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1 Introduction

The fractional calculus has gained prominence in recent decades due to the variety of
applications in diverse areas of science and engineering [1, 10, 12, 19]. The Riemann—
Liouville and Caputo fractional derivatives exist in the majority of commonly used frac-
tional operators (with singular kernels). Nevertheless, there are additionally different
kinds of fractional operators that help researchers in their endeavors to grasp many phe-
nomena in the world around us, we refer to the ones in citations [6, 14—16, 18, 25]. Lately,
fractional integration and derivation of variable orders has also been explored. See, for
instance, 20, 29].

The solvability of differential equations represents one of the most important issues in
differential equations. There are multiple techniques for analyzing the existence, such as
Lie group symmetry [9, 24, 26]. Throughout this document, we use integral equivalence
to confirm the existence result for the bvp ¥ -wfd with variable order. Many authors have
set up and studied bvps for numerous forms of fractional differential equations [2, 21].
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While many other research works on the existence of solutions to fractional constant
order problems have been carried, the existence of solutions to variable-order problems is
infrequently mentioned in the literature, and there have been only a few research papers
on the stability of solutions; we refer to [13, 22, 23, 27, 29]. As a result of investigating this
intriguing special research topic, our findings are novel and notable.

The weighted fractional differential of a function with constant order operators have
recently gained popularity. Refs [3, 4, 17]. In this paper, we will study the boundary value
problem for v -wfd of variable order (Bvpwfdvo)

D59n() = f(6,h(2), 32ORE)), ¢ eL,
h(0) = h(e) =0,

(Bvpwfdvo)

where L = [0,€],0 <€ <00,0(¢) : L — (1,2] is the variable order of the fractional derivative
equation, f : L x R x R — R is a given function, and 7 *) and D5 are the left y-wfi and
¥-wid, respectively, of variable order o(¢) for function /(¢).

The y-wfi of variable order o (¢) : L — (n — 1, 1] for a function f has the form

w(2)
L'(@(2)) Jo

¢
3901 (¢) = (W (@) =) W) )y (s)ds, ¢ > 1. (1.1)

The corresponding derivative in Riemann—-Liouville settings is

w(¢) ( D,

o(¢) _
DO = S e \ve

n ¢
)) (w(;) /0 (w(o—w(s))”“’“)‘lw(sy(s)ws)ds>,

(1.2)

where the weight w(¢) > 0 is a continuous function, w™1(¢) = ﬁ;) and ¢ € C}(L,R*) satis-
fied ¥'(¢) >0, forall ¢ € L.

2 Preliminaries
Before we begin, let us notate and make some abbreviation to avoid repetition.

K-mnc—Kuratowski measure of non-compactness; 1 -wfd—weighted fractional differ-
ential equation of function with respect to function v, ¥ -wf—weighted fractional integral
equation of function with respect to function y; bvp—boundary value problem; and UHRs
stads for Ulam—Hyers—Rassias stable.

In this section, we begin by introducing several terms and conceptual results, which will
be employed across the document.

Let L = [1, €] be acompact interval and denote by C(L, R) the Banach space of continuous

functions y : L — R with the usual norm

llyll = sup{|y(©)], ¢ e L}.
We define the weighted Banach space

CW(L’ R) = {y € C(L, R)/W(ﬁ)y@) € C(L! R)}r
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equipped with norm

).

Remark 2.1 It is worth noting that the semigroup property is satisfied for a standard -

51w = sup{|w(2)y(2)|,

wfd for constant orders, but not for the general case with variable orders o (¢), 0(¢), i.e.,

3936V () #3707 0f ().

In what follow, for all § € [0,1] and ¢, s € (0, €] with ¢ > s, we pose

Us(6,9) = (W () - ¥(s).

Lemma 2.2 Ifo € C(L,(1,2]) and there exists a number § € [0,1] such that h € C,,(L,R),
then the fractional integral variable order 379 exists for¢ e L.

Proof The function TI'(o(¢)) is continuous non-zero function on L, denoted I'* =

1
SUPseL Ty (§ and w* = sup, ¢/ 5o

Iflﬂ({,s) <1, then w‘a(t)—l(é‘i S) <1,
Ifl/f(g,s) >1, then wa(t)—l(grs) = wa(&o)

and

Vor)-1(¢,8) = ¥* = sup{1, ¥5(€,0)}.

