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1 Introduction

Let z > 0, > 0 be real numbers. If a function f is nonnegative, integrable over finite inter-
val (0,z), and the integral of f* over (0, 00) converges, then Hardy’s inequality [1] is given
as follows:

/O‘X’ Z%(/Ozf(S)dsdef (%)a /Ooof"‘(z)dz, (1)

and the equality holds iff f = 0 almost everywhere. On the other hand, the constant (;%)*
is optimal. Hardy proved this inequality in 1925 [1] and the discrete version in 1920 [2].

The discrete version of (1) is given by

>~ /1 k o o a 00
Z % Zot, < (m) Za,‘f, (ak > O,Q > 1) (2)
k=1

k=1 \" j=1

These two inequalities are known in the literature as Hardy—Hilbert type inequalities.
Since the invention of these inequalities, plenty of papers containing new proofs, various
extensions, and generalizations have appeared. Inequality (1) was extended in [3], where

it was proved that, if @ > 1 and f > 0 are integrable on (0, 00), then

00 1 z o o o OOfDl(Z)
[ s ([roa) des(525) [ G2 mon @
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and

/Omzim(/oof(s)ds>adz§(l‘_xm)a Oooj;jn(i)dz, m< 1. (4)

The study of Hardy’s inequalities (discrete and continuous) focused on the investigations
of new inequalities with weighted functions. These results are of interest and importance
in analysis because the size of weight classes cannot be improved and the weight condi-
tions themselves are interesting. These inequalities have applications in diverse fields of
mathematics (spectral theory, PDEs theory, ODEs theory, etc.). These inequalities lead to a
large number of impressive connections between different branches of mathematics. This
explored area of mathematical analysis generates the publications of various monographs
and research papers. We refer the reader to [4—13] and the references therein.

Over the last decades a lot of considerable effort has been devoted to improve and gen-
eralize Hardy’s inequalities (1) and (2). In what follows, we introduce some of these im-
provements that motivated the content of this paper. Levinson in [14] expanded inequality
(1) using Jensen’s inequality. Under the following conditions:

+ A, f are positive functions;

« there exists a constant K > 0 having the following property:

AN (z) «

a—1+T(Z) X forallz >0,

where A(2) = [; AM(s)ds and @ > 1;
« ® is a real-valued convex function such that ®(v) > 0 for v > 0,

Levinson proved that

/0 (A(z / fGs) )dz <1<“/ ®(f(2)) d. (5)
In [15] Copson showed thatif 1 < y,1 < «, then
® AMz2) a \* [ AR (2)
/0 e M <y - 1) /0 Ar-e(z) ©

where A(z) = fozx(g)dg and ®(z) = f;f(‘;‘)k(é)dg. Hwang and Yang, in [16], extended
inequality (5) and derived thatif 1, g, f are nonnegative functions, « > 1, and K is a positive

constant having the following propriety:

A2)g(2) _«
Z(Z)A(Z) > E, Vz>0, (7)
then
*(2@)\" « “
where

A= /0 FEME) dE, Do) = /0 FE)qE)ME) de.
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The authors in [17] proved that, fori = 1,...,n, ifa; > 8; > 0, m; > B; are real numbers with
Yt Bi=landm=) " m;andif

+ ( i Fi ) 9;{(56)) z—> 0 for some constants «; > 0,
then
g a; _m “ —atj - e oK %; oo _my
/ l_[[q&i‘(x)]x dx < (HC, ’) Z,B,'Cf’ |:m 5 :| / g/ (x)x P dx 9)
0 = j=1 i=1 i— P 0

for any constant C; > 0, where

/‘xw ds, x¢€ (Or OO)

ETE)

A time scale is a closed subset of real numbers denoted by T. The main objective is to
demonstrate some results in dynamic inequalities where the involved functions are de-
fined on an arbitrary time scale T domain. These results involve the classical discrete and
continuous inequalities ( T = N, T = R) and can be expanded to different inequalities on
different time scales like T = g™ for g > 1, T = AN, & > 0, etc.

