pbcpms(blaﬂ)”’ (312)
”pbcpms(blnu)” < /l”pbcpms(blnu)” + IHpbcpms(gla V)” (313)

From (3.12) and (3.13), we get

||pbcpmx(gl, V)” + ”pbcpms(blnu)” < (/1 + I)[”pbcpmx(gl, V)” + ||pbcpms(bluu)”]-

Since A + [ < 1, this implies that [|0pcpms(31, VI + 0bepms(D1, Il = 0. Therefore, v = g; and u = by.
Thus, S has a unique coupled fixed point. O

Corollary 3.4. Let (U, ppcpms) be a complete bicomplex partial metric space. Suppose that the mapping
S : U X U — U satisfies the following contractive condition:

pbcpms(S(‘p’ §), S(Va ,u)) ﬁiz /l(pbcpms(‘p’ V) + pbcpms(é" ,u))a (3 14)
Sforall o, ¢, v,u € U, where 0 < 1 < % Then, S has a unique coupled fixed point.

Example 3.5. Let U = [0, c0) and define the bicomplex partial metric ppepms : U X U — € defined
by

N

pbcpms(‘10> é/) = maX{‘P, f}eize, 0<6< 5

We define a partial order < in &, as ¢ < (iff ¢ < . Clearly, (U, ppepms) is @ complete bicomplex
partial metric space.
Consider the mapping S : U X U — U defined by

p+<

8(90,4) = T VQO,{ € 7/[
Now,
pbcpms(S(QD’ g)’ S(V’ ,Ll)) = pbcpms((pT-i_{, ! —4i_ Iu)
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= % max{p + {,v + p}e”’

< %[ max({e, v} + max{{ ,M}]eizg
= i[pbcpms(cp, V) + Piepms({, u)]
= /l(pbcpms(sa, V) + Pepms( »,U)),

for all ¢, ¢, v,u € U, where 0 < A = ‘—1‘ < % Therefore, all the conditions of Corollary 3.4 are satisfied,
then the mapping S has a unique coupled fixed point (0, 0) in U.

4. Applications to integral equations

As an application of Theorem 3.3, we find an existence and uniqueness result for a type of the
following system of nonlinear integral equations:

M
ou) = fo Kk, PG (0, () + G2(p, {(P)]dP + 6(1),

M
L) = fo k(, DIG1(P, L(0) + Go(p, p(P)]dp + 6(), p, € [0, M], M > 1. 4.1

Let U = C([0, M],R) be the class of all real valued continuous functions on [0, M]. We define a
partial order < in ¢} as x < yiff x < y. Define S : U x U — U by

M
S, O(w) = j; K, MIG1(p, ©(P)) + Go(p, L(P)]dp + 6().

Obviously, (¢(u), {(w)) is a solution of system of nonlinear integral equations (4.1) iff (¢(u), {(w)) is a
coupled fixed point of S. Define ppepms : U X U — 6, by

pbcpms((p, {) = (|‘10 - gl + l)eizé)’
for all ¢, € U, where 0 < 0 < g Now, we state and prove our result as follows.

Theorem 4.1. Suppose the following:

1. The mappings G, : [0, M]XR - R, G, : [0, M]XR - R, 6 : [0, M] - Randk : [0, M]XR —
[0, 00) are continuous.

2. There exists n > 0, and A,1 are nonnegative constants with A + 1 < 1, such that

1
1G1(p, (P) = G1 (0, (DI <, A = {1+ 1) - >

1
1G2(p, (D)) — Go(p, e(P)] =i, (I — | + 1) — 5

M
3.0 ik, p)ldp <, 1.
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Then, the integral equation (4.1) has a unique solution in U.

Proof. Consider
Poepms(S(#, 0, SO, D)) = (1S(¢, {) = S, D)| + 1)e™’

M
= (I fo k(i PIG1 (P, @(P)) + Ga(p, L(P)]dp + 6(u)
M
- ( fo k(u, PIG1(p, v(P)) + G2(p, DP(p))]dp + 5(,u))| + l)e"ﬁ

M
(1 s 2161000 = G100
+ o, £ - Gl DI + 1)

M
<i ( fo k(. DG (b, (1)) = G (P V()]
+1G2(p. L)) - Ga(p, D(0)[]dp + 1)e"2”

M 1
< ( f i, DR Op Al = v+ 1) =

0

+l(|L = D]+ 1) - %) + 1)&2"