Let ¢ € L. From the definition (1.1), applying that the function ¥s(-,0) is an increasing
function on L for § € (0, 1], we obtain

w(¢)
I'(o(2))

39Oh()| = / Vot (& s)(S) 1) |9 (5) s

< D'wrygse, )l f W35, 00 (5) ds
1
I/fl( 0)

=T'wy* 17l < 00,

which confirms that the 1/ -wfi of variable order for the function % (33({)}1) exists for any
cel. O

Proposition 2.3 ([17]) (1) For o > 0 and o > 0, we have

I'(o)

(35w () ¥p-1(2,0))) () = Tos U)vv*l(z)ww_l(c,oy (2.1)
(2) For o >nand o >0, we have
(D (W Yo () @) = —— 2w ()0 1(2,0). (2.2)

To-0)"
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Theorem 2.4 ([17]) Let o > 0. Then, we have
(DI =1

Theorem 2.5 ([17]) Let o >0, n = —[-oc]. Then

(3DU) @) =) =w () D axtro4(¢,0).

k=1

Definition 2.6 ([5, 28, 29]) Let the set / C R.

e The set [ is called a generalized interval if it is either an interval or a point or the empty
set.

e The finite set P of generalized intervals is called a partition of I if each «x in I lies in
exactly one of the generalized intervals E in P.

e The function g : I — R is called a piecewise constant with respect to partition P of I

if for any E € P, g is constant on E.
In the following, we recall some important and necessary information about the K-mnc.

Definition 2.7 ([7])
Let My be the bounded subsets of a Banach space X. The K-mnc ¥ is a mapping ¢ :
Mx — [0, 00] initially derived from a construction as laid out in the following format

9(D) =inf{e>0:D (e My) €| JD,,diam(D,) < t,
=1

where
diam(D,) = sup{ lx—yll:xy€ D[}.
The K-mnc satisfied the following properties:

Proposition 2.8 ([7, 8]). Let D, D1, D, be a bounded subsets of a Banach space X, then:
1. 9(D) = 0 <= D is relatively compact.

. 9(¢)=0.

. %(D) = %(D) = ¥(conv D).

. D1 C Dy = %(D1) < 0(D»).

. 9(D1 + Dy) < 9(Dq) + (D).

. 9(ID) = [TT|9(D), TT € R.

. (D1 UDy) = Max{®(D;), 9(D5)}.

. (D1 N Dy) = Min{®}(D1), ¥ (D»)}.

. (D + ag) = 9(D) for any ao € X.

O 0 N O Ul o W N

Lemma 2.9 ([11]) Let X be a Banach space. If U is a bounded and equicontinuous subset
of the the space C(L, X) of continuous functions, then:
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(Z1) 9(U()) € C(L,R,), means that the function ¥(U(L)) is a continuous function for
¢ €L, and

(U) = sup v (U(Q)),
CeL

where 9 (U) is the K-mnc on the space C(L, X).
(T,) l?(fo€ x0)do:x e lU) < fOE S (U(B)) db, where

U@)={x¢):xel}, tel.

Theorem 2.10 ([7] (DFPT)) If A is nonempty, bounded, convex and closed subset of a

Banach space X, and ® : A — A is a continuous operator satisfying
?(P(A)) <k?(A), VYA#BCAke[0,1),
i.e., ® is k-set contractions, then ® has at least one fixed point in A.

Definition 2.11 Let the function p € C(L,R,). The (Bvpwfdvo) is UHRs with respect to
p if there exists a constant ¢y > 0 such that for any ¢ > 0 and for every z € C(L, R) such that

19592(¢) - £ (¢,2(0),1592())| < ep(¢), ¢ €L, (2.3)

there exists a solution & € C(L, R) for (Bvpwfdvo) satisfying

|2(¢) = h(¢)| < ¢rep(c), ¢ €L

3 Existence solutions of (Bvpwfdvo)
Let us proceed with the following assumption:

Hypothesis 1 (H1) Let n € N be such an integer and a finite point sequence {;,};io be

giveninsuchaway0=¢y<¢<g,=¢,j=1,...,n—1.

Denote L; := (¢-1,¢],j=1,2,...,n. Then P = U7=1 L; is a partition of the interval L.
Foreach[=1,2,...,n, the symbol E; = C,,(L;, R) indicates the weighted Banach space of

continuous functions x : L; — R equipped with the norm
lxllE, = sup [w(¢)x(¢)].
el

Let 0(¢) : L — (1,2] be a piecewise constant function with respect to P, i.e., 6(¢) =
Y1 1,(¢), where 1 < 0; < 2 are constants and 1; is the indicator of the interval L,/ =
1,2,...,n:

1, for¢c el
1) = ¢ el

0, elsewhere.
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Then, for any ¢ € L;, [ = 1,2,...,n, the ¥-wfd of variable order o (¢) for function / €
Cw(L,R), defined by (1.2), could be presented as a sum of y-wfd constant orders o;,j =

1,2,...,1
:Da(f)h(;)_ w‘l(f) ( @; )Z(W(g)/‘{w (§ S)W(S)h(s)w/(s)ds>
! S TE-0@)\¥'(©) , e

wl(¢) “( D, )2( 5 , )

= —o;(&, h d

r2-0@)) [; @) w(t) - V1-0; (5, s)wls)h(s)y'(s) ds

2
+ <w?é_)) (W(;) {;l l/fl-o,(f,S)W(S)h(S)l/f'(s)ds)j|.