For wholeness, the main results of dynamic inequalities inspiring the subject of this arti-
cle are mentioned. Using Elliott’s technique [18], Rehak in [19] found the time scale version
of Hardy’s inequality. Particularly, Rehak derived, for & > 1 and f a positive function such
that [*(f(s))* As < oo, that

[ wwar ([ o) an= (G5) [Croas (10)

Additionally, if v(s)/s — 0 as s — oo, then (-%7)* is the optimal constant. Nevertheless, to
determine whether the constant in inequality (10) is optimal also on all time scales or just
those fulfilling the condition lim,_, o (v(s)/s) = 0 is still an open problem.

Ozkan and Yildirim [20] found a novel inequality with weight functions that can be
thought of as a time scale Hardy—Knopp type inequality proved by Kaijser et al. in [21]
of the form

[o froe)= [

where @ is a convex function on (0, 00).

Authors of [22] derived the time scale analogue of (3), that is,

0 1 a(n) o KY \% [ fo
[ oa) ans (G5) [ 520 en @

where y > 1, « > 1 with the existence of a positive constant K having the following propri-
ety: 1/K < g5 fors e T.
The authors in [23] generalized inequality (10) and showed that if y,« > 1, then

/cwm(/ f”“) as
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_ \(a-1)y
( —1) / re (G(S) )C)y no A 13)

Saker et al. [24] proved Copson inequalities (6) on time scales. In particular, it has been
proved that if y,« > 1, then

® A » <°(s>>w1
/c (7€) ey 26= (y 1) / PO g A% (14)

where

& n
A®) = / 1) A, BE) = / F)r(n) An

In addition, some generalizations of the inequalities of Bennett and Leindler type on time
scales have been proved. The authors demonstrated thatif 1 >y > 0,1 < «, then

o M) o M)
/a (PO gy 4 = (1 y) / O @y 2% (15)

with

Q) - /g A(n) An

The aim of this article is to prove some new Hardy-type inequalities on time scales in-

volving many functions which generalize and improve some of the above results and also
improve some other already proved results in [25]. The manuscript is arranged as follows:
In the preliminaries section, we recall a few elementary results and definitions concerning
the delta calculus on time scale. In the main results section, we prove our results that cover

a wide spectrum of previously proved inequalities.

2 Preliminaries

This section is devoted to presenting some basic definitions as well as some basic re-
sults on delta calculus on time scales that will be used in the sequel; for more details,
see [26]. The backward jump operator and the forward jump operator are defined by
o(s) :=sup{n € T:s>n} and 6(s) := inf{n € T : n > s}, respectively, where sup@ = inf T.
The forward graininess function v : T — [0, 00) is given by v(s) := 5 (s) —s. A point s € T is
called:

« right-dense if 5 (s) = s,

« left-dense if inf T < s and o(s) = s,

« right-scattered if s < & (s),

o left-scattered if s > o(s).

u:T — R is aright-dense continuous (noted rd-continuous) function if # is continuous
at right-dense points and its left-hand limits are finite at left-dense points in T. We denote
by C,4(T) the set of rd-continuous functions.

Without loss of generality, we assume that sup T is equal to co. We note [a, bt := [4,b] N
T the time scale interval. Throughout this paper, T is provided with the topology induced
by the standard topology on R (see, for instance, [26]).
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If u is defined on T, then as an abbreviation u(5 (¢)) = u° (¢). The derivative of UV and
U/V of two delta-differentiable functions u and v is given by

u\* vusr-uva
= (16)

v A X /_\, _
(UL) —U‘/ +L[ L—U L +U‘/ -

On the other hand, the A-integral on T is characterized by the following: If T'2(s) = y(s),
then f: y () At = ['(s) — I'(a) is the Cauchy A-integral of y. The discrete time scale inte-
gration formula is given by

b
[ roae= 3 v

§€lab)

while the infinite integral is defined as f:o y (&) A& =limy_ o f: y (&) A&. The chain rule
for functions U : R — R, which is continuously differentiable, and V : T — R, which is
delta-differentiable, is given by