M
= (f; Nk, PIdp(A(le — vl + 1)
+ 107 - @+ 1)>)efze
=i (/l(l(,o Y+ D+ - D+ 1))ei29

= /lpbcpms(goa V) + Ipbcpms(ga D)

for all ¢,,v,® € U. Hence, all the hypotheses of Theorem 3.3 are verified, and consequently, the
integral equation (4.1) has a unique solution. m|

Example 4.2. Let U = C([0, 1], R). Now, consider the integral equation in U as

! 2
_ up 1 1 6L
) = fo 23(,u+5)[1 o) 2+g(p)]d‘°+ 5
! 2
_ up 1 1 6L
€ = L 23(u + 5)[1 + Z(p) * 2+ ‘p(p)]dp + 5 4.2)

Then, clearly the above equation is in the form of the following equation:
M
pu) = f Kk, PG (P, 0(P)) + G2(p, L(P))]dp + 6(p),
0

M
L) = fo (1, PGP, L(0) + Go(p, @(P)]dp + 6(), 1, € [0, M], (4.3)
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where o(u) = K(]J p) = 23(’:15), Gi(p, ) = ﬁ, Go(p, ) = ﬁ and M = 1. That is, (4.2) is a special
case of (4.1) i 1n Theorem 4.1. Here, it is easy to verify that the functions 6(u), x(u, p), G1(p, 1) and
G»(p, w) are continuous. Moreover, there exist 7 = 10, 4 = % and [ = i with A + [ < 1 such that

1
1G1(p,0) = Gi1(0, Ol < nAl = {1+ 1) - R

1
1G2(0, ) — Go(p, )| < (I — | + 1) — 3

and f nlk(u, p)ldp = fo 23'(71[’}:5) p = 23(’;'15) < 1. Therefore, all the conditions of Theorem 3.3 are

satisfied. Hence, system (4.2) has a unique solution (¢, {*) in U X U.

As an application of Corollary 3.4, we find an existence and uniqueness result for a type of the
following system of Fredholm integral equations:

o(u) = f8 G, p, (), {(P)dp + 6(u), u,p €&,
L(u) = fa G, p, (D), e(P)dp + 6(u), u,p €&, 4.4)

where & is a measurable, G : EXEXR XR — R, and 6 € L7(E). Let U = L>(E). We define a partial
order <in ¢, as x <y iff x < y. Define S : U x U — U by

S, OH(u) = j; G, p, 0(p), {(P)dp + 6(u).

Obviously, (¢(u), {(w)) is a solution of the system of Fredholm integral equations (4.4) iff (¢(u), {(w))
is a coupled fixed point of S. Define pppms : U X U — 6, by

pbcpms(‘ﬁa 0= (|(,0 é’| + 1)6126

for all ¢, € U, where 0 < 6 < 7. Now, we state and prove our result as follows.

Theorem 4.3. Suppose the following:

1. There exists a continuous function k : & X & — R such that

G, p, 0(0), {(P)) = G, p, v(p), P(P))] =i, [k, PI((P) — v(p)|
+14(p) — (p) - 2),

forall o, ,v,® e U, u,pe&.
2. g Ik(u, pldp =i, § <i, 1.
Then, the integral equation (4.4) has a unique solution in U.

Proof. Consider
pbcpms(S(QD’ {)’ S(V, ¢)) = (lS((P, {) - S(V’ ¢)| + l)eizg
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( f G P, 0(0), (D + 5(10)
( Gt b, v(w), DR + 50 + 1)’
- f (602, p. 40, 20

= G4t 1, v(w), Do) i + 1)
<i, ( fa G, p, 9(p), {(P)) — G, P, v(p), P(p))ldp + l)e"ﬁ
<i fg (s DI = () + I(3) = B3] = 20+ 1)
< f o, DIR(e(R) = ()] + ) = D) = 2)+ 1)

<. 4(I<p(v) — V)] + 1) — PP~ 2 + 4)e"29

—12 4(pbcpms(90a V) + pbcpms({ Q))
= /l(pbcpms(‘p’ V) + pbcpms({’ Q))’

for all ¢,,v,® € U, where 0 < A = % < % Hence, all the hypotheses of Corollary 3.4 are verified,

and consequently, the integral equation (4.4) has a unique solution. O
5. Conclusions

In this paper, we proved coupled fixed point theorems on a bicomplex partial metric space. An
illustrative example and an application on a bicomplex partial metric space were given.
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