Thus, the equation of the bvp of y-wfd of variable order can be written for any ¢ € L,
[=1,2,...,nin the form

WO [ 2 ; :
2o @) [Z( W)) (w(;) » V1-0;(¢,$)W(s)h(s)yr (s)ds)

o (3.1)

2 ¢
+ ( ﬁ;) <W(§) V1-0,(¢,)W(s)h(s)Y' (s) dS)} =f(t (), 3,9h(2)).
{1

Let the function € E; be such that il(() =0on¢ €[1,¢-1] and it solves integral Equation
(3.1). Then (3.1) is reduced to

(1 D%hE) =f (6,7, ¢, TUR()), ¢ €Ly

Taking into account the above for any £ = 1,2,...,n, we consider the following auxiliary
bvp for {-wfd of constant order

Q,lggvéh(é‘) :f(;‘;h({), Q,ljfvzh(é‘))’ C € LZ’

(Bvpwfdco)
h(Ze) =0, h(ze) = 0.

Lemma3.1 Letl € {1,2...,n} bea natural number, f € C,,(L; x R xR, R), and there exists
a number § € (0,1) such that (¥ () - ¥(1))’f(¢) € Cu(Le x R x R, R).

Then the function h; € E; is a solution of (Bvpwfdco) if and only if h, solves the integral
equation

W) Vi-o,(SesCe-1) -y o
C(F (2, h(C), zh
W(E)Y1-0,(858e-1) fe-1w (f({ © sa (C)))GQ (3.2)

+ {ng/e (f({,h(é’), f(—ljtwy/[h(()))'

h(¢) =-

Proof Let hy € E, be a solution of the problem (Bvpwfdco). Using the operator ;,_, 73/ to
both sides of the equation in the problem (Bvpwfdco), we find (see Theorem 2.5)

he(€) = —arw (O Yo,-1(8, Co-1) — aaw™ () Wo, 2L, Ce1)
+ oy T (F (8,18, ¢ T3 H(E))),

where a;, a, are two constants.

Page 6 of 16
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Based on the operating environment /4 as well as the boundary condition 4(¢,_1) = 0, we
conclude that a; = 0.
Based on the boundary condition %(¢;) = 0, we obtain

ar = W Vi-o, (60 Ge-1) ¢, T (F (6 1E), ¢ T H(D))) .-

Then, we find %, solves integral Equation (3.2).
In contrast, suppose 4, € E; be a solution of integral Equation (3.2). In respect of the
continuity w(¢)y;s(¢,0)f(¢), we deduce that /4 is the solution of problem (Bvpwfdco). [

Theorem 3.2 Let the conditions of Lemma 3.1 be satisfied and there are constants V, W >
0 such that

ws(f,o)lf(t,xl,yl) —f(t,xz,y2)| < Vix1 —x2f + Wiy1 —yal,
where x;,y; € R, i = 1,2, t € Ly, and the inequality
d<1 (3.3)

holds, where

_ 2Y5,-1(8es Co-1)(Wr1-5(8e, 0) — Y1-5(£¢-1,0))

4 (1-8)I(or)

(V " WWW (gl’ gll))

F(O’g + 1)
Then, the (Bvpwfdco) does have at least one solution in E,.

2oy (Ce8e-1

Proof Letr; = (1-d)r(a[+1)) with £y = sup,;, IwW(¢)f(¢,0,0)]. Consider the set

By ={heEy,|hlg, <r}.
It is clear that the set B, is a nonempty, bounded, closed convex subset of E;, V¢ €

{1,2,...,n}.
We introduce the operator F defined on E, by

w0, (Lo Com1) [

Fh(g) =~ TV @0 . Yor-1(Ee, YWV (S)f (s, h(s), ¢, TL hi(s)) ds ”
v [ (&, W)Y (s)f (s, (s), ¢, T hs)) d. |
+ T )., Yo,—1(L, )W(s)Yr sf(s, ) o It s) s.

Out from qualities of fractional integrals and from the continuity of function
Y5 (-, 0)w(-)f (-), the above operator F : E, —> E, is clearly defined.

From the definition of the operator F and Lemma 3.1, we perceive that the fixed points
of F are solutions of problem (Bvpwfdco). For this reason, it suffices to verify the axioms
of Theorem 2.10, it is done in four steps.

Step 1. F(B;) € By. Let € B, using (H1), we have

|w(e)F(h)|

WI—(I[ (é‘fr gf—l) g / oy
= oG od) b Vor-1e W)W (5)|f (5, (s), ¢, , I h(s)) | ds

Page 7 of 16
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¢
Vor1(5, WSV (5)|f (5, h(s), ¢, , ITh(s)) | ds

-1

T/,

4]
Vor-1e W)Y (5)|f (s, 4(s), ¢, , I h(s)) | ds

Se-1

=

I'(ov)

4
Vo1 (Lo, YWY () |f (5, (), ¢, , I h(s)) — f(s,0,0)]| ds

Se-1

=

I'(o¢)

G
’ I'(oe) Ji,, Vor-1(Le,s)w(s)yr (S)lf(S, 0, 0)| ds

¢
Vo180 )V ($)W—s(s, 0) (V| w(s)h(s)| + W |w(s) ¢, , I h(s)|) dis
(o) Ce-1

o [
(o) Ce-1
2 0 &e ,
< ot Cobes) (w35l [ 0O, 00ds
F(o) e

2 *
L%
F(O’g + 1)

=

Vop-1(Ce, )Y (s) ds

Yoy (Ces Ce-1)

*

2f,
<dr + Moy + 1)1//@(%{@—1)

=Ty,

which means that F(B;) C B,.

