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1 Introduction

The study of impulsive dynamical systems is an emerging area that is attracting interest
from both theoretical as well as practical disciplines. Additionally, the impulsive differen-
tial equations act as essential models for the investigation of the dynamical processes that
are subject to abrupt changes in their states. The study of impulsive systems, especially
the impulsive differential, is of great importance because many evolution processes, op-
timal control models in economics, mechanics, electricity, several fields of engineering,
stimulated neural networks, frequency-modulated systems, and some motions of missiles
or aircrafts are characterized by the impulsive dynamical behavior. For more information,
see [1-3]. In the past several decades, differential equations with impulses have been uti-
lized to model the processes subjected to abrupt changes at discrete moments and the dy-
namics of impulsive differential equations have attracted the attention of a large number
of scholars, see [4—6]. Furthermore, since real-world systems and unpredictable events
are almost inevitably affected by stochastic perturbations, mathematical models cannot
ignore the stochastic factors due to a combination of uncertainties and complexities. In
order to take them into account, differential equations driven by stochastic processes or
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equations with random impulses offer a natural and practical approach to describe vari-
ous impulsive phenomena. It is also possible to successfully apply the theory of stochastic
differential systems to a variety of nonmathematical issues, such as those in science, eco-
nomics, epidemiology, mechanics, and finance. For more details, we refer the reader to
books [7-9] and the articles therein [10-13].

Many evolution processes involve stochastic functional differential equations with an
impulse. This is widely used in modeling systems in medicine and biology, mechanics,
economics, telecommunications, and electronics (see [1, 14, 15]). Impulses can occur at
random points, for example, the impulse time ty is a random variable for k=1,2,... and
the impulsive function b,(.) is a random variable. Recently, there have been massive stud-
ies covering the existence and stability of solutions of stochastic differential systems and
stochastic functional differential systems with impulses or randomness. Hu and Zhu [16]
have used the Lyaponov method to investigate the exponential stability of stochastic dif-
ferential equations with impulse effects at random effects. In addition, Hu and Zhu es-
tablished stability analysis by considering impulsive stochastic differential systems using
the Lyapunov and Razhumikhin technique [17, 18]. Sakthivel and Luo [19] investigated
the existence and asymptotical stability of mild solutions containing impulsive stochas-
tic differential systems. Zihan Li et al. [20] established the existence of solutions to the
Sturm-Liouville differential equation with random impulses and boundary value prob-
lems via Dhage’s fixed-point theorem. Yu Guo et al. [21] solved the viscosity solution of
the HJB equation for an optimal control system with random impulsive differential equa-
tions. Recently, many researchers have discussed the existence and stability of stochastic
differential equations with a random impulse, see [22—24]. However, no papers have been
published that investigate stochastic differential equations with random impulses involv-
ing a resolvent operator. As a result of the above, we investigate the existence, continuous
dependence of solutions on initial conditions, Hyers—Ulam stability, and mean-square ex-
ponential stability results for the proposed random impulsive stochastic differential equa-
tions.

Let us take into consideration the following stochastic differential equations with a ran-

dom impulse of the form:

d[v ()] = [Qh?(t) + /Ot B(t—s)0(s)ds + f(t, ﬁ‘t)] dt+g(t, 9 do(t), t>to,t#c,

Psk) = bk((gk)l?(gk_), k=1,2,..., (1.1)

Oy =1 ={n(6) <6 <0},

where 2l is the infinitesimal generator of an analytic semigroup (9i(t));>o of bounded linear
operators in a real separable Hilbert space X, 2 is a closed linear operator with dense
domain D (2l) that is independent of t, 98 is a closed linear operator with domain ©(8) D
D (), and w(t) is the standard Weiner process on X. The maps f: [ty, +o0] x 2~ — X,
g: [to, +00] x 2" — LI(Y,X) are Borel measurable functions. Let 8 be a random variable
from Q to Z := (0,0) with 0 < 0 < +o00 for k = 1,2,..., with §;,; being independent of
each otherasi#jfori,j=1,2,.... Here, by : Zx — X, 8¢ is an X-valued stochastic process
30eX, ={0(t+0):-§ <0 <0}and ¢p =tg and ¢ = ¢_1 + & for k=1,2,..., where



Kasinathan et al. Journal of Inequalities and Applications (2023) 2023:116 Page 3 of 19

to € [, +00] is an arbitrary given nonnegative number. It is obvious that
to=60< g1 < < lim g, = +00,
k—o0

then, {¢i} is a process with independent increments. Denoting ¢ (g ) := l1m19%§ (1), the
norm

[Pl := sup [[Flx,

t-8<s<t

with the jump

AY (i) = [bi(8) — 1]9(s10)

represents the random impulsive effect in the state ¢ at time ¢i. The initial data 7 :
[-8,0] — Xisafunction with respectto whent = to. We may assume that {4/ (t),t > 0} is
a simple countmg process generated by {¢x}, I Nst )is the - -algebra generated by {/#/(t),t >
0}, and J Jt ) indicates the o - algebra generated by {w(t) : t > 0}, where 3,52, and ¢ are

mutually independent.