(Uo V) () =U'(V(©)v*(n) force [n,5(n)],
and this rule leads to the useful form
(V)2 ) =aV2VeiE) force[n6(m)]. (17)

Another formula to the chain rule is given by

1
(U o V)2(n) =/0 u'(Vn) +&vm V=) ds V= (),

which provides us with the following useful form:

1
(V) ) = /0 (EVE() + L= E)V)™ " deVAQ).

For U,V € C4(T) and ¢, ¢, € T, the following expression

ty . 2
/ U° (s)VA(s) As = UV (ty) — UVg(ty) - / U (s)V(s) As (18)
t 51
is known as the integration by parts formula.

Holder’s inequality on time scales is written as follows:

[Fluovelass ([usrss)’([voras)”

wherea>landé+%:l.
Throughout this paper, we make the following assumptions:
« the integrals exist (finite),
« T denotes the time scale set and a € [a, o0)T := [a,00) N'T,
« all functions appearing in the assumptions of theorems are positive and rd-continuous
on [a, 00)r.
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3 Main results

First, we prove some new Hardy-type inequalities with several functions which cover a
wide spectrum of previously proved inequalities. Then, we improve some inequalities
showed in [25] by removing the imposed conditions on the functions. It will be conve-
nient to use the convention 0.c0 = 0 and 0/0 = 0. To attain the first objective in this paper,

we define the operators A and ¢ by

3 3
AG) - [ AmAn and $(E) = &) / gf(n) An, V& € [a,00)r.

Theorem 1 Let h be nondecreasing on [a,00)t and r > 1, a > 8 > 0 be real numbers. If

there exists a positive constant k having the following propriety:

a \KAAE) 1
A(S)_(ﬁ(r—l)) W) —x Y (19)

then

=IR

/ A’(s)[w(s)]%Ass[ PX ]

-1 | s @itetie s (20)

a

Proof We define v for any & € [a, 00)r by
o0
w6 = [ AT an,
&
Using the formula of integration by parts (18), ¢(a) = 0, and v(co) = 0, we get

| renrl @l an- [ o) ve s
By utilizing the chain rule (17), we observe that

(07 )" = %&(sw%*(c) for c € [£,5(8)] (21)

and
(AH(é))A =(1-nAT(QAE) =1 -AT(OME), ce[&5()]
Apply the derivative of the product formula (16) on ¢ (&) to obtain that

(¢hA)($).

6] (22

P2 (E) = WP (E)f(6)g(€) +

Employing the assumption / is nondecreasing, we conclude that ¢ (£) > 0, and thus

P _
/31

(67 (6)" < =[¢7©)]" 92 ). (23)

™R
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In addition, as A%(£) = A(£) is positive, we get
(A7) = (1= AEAT @),

integrating both sides gives that
/ (Al"(s))A As<(1- r)/ A7 (s)A(s) As.
& &
Hence, we have

1 e 1
e = fs (A7) s = 1 (A1(00) - A7)

-1 o _r AT(E)
=:(A1 (E)—Al (OO))S 1

By combining (22), (23), and (25), we find that

00 o s % B o A(E)hA(‘i:))
/a ATE[4°©®)] (ME) fr-n e )7

/ A6 )] ©)gE ) E) An.

o
<

B(r-1)

Utilizing assumption (19) leads to

/ AT @7 )7 an

o

<
_,3(7_1) a

Applying Holder's inequality with exponents % and 25 produces

=IR

/ AT E[# ©)]F A

sessl e o]

00 . 5
X[/ Aﬁ_r(&)(hé(é)g(é)f(é))ﬁAE] :

=<

a

Inequality (26) directly yields

/ A"@)[df@)]“ss[ - ]ﬁ / A7) (1 (9)gE) €))F AL,

B(r—1)

a

/ (A2 @) @) 7 |8 @) ©)] an.