Step 2. F is continuous.

Let iy € Ey, k= 1,2,... Presume the sequence {/}72, is convergent to s € E;. Then for
any k=1,2,... we have

w(Z)|Fhi(¢) = Fh(z)|

Y0 (Ces Ge1) s
- F(GZ)WI—Ug(g:é_E—I) Co1

X [f(s, hi($)s ¢y j‘v’v‘hk(s)) —f(s,h(s), t j‘v’fh(s)) ’ ds

lpag—l (Qr S)W(S)l/f/(s)

¢
* o) - V1L, )w(s)Y(s)

X [f(s, hi($), ¢y fi‘v’fhk(s)) —f(s,h(s), ta J%h(s)ﬂ ds

< 21[117@—1(;’ é-(f—l) s
- ['(o¢)

- 2Y5,-1(85 Se-1)
- [(ov)

w(s)l//’(s)[f(s, hi(s), Qfljﬁ,‘hk(s)) —f(s,h(s), Qflj“jfh(s)) | ds

Ce-1

ge
X Y_s(s, 0)w(s)1ﬂ’(s)(V|hk(s) - h(s)’ + W, T |hk(s) - h(s) |) ds

Ce-1

2Y5,-1(8, 8e-1) Vo (85 Ce-1)\ [ ,

=< W (V + Wm) - V_s(s,0)¢"(s) dsllhx — hllg,
2Y-1(8es Ce-1) (1= (Ze, 0) — ¥r1-5(£e-1,0)) Vo, (85 Ce-1)

= 1=8) (o) <V+ Y T+ 1) >”hk ~Hle
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i.e., we acquire
|Fhy— Fhllg, — 0 ask— o0

As aresult, the operator F is continuous on E,.
Step 3. F is bounded and equicontinuous.
By the first step for s € By, we obtain || Fh||g, < r¢, which confirm that F(B;) is bounded.

Rest to prove that F(By) is equicontinuous. Let ¢; < ¢, € Ly and /& € By. Then

w()|Fh(51) - Fh(s)]

< %(%@—1@2’ Ge-1) = Vo181, £e-1)

&
x Vor-10 WSV (5)|f (s, (), ¢, I h(s)) | ds

Ce-1
5]

(Vor-1(82,8) = Yo 161, 8)) W)Y (5)|f (5, hls), ¢,y T hls)) | s

I'(oy) Zoo1

! %4 12, )WY ()|f (5, 1(s), ¢, T30 h(s)) | s
(o) J;
<_ %(Wﬂ-l(gz’ Co-1) = Vop-1(81, Q—l))

14
X | Wop1(Cer )W ()5, 0) (Viw(s) | ()| + Wls)| ¢, , T h(s)|) dis
Ce-1
f Y10 ($es e-1)

4
I'(o7) (Vor-182, e-1) = Vo181, Le1)) Vop-1(Ce, )Y (s) ds

Ce-1

T lﬁaz 182, SOV ()¥r_s(s, 0) (Vw(s) () | + Ww(s)| ¢, , TS i(s)]) ds
Co-1

L S o
I"(o¢) Coo1
1
[(oy) Jo,

< wl—ag (Q’ Q—l)
- I'(ov)

Vop1 (2 COW/(5) dls + 27— / Wor 12205 (5) ds

F()

ww 162,90 (9)9-5(s, 0) (Vw(s) | a(s) | + Ww(s)| ¢,_, T3 h(s)|) s

(Vor-1(2258e-1) = Vorp1(C15 $e=1)) Vo1 (Ces Se-1)

1/’05 (;; {Z—l)
F(Og + 1)

Ja1(8e, §e1)
+ e
F(O’g + 1)

" wag—l(é‘% {1)
(1-8)I(0oe)

Y181, L1 )y S
+ nge ~1(&2, 1) + Moy + 1)

l/far1(é’2,§1) lﬂa@ (g’ {Z—l)
1-8) (o) (V Y o+

4]
X (V +W )”h”Eg V' (s)_s(s,0) ds
Se-1

(Vo182 Ce-1) = Vo121, 1))

(¥1-5(£1,0) = ¥1-5(¢e-1,0)) (V + W%) I4llE,

Wo@ (CZ: ;1)

)”h”E[ (¥1-5(22,0) — ¥r1-5(£1,0)).
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As an outcome, we acquire

(W) Fh(z1) - Fh(2)|

(¥1-5(¢¢,0) = ¥r1-5(£¢-1,0)) Voo (85 8e-1) Ju1(8e, Se-1)
5[ (1-8)C(o) <V+W T(oy +1) >”h”5f T T+ ) }

X (Wop-1(82, Ce-1) = Yop-1(L1, $e-1))

2(¥1-5(¢1,0) = ¥1-5(8e-1,0)) Yoy (85 Ce-1) Y18, Sl
+[ (1= 8)(oy) <V+W T(op +1) )”h”E“ T(op +1) }
X 1/@-1({2: Cl) + %WU[(Q-Z’ {1)

Hence | Fh(¢2) — Fh(¢2)| — 0Oas |{, — &1| —> 0. It signifies that F(B;) is equicontinuous.
Step 4. F is k-set contraction.
For H € B,. We denote by #,, the K-mnc on E, by utilizing Lemma 2.9 and the third
step, we get

O (FH) = sup ¥ (w({)FH(Z)),

TeLy

where H(¢) = {h(¢),h € H}.

O (w(¢)FH())
= 0 (W(£)Fh(¢), h € H)

I/fl—al (Qr Cl—l) Ge ,
Uy - (G 9
: { F(O'Z)wl—(rz (;745—1) S v ¢ 1(Q S)w (S) W(S)

¢
xf(s,h(s), G Jﬂh(s)) ds + ﬁ - ’(lfgl,l(;,s)l///(s)ﬁW(S)

xf(s,h(s), o ;‘h(s)) ds,h e H}

V16, (80 81)
T T(o)¥1-0,(55Ce-1)

e
[ Yoyt (oY (Vs 0)[Vz9w(H) . W%‘“)ﬁw(m} ds
Zoo1 Oy + 1)
1
+ mlﬂarl(f,(efl)
< [ v 0)[v0w(H) s Wwﬁw(m} ds
o1 (o, +1)

- 2[Yr1-5(Ze,0) — Y1-5(Le-1,0)] |:V . W‘pﬁg(é" Ce-1)

Uy (H),
T (=T (o) V16,5 Le-1) [(o¢ +1) :| "

thus

2[Yr1-5(Z¢,0) — ¥1-5(Le-1,0)] (V . Wllfag (¢)8e-1)

R TR TIPS WA T oy + 1) )’MH)'

According to Inequality (3.3), F is a k-set contraction.
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As a matter of fact, all Theorem 2.10 requirements have been met, so as side effect F
admits a fixed point F' (hN(g) = ht, where he By, which is a solution of the bvp for v-wfd of
constant order. Since B, C E,, the claim of Theorem 3.2 is established. O

We are now going to demonstrate the existence of (Bvpwfdvo).
Consider the following hypothesis:

Hypothesis 2 (H2) Letf € C(L x R x R,R) and there exists a number § € (0, 1) such that
w() (W (2) =¥ (1))’f(¢) € C(L x R x R,R) and there are constants V, W > 0 such that

Ys(80) (& x1,91) = F(£,%2,92)| < Viwr —x2] + Wy = yal,
where x;,y, € R, i=1,2,¢ € L.

Theorem 3.3 Let the conditions (H1), (H2), and Inequality (3.3) be satisfied for all £
{1,2,...,n}. Then the (Bvpwfdvo) incorporates at least one solution in C(L,R).

Proof For any ¢ € {1,2,...,n}, according to Theorem 2.10 the (Bvpwfdco) possesses at
least one solution /1, € E;. For any £ € {1,2,...,n}, we define the function

Or ;- € [01 Ci—l]’
he=1 .
hy, ¢ el
Thus, the function 4, € C([0, ], R) solves the integral Equation (3.2) for ¢ € L,, which
means that /,(1) = 0, 4,(g) = Ze(é'e) =0and solves (3.2) for ¢ € Ly, £ € {1,2,...,n}.
Then the function

m), ¢ely,
h(z) = hy (@), ¢ €Ly,
ha(¢), t€L,=10,¢],
is a solution of the (Bvpwfdvo) in C(L, R). 0

4 Ulam-Hyers-Rassias stability of (Bvpwfdvo)
We present the underlying assertion:

Hypothesis 3 (H3) The function p € C(L,R,) is increasing and there exists 1, > 0 such
that

s dip(€) < Ah,p(8), foriely,€=1,2,...,n

Theorem 4.1 Let the conditions (H1), (H2), (H3), and Inequality (3.3) be satisfied. Then,
the (Bvpwfdvo) is UUHRs with respect to p.