Page 7 of 15

(24)

(25)

(26)

O

Remark 1 Let T = R. In Theorem 1, setting 4(§) = 1(§) =g(§) = 1,8 =1,k =1,a =0 leads

to inequality (1).



Hamiaz et al. Journal of Inequalities and Applications (2021) 2021:3 Page 8 of 15

Remark 2 In Theorem 1, by putting 4(§) = A(§) =g(&§) = 1,8 =1, and r = « in (20), we
obtain

/ (€ - a)“[:(sf(n)An] As<[ ]/f"(sms

Since & < (&), then (§ —a)™ > (6 (&) —a)™®, which implies along with the above inequality

[ra=al s o= [Z] [roas

Letting « = 1, we obtain inequality (10).

In order to prove our next result, which is a new generalization of a Copson-type in-
equality, we define

&
o) = [ gt an foralé € labl
where T is a time scale, and assume that there exists 7 > 1 such that
% (s) < m®d(s), Vse [a,blr. (27)

Theorem 2 Leta,beT,a > B >1,and o > m. If g is an increasing function, then

b B b g
RGO G V(s))ﬁass(ﬁ) [ @@yt e as e

where F (§) := % and A is defined as in Theorem 1.

Proof For any & € [a, b, we define u, v by

8
“Tam A and  v(E) = FFE).

&
u(e) - f (A°()

Integrate the L.H.S of (28) by parts to obtain

b b
/ AE) (AT (©) " (17 () AE = ul®)F P(b) + / (F#(€)* (<u(®)) AE. (29)

a

By the chain rule, we have (note that (8/a) =1 <0 and A2(£) = A(§) > 0)

-1

(AP = P / [EA7(6) + (1-£)AE)]* " dz A% E)

> S(A”@))‘&‘”x(s).

Therefore

& . B
—u@):—/ (A% (D)) m Atz -Sal <s)>—E(A”(s))5

a

(30)
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Combining (29) and (30) gives

B
a

b b
/ /\(é)(A&(S))g_I(F&(S))ﬂASZ% / (A%(€)) (= ()" A& +u@®)F P(B). (31)

a a

From the quotient rule, we get (noting that g increasing and so ®(§) < A(§)g(§)) that

FAE) = <¢(5)>A _ (Arg-DN)E) _ MENAZ- D)E)

NG AAE) - A

By the chain rule (17), inequality (27), and A% > A, we have: for d € [£,5(£)],

~(FPE)® ==BrF @& = -(ré©)" ' r e (32)
_ 501 AME)D(E) _/\(%‘)g(S) 5w p-1
=4O e N E B (©)) (33)
=L ) R s @) (34

Inequalities (34) and (31) give after some simplifications

b
(3 - 1) / ME(ATE)E (@) ag

m

P e GD PRV
<a / (A7) “ V@)@ (7€) At

Apply Holder’s inequality with exponents 8 and /(8 — 1) to obtain

b v
(% - 1)/ﬂ A(S)(A&(S))(g_”(/f”(é))ﬁ A&
b o 1 b ) v -
SOI{/ (A‘V’(g))a(—l)k(g‘)gﬂ(g)Ag}ﬂ « {/ (Ag(s))(g—l))\(g)('fg(g))q AS} B
This gives (noting that («/m) — 1 > 0) that

1

1(F5<s))qu}ﬂ

B_
a

b
{ / AE) (A% (®))
b 1
5( ma ){ f (A6<5))§1A(S)g“(s)As}ﬂ. 0

With simple modifications on the proof of Theorem 1, the following result holds.