Proof Lete > 0be an arbitrary number and the function z(¢) from C(L, R) satisfy Inequal-
ity (2.3).
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For any ¢ € {1,2,...,n}, we define the functions z;,(¢) = z(¢), ¢ € [0,¢;] and for £ =
2,3,...,n

0, 0,Z¢e-1],
w(0) = ¢ €[0,8-1]
Z(C), C GL(Z-

Forany ¢ € {1,2,...,n}, according to Equality (1.2), for { € L,, we obtain

D9 2(¢) =

w(¢) ( D

n ¢
s (535) 90 [ ot o 1)

Taking the ;Hlfff of both sides of the Inequality (2.3) and applying (H3), we obtain

&
Vi, (e Le-1) Vor (Cor WY S (5,20(5), ¢, T2 2e(5)) dis

‘w({)ze(f) CT(0)Y1-0,(8, 1) too

¢
Vor 1§, W)Y ($)f (5, 2¢(5), ¢,y Tyt ze(s)) ds

Ce-1

+
I'(ov)
<& Ifp(E) < ehpp(2).
According to Theorem 3.3, the (Bvpwfdvo) has a solution % € C(L,R) defined by h(¢) =

he(¢)for¢ €Ly, £=1,2,...,n, where

0) ; € [0’ z;l—l]r
he=1.
hb é‘ ELEr

and &, € E, is a solution of (Bvpwfdco). According to Lemma 3.1, the integral equation

w(Ce) V1o, (Ses Se-1)
WO V10, (E,C01)

+ o Iy (f(i: he(2), o1 jﬂilzﬁ(é“)))»

he(g) = - e (C,ile(C)y Q,ljﬁfile({))){:;l

holds. Let ¢ € Ly, where £ € {1,2,...,n}. Then by Equations (3.3) and (3.4), we obtain

w(¢)|2(2) = h(¢)|
=w()|2(¢) = he(¢)| = w(E)|2e(¢) = he(2)|

I//1—05 (C(b Q—l)
(o) Vr1-6,(¢580-1)

< )W(f)zz(i) +

&
X 1/@-1 (Q: S)W(S)W’(S)f(sy Z¢ (S)’ Co-1 jff 2y (5)) ds

Ce-1
1 ¢ / ~O, wl—ag (é-b ;Z—l)
“Ton ), Vor1 (E, W)W (8)f (5, 2e(8), ¢, T7t2e(s)) dis RIS

14 ~ ~
X | Vo1 G )WY ($)||f (5. 2e(5), ¢y T52e(5)) —f (5, e(S), ¢, I3 he(s)) | ds

Ce-1

¢
*Ton J, Vot C IV ONf (52 0, T 29)

Page 12 of 16
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_f(s’ Ij’(i(s)’ Qfljgfizi(s)ﬂds

wl—ag (C@! é‘l—l)
(0)¥1-0, (¢, Ce-1)

= 8)»,0'0(4“) + T

Ce ~
x Vo150 )V_5(s, 009 () (Viw(s)|z¢ () — he(s) |

Co-1
+ Ww(s) ¢, 35 |20(5) = re(s)|) ds
¢
+
I'(o¢) Se-1
+ Ww(s) ¢,_, 35 |20(5) = re(s)|) ds

w

Yop-1(¢5 Se-1)
I'(o¢)

Yor-1(,8) Y55, 009 (s) (Vw(s) |ze(s) — Tre ()|

<erpp(0) +

e - -
X Y_s(s, 000" (s) (VWw(s) |ze(s) — he(s)| + Ww(s) ¢,_, T |2 (s) = he(s)]) s
Ce-1
1/075—1(4’, é-ﬁ—l) ¢
+ e

oy ¥-5(5, 00" () (V(s)| ze(s) — he(s)

Se-1

+ Ww(s) ¢, I |z@ () = Iy (s) ’) ds

(¥1-5(2e,0) = ¥r1-5(Z-1,0) ¥ -1(85 &e-1)
(1-8)I'(o¢)

x (VIIZe(S) — ()|, + W%Ila —ilz”]se)

<er,p0(¢) +

(Y1-5(£,0) = ¥1-5(Ze-1, 0))¥5,-1(¢ 5 Se-1)
+
(1-8)T(ov)

x (V”Ze(s) — ()|, + W%Hz@ _]:114”154)

<er,p() +dllz-hly.

Then,

iz = hllw(1—d) < erop(5),

which implies that for any ¢ € L, we have

#46) = )] < e~ il = G2 000).

Then the (Bvpwfdvo) is UHRs. d

5 Example
Let L:=[0,2], n =0, n; =1, y = 2. Consider the scalar (Bvpwfdvo)

D5 7h(¢) = FVo() (6,0 +¥_1 (6,008 + LEDFOn(), tel,

47 342 (51)
h(0) =0, h(2) =0,
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where w(¢) = 1 + 2, ¥ (¢) = —arctan -1, this implies that ¥/'(¢) = 5> and

1
1+ {’ 1+(1+¢)

am=[M”§€h:mﬂ’ 2

1.8, ¢eli:=11,2].

Denote

s hE,0)
f({,h,Z)—1_7w0(§)(€70)+1p—%(§’0)m §3+2

)z, (¢,h,2)€[0,2] x R x R.

For § = %, V=z,and W= %, the assumption (H2) holds. Indeed,

1
7
¥s(¢,0) by  Ve(,0)

1
g“+7+ 3 +2 “a- §+7 §3+2

V(n:hl:zl) _f(n:h2:22)| = 22

< _ 52 T,

_§+7| 1=l + I |21 — 22
1

§§|h1—h2|+ |z1 — 22

By (5.2), according to (Bvpwfdco), we consider two auxiliary bvps of v -wfd of constant

order

SI0Gh©), tely,

DY) = £v14(6,0) + ¥y (6,05 + L
h(1)=0,  h(2)=0,

and

SI0GEh©),  telLs,

{©$MO:%¢m%m+¢%@ﬁ%%+w 64

h(1)=0, h(2) =0,

Secondly, we demonstrate that the requirement (3.3) is satisfied for £ = 1. Consequently,

V+W

26, -1(815 S0)(W1-5 (21, 0) — ¥r1-5(£0, 0)) (
(1-8)I'(o1)

~0.162691784641 < 1.

Vo, (L1 Co))
F(al + 1)

Let p(¢) = 1//% (¢,0). Then we attain

5¢3 t,0)
=T / V' ()¥oa(t,s)ds

1.03
=< ml/ﬂ(t ,0) =4,0(2),

where 1, = 1(03 Then, assumption (H3) is satisfied.
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By Theorem 2.10, the bvp (5.3) has a solution ;11 € E;. We demonstrate that the Require-
ment (3.3) is satisfied for £ = 2. Consequently,

V+W

2Yey-1(82, 1) (W1-5(£2,0) — Yr1-5(£1,0)) (

Yoy (82, Cl))
(1-8)'(02)

['(op +1)
~0.0117027930094 < 1.

As a result, the Condition (3.3) is satisfied. We also attain

Wole)- [ vasten @ s gisonera

W
5103 t,0)
T(18)
1.03
'(2.8)

f ) Wos(,5) ds

=

V3 (t,0) = 2,0(8),

where A, = % Then, assumption (H3) is satisfied.
By Theorem 2.10, the bvp (5.4) has a solution hy € E,.
Hence, Theorem 3.3 provides a solution for the bvp (5.2).

@), ¢el,

h(¢) =
hZ(C)’ é‘ € L2r
where
0, el
() = ceh

hy (), ¢elLs.

According to Theorem 4.1, the bvp for ¥ -wfd (5.2) is UHRs with respect to p.

Acknowledgements

Manar A. Algudah: Princess Nourah bint Abdul rahman University Researchers Supporting Project number
(PNURSP2023R14), Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia. The author T. Abdeljawad would
like to thank Prince sultan University for the support through the TAS research lab.

Funding
Funding source is not available.

Availability of data and materials
This is not applicable in our paper.

Declarations

Ethics approval and consent to participate
All authors of this work approve and confirm all the ethics.

Consent for publication
All authors approve the final version of the article and agree to participate and publish in this journal. All authors
participated equally in this work.

Competing interests
The authors declare no competing interests.



Benia et al. Journal of Inequalities and Applications (2023) 2023:127 Page 16 of 16

Author contributions
The authors K.B, M.S.S and T.A have written the original draft. All the authors including F.J and M.A edited and discussed
the results and main draft. All the authors confirmed the last version after discussing the validity of the theoretical results.

Author details

'Departement of Mathematics, Ibn Khaldoun University, Tiaret, Algeria. ?Department of Economic Sciences, Ibn
Khaldoun University, Tiaret, Algeria. *Department of Mathematics, Faculty of Arts and Science, Cankaya Univ, 06790
Ankara, Turkiye. “Dept Math Sci, Fac Sci, Princess Nourah Bint Abdulrahman Univ, POB 84428, Riyadh 11671, Saudi Arabia.
>Department of Mathematics and Sciences, Prince Sultan University, Riyadh 11586, Saudi Arabia. Department of Medical
Research, China Medical University, Taichung 40402, Taiwan. ’Department of Mathematics, Kyung Hee University,

26 Kyungheedae Ro, Seoul, South Korea. Department of Mathematics and Applied Mathematics, Sefako Makgatho
Health Sciences University, Garankuwa, Medusa 0204, South Africa.

Received: 26 July 2023 Accepted: 2 October 2023 Published online: 09 October 2023