Lemma 1 Let h be a nondecreasing function on [a, o). If there exist a positive constant

K and real numbersr > 1, a > 8 > 0 such that

1_( a )A(&)hA(s)
r=DB) HERE)

1
>—>0 forall& € la,o0)r,
K

Page 9 of 15
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then

)
/a el @)

a

) L R SRAG Y
71{15 B '
he = [ﬂ(r—l)] / Ar_%(g)( o) P () Ag

le

Remark 3 In Lemma 1, taking g(§) = A(§),h(§) = 1, and B = 1 = kleads to A(§) =
JE 3n) An, (&) = [5 F(n)A(n) An. Therefore,

) a \* [ AE)
/ﬂ AT(E) (/ S ($)As) 5) Afﬁ(:) /a Ara @) () Ag. (35)

In inequality (35) if T = R, we obtain inequality (6). On the other hand, since A (&) < A% (&)
(A is increasing), @ > 1, and r > 1, then

(A7 )y

AT(E) < W,

therefore, inequality (35) becomes

) NN
| & s»r(/ soras) ae = (25) [Tl T e,

and this is inequality (14).

Remark 4 In Lemma 1, choosing g(§) = h(£) = A(&§) =1, and B =1 = « leads to ¢(§) =
fff(n) An and A(§) = £ — a. This implies that

[ (5 )(/ f(n)An) ae= () [Te-arreeae

Since & < (&), then 7—» which along with the above inequality gives that

0(5)

[ o[ fmn) o< () [roClsa

and this is inequality (13).

In the following theorem, we try to give an answer to the remark “It would be interesting
to prove some new results by excluding the condition that has been proposed on g(t)”
given in [25, Remark 2.16]. So, we derive some already obtained results (see [25]) that are
related to Hardy’s inequality. However, we soften the conditions imposed on the functions
in [25]. In other words, we prove the following result assuming that the function ¢(¢) is
bounded, while the authors in [25] proposed it is an increasing function. We introduce

new operators: for £ € [a, c0)T,

00 3
$(&) = /g FamPm) Ay and  O(E) = / a9 () An

a

with [ 9(s)(©%(s)) ™ As < oc.
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Theorem3 Let M >m > 0,a > 1,0 <y <1 bereal numbers, and a bounded function q(§),
ie,m=<q(&)<M.Then

f ﬁ(é)(®é(§))_y¢°‘(é)AE§< Mp )

= o A=y ro
. i —7) f 9(E)(07(6)" () AL,

a

Proof It follows from using integration by parts on time scales with
v — E x —
WO -9 OO @) 7 and ve)- [ 96(O70) 7 s
and ¢(o0) = v(a) = 0, that
[ reE ) e -vesor- [ v ewe) s
- / v (6)(-0°(1)" A,
Applying the chain rule gives

1
(07 ()" :(1—1/)[0 [£07(€) + 1-§)OW)]” de0(§)

1

1
—(1- _ dE@2(&).
( ”/o Eo@ra-peey B¢

Observing that @2 (¢) = q(£)¥(€) > 0 enables us to write

1
O (£ > (1 _ 1 -
(7)) =@ V)/O [0 (€) + (1-£)O7(§)]”

= (1-p)(07 () 7 9(&)q(®).

dgn(§)q(§)

Using the assumption ¢g(§) > m returns

0% ) 07 ()",
(O7©)796) = (077 @)
S0
. () . 1 5(&)
o _ o -V 1- A
v (E)—/ﬂ ﬁ(s)(@ (s)) As < m(l—y)/a (@ y(s)) As
_ 1 & 1-y
- ©E) (36)
Furthermore, by using the chain rule, we get
(-0()" = —ag )¢ (e cin[5,5()], (37)

and since ¢2(£) = —f(£)q(&)9 (£) is negative, we get

(—0%(©))> < v (E)qE) (E)d* (¢). (38)
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From (36), (37), (38), and the assumption g(§) < M, we get