References
1. Abdeljawad, T, Agarwal, R.P, Karapinar, E., Kumari, PS.: Solutions of the nonlinear integral equation and fractional
differential equation using the technique of a fixed point with a numerical experiment in extended b-metric space.
Symmetry 11,686 (2019)
2. Afshari, H., Karapinar, E.: A discussion on the existence of positive solutions of the boundary value problems via
Vr-Hilfer fractional derivative on b-metric spaces. Adv. Differ. Equ. 2020, 616 (2020)
. Al-Refai, M.: On weighted Atangana-Baleanu fractional operators. Adv. Differ. Equ. 2020, 3 (2020)
4. Al-Refai, M,, Jarrah, A.M.: Fundamental results on weighted Caputo-Fabrizio fractional derivative. Chaos Solitons
Fractals 126, 7-11 (2019)
5. An,J, Chen, P, Chen, P: Uniqueness of solutions to initial value problem of fractional differential equations of
variable-order. Dyn. Syst. Appl. 28, 607-623 (2019)
6. Anatoly, AK: Hadamard-type fractional calculus. J. Korean Math. Soc. 38, 1191-1204 (2001)
7. Banas, J.. On measures of noncompactness in Banach spaces. Comment. Math. Univ. Carol. 21, 131-143 (1980)
8. Banas, J, Olszowy, L.: Measures of noncompactness related to monotonicity. Ann. Soc. Math. Pol., 1 Comment. Math.
41,13-23(2001)
9. Chatibi, Y, Ouhadan, A, et al.: Lie symmetry analysis of conformable differential equations. AIMS Math. 4, 1133-1144
(2019)
10. Debnath, L: Recent applications of fractional calculus to science and engineering. Int. J. Math. Math. Sci. 54,
3413-3442 (2003)
11. Guo, D, Lakshmikantham, V., Liu, X.: Nonlinear Integral Equations in Abstract Spaces. Kluwer Academic, Dordrecht
(1996)
12. Hilfer, R.: Applications of Fractional Calculus in Physics. World Scientific, Singapore (2000)
13. Hristova, S., Benkerrouche, A, Souid, M.S., Hakem, A.: Boundary value problems of Hadamard fractional differential
equations of variable order. Symmetry 13, 896 (2021)
14. Jarad, F, Abdeljawad, T Generalized fractional derivatives and Laplace transform. Discrete Contin. Dyn. Syst,, Ser. S 13,
709-722 (2020)
15. Jarad, F, Abdeljawad, T, Baleanu, D.: Caputo-type modification of the Hadamard fractional derivatives. Adv. Differ.
Equ. 2012, 142 (2012)
16. Jarad, F, Abdeljawad, T, Baleanu, D.: On the generalized fractional derivatives and their Caputo modification.
J. Nonlinear Sci. Appl. 10, 2607-2619 (2017)
17. Jarad, F, Abdeljawad, T, Shah, K.: On the weighted fractional operators of a function with respect to another function.
Fractals 28, 2040011 (2020)
18. Katugampola, U.N.: New approach to a generalized fractional integral. Appl. Math. Comput. 218, 860-865 (2011)
19. Kilbas, AA, Srivastava, H.M.,, Trujillo, JJ.: Theory and Applications of Fractional Differential Equations, vol. 204. Elsevier,
Amsterdam (2006)
20. Samko, S.G.: Fractional integration and differentiation of variable order. Anal. Math. 21, 213-236 (1995)
21. Sevinik Adigtizel, R, Aksoy, U, Karapinar, E,, Erhan, L.M.: On the solution of a boundary value problem associated with a
fractional differential equation. Math. Methods Appl. Sci. (2020). https://doi.org/10.1002/mma.6652
22. Souid, M.S, Bouazza, Z, Yakar, A.: Existence, uniqueness, and stability of solutions to variable fractional order
boundary value problems. J. New Theory 41, 82-93 (2022)
23. Souid, M.S,, Refice, A, Sitthithakerngkiet, K.: Stability of p(-)-integrable solutions for fractional boundary value
problem via piecewise constant functions. Fractal Fract. 7, 198 (2023)
24. Starrett, J.: Solving differential equations by symmetry groups. Am. Math. Mon. 114, 778-792 (2007)
25. Telli, B, Souid, M.S.: L'-Solutions of the initial value problems for implicit differential equations with Hadamard
fractional derivative. J. Appl. Anal. 28, 1-9 (2022)
26. Telli, B, Souid, M.S., Stamova, |.: Boundary-value problem for nonlinear fractional differential equations of variable
order with finite delay via Kuratowski measure of noncompactness. Axioms 12, 80 (2023)
27. Zhang, S.: Existence of solutions for two point boundary value problems with singular differential equations of
variable order. Electron. J. Differ. Equ. 2013, 245 (2013)
28. Zhang, S.: The uniqueness result of solutions to initial value problems of differential equations of variable-order. Rev.
R. Acad. Cienc. Exactas Fis. Nat, Ser. A Mat. 112, 407-423 (2018)
29. Zhang, S., Hu, L. The existence of solutions and generalized Lyapunov-type inequalities to boundary value problems
of differential equations of variable order. AIMS Math. 5, 2923-2943 (2020)

w

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.


https://doi.org/10.1002/mma.6652

	Boundary value problem of weighted fractional derivative of a function with a respect to another function of variable order
	Abstract
	Mathematics Subject Classiﬁcation
	Keywords

	Introduction
	Preliminaries
	Existence solutions of (Bvpwfdvo)
	Ulam-Hyers-Rassias stability of (Bvpwfdvo)
	Example
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Ethics approval and consent to participate
	Consent for publication
	Competing interests
	Author contributions
	Author details
	References
	Publisher's Note