/ ()07 ()7 $(6) Ak

_ / (=9%(®) V7 (€) AL

( ©) 7O ()N E) AE

a

) f (07 (&) % 92 (6)p°(®)]

(

% [(©7(6)' 7 (07 (&))" Fe)rs (8)] A

a-1

Mo ~ o Y a *
()| [ v @)y e ac]

X [ / ﬁ(é)(®‘*($))a_yf“(é)Aér~

The last inequality holds by applying Holder’s inequality with exponents « and ;%;. By

simple simplification, we have

/ D(6)(07()) 7 (6) AE < (

a

Mo a/’oo S Namy
D (E)(O7 (&) “(§) A&.
m(1— )’)) a ( o =
Theorem 4 Suppose that o; > 8; >0, m; > B; for i = 1,...,n are real numbers such that

Y7 Bi = 1. Furthermore, assume that h;(t), fi(t), gi(t) are nonnegative functions and h;(t) is

a nondecreasing function fori=1,..., n and define

$() = it f F0a) As, 00 = f D) As fort € [a,00)r.

If there exist positive constants ; satisfying

o OO () _ 1
ﬁl(t)_(ﬂl(ml_1)> Z_>0;

hi(t) K;
then
/ ) f[[@;’”"(twf (£)] At
4 =1
< ( - q“”) Xn:Ki /oo(aal‘;’% ®) (1 @)fi()gi(t) )f’z At,
P = Ja
where

%

Bi
) >0 and C;>0, Vi=1,...,n.

m; — B

Page 12 of 15
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Proof We define the function ; by

Uie) = (t) / F(5)g(s) s for t € [a,00).

Then, by Theorem 1, we find

/«ooo m’( )[I// (t)]ﬂl At < |:m0[i/<i :|ﬁt/ O‘;f rg;(t)(ha t)_f(t)gl(t)ﬁl AL

i~ Pi
For some constants C; > 0, and by using the arithmetic-geometric inequality [27], we get
n —ml

[Tle7™@vi ® HG% )l )R]

i=1

OTC ) [0, 0w )]

i=1

IA

(l—[C[“") B0 (O v ).
j=1 i

i=1

Therefore,

f ) [ Tle: ™ @wf @] at

a =1
(]_[C )Zﬂl/ _ﬂ’l(t)Cﬂ’lﬂ'()%ﬁAt
(HC )ZK f 0,7 (O WfOg0)F A,

where K; = B[ C’f’f;‘ ]"Tﬁ d

Remark 5 In Theorem 4,ifn=1,0; =, B; = 1, 1; = 1 with h(£) = g(¢) = 1, then we get

0 o () o o0
/ t”‘(/ f(s)As> Ath"’K/ t*7f(t) At

where

C“KzC“C“( d ) =( i ) .
m—1 m—-1

Then we have

0 1 a(t) o aK o oofa(t)
A s ) [

as stated in relation (12).
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Theorem 5 Suppose that o; > 8; >0, m; > B; for i = 1,...,n are real numbers such that
Y7 Bi = 1. Furthermore, assume that h;(t), fi(t), gi(t) are nonnegative functions and h;(t) is
nondecreasing for i = 1,...,n, and define

6:(0) = hi(0) /0 fOg6) As, O = / Di(s) As fort € [a,00)r.

If there exist positive constants k; satisfying

1- < o; ) @,(t)hlA(t) 1

Blom -1 ) 2o —

Then

| Tlinwer wei o] ac
i=1

9 oj—mj

<([Te”) Xx [ 07 "0, ™ wir @rege)? ar
j=1 i=1

where

ﬂ) >0 and C;>0, Vi=1,...,n
m; —

Ki=pgCl (

There are many special cases that can be derived from Theorems 4 and 5. For instance,
we can deduce inequality (9) from Theorem 5 by taking the time scale equals R, 0;(¢) = 1
(this leads to ®;(x) = x), &;(x) = 1/f;(x), and replacing g;(x) by g:(x)/x.
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