2 Preliminaries and notations

Let X and Y be real separable Hilbert spaces with norm || - || and || - ||y and £(Y, X) denotes
the space of bounded linear operators from Y to X. Let (2,5, P) be a complete filtered
probability space provided the filtration JEI) ng (t > 0) satisfies the usual notation. Let
{B.(t),t > 0} be a real-valued one-dimensional standard Brownian motion mutually inde-
pendent over probability space (22, , P). Let £L2(R2) denote the space of square-integrable
random variables for the probability measure P. Let Q € L(Y,X) be a positive trace class
operator on £2(X) and (A, e,), symbolizes its spectral elements. The Weiner process w(t)

is expressed as follows:

o) =Y VAuBu(e, with rQ=> "1, < +o0.
n=1 n=1

Then, the Y-valued stochastic process w(t) is called a Q-Weiner process.

Definition 2.1 Letting ¢ € L(Y, X), we define

5 Ig = tr(s Qs”) {an;ennz}

If || g||2 0 < +00, then ¢ is called a Q-Hilbert-Schmidt operator and L9 is the space of all
Q- Schmidt operators ¢ : Y — X.

Partial integrodifferential equations Let 2 and Y (£) be closed linear operators on a Ba-
nach space denoted by X, and Y is the Banach space Z(2l) endowed with the norm

lyly := [”y| + [y| foryeY.
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The notations €([0, +00); Y), € ([0, +00); X), and £(Y, X) denote the space of continuous
functions from [0, +o0) into Y, the space of continuously differentiable functions from
[0, +00) into X and the set of bounded linear operators from Y into X, respectively.

Let us consider the problem

dv(t) = (le(t) + /t Y (t—s)v(s) ds) dt, t>0, (2.1)
0
with v(0) = vy € X.

Definition 2.2 [25] If the following conditions are met, a bounded linear operator-valued
function Z(¢) € £(T),t > 0 is called a resolvent operator for (2.1):

(i) R(0) = Z and 3 two constants & > 1 and § 3 |R(¢)| < aexp(ot) Vi > 0.

(ii) For each element x in X, the function ¢ — 9R(¢)x is strongly continuous for each ¢ > 0
and for x in Y, R(.)x € €1([0, +00); X) N €([0, +00); Y) and satisfies

dR(t)x = (?Zlﬂ%(t)x + /t Y (¢t —s)R(s)x ds) dt
0

= (ER(t)le + /t R(L—s)T(s)x ds) dt.
0

When Definition 2.1(i) holds with § < 0, the resolvent operator is said to be exponen-
tially stable. The two conditions derived from Grimmer [25] are sufficient to guarantee
the existence of solutions for (2.1).

(H1) The operator 2 is an infinitesimal generator of a Cyp-semigroup on X.

(H2) Vt >0, Y(¢) denotes a closed continuous linear operator from Z(2) to X and

Y (2) € L(Y,X). For any y € Y, the map ¢ — Y(£)y is bounded, differentiable, and
its derivative dY'(¢)y/dt is bounded and uniformly continuous on [0, 00).
Now, consider the conditions that ensure the existence of solutions to the deterministic
integrodifferential equation:

dv(t) = (mv(t) + /t Y (t—s)v(s)ds + m(t)), t>0, (2.2)
0

with v(0) = vy € X and m: [0, +00) — X is a continuous function.

Lemma 2.1 ([25]) Suppose the assumptions (H1) and (H2) hold and if v is a strict solution
of (2.2), then

v(t) = R()vg + /t R(t—s)ym(s)ds, t=>0. (2.3)
0

Lemma 2.2 ([25]) Assuming (H1), (H2) holds, the resolvent operator R(t) is continuous
for t > 0 on the operator norm, namely for ty > 0,

}Lr)[(l)”m(to — ‘L') - %(t()) || =0.
Lemma 2.3 ([25]) Assume (H1), (H2) are satisfied, then 39 >0 >

||9¢i(t +¢€) —R(e)R(t) || <Ye.
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Lemma 2.4 ([26]) If W(s) is a LY, X)-valued stochastically integrable process in [0, T],
then for p > 2, 3%, = (p(p - 1)/2)P"2 3, for every t > 0:

P -D\E( [ PN
<("2) ([ @lvoly? o)

The Hausdorff measure of noncompactness «(.) defined on a bounded subset & of a

sup E
s€[0,t]

/s W (m) dw(m)
0

Banach space X is
(&) = inf{e > 0: & has a finite € — net in X}.

Lemma 2.5 ([26]) Let X be a real Banach space and M, N C X be bounded. Then, we
have the following properties:

(1) A is precompact if and only if a(A) = 0;

() a( M) = a( M) = a(conv A ), where M and conv . # are the closure and the convex
hull of M, respectively;

3) a(A) < a(N) when H C N ;

@) a( A+ N)<alH)+a(N), where H + N ={0+w:0 €M, N};

(5) a( A U N) <max{a(A),a(N)};

(6) a(AA) < |M|a(N) for any L € R;

(7) If & C 6([0, T)) is bounded, then

ot(%/(t)) <a(X#) Vtel0,T],

where JZ (t) = {m(t) : m € & C X}. Further, if # is equicontinuous on [0,T), then t —
JE(t) is continuous on [0, T], and a() = sup{ (t) : t € [0, T]};

(8) If & C 6([0, T], X) is bounded and equicontinuous, then t — a(# (t)) is continuous
on [0,T] and a(fy H (s)ds) < [y a(H (s)ds ¥t € [0,T], where [ (s)ds = {f, m(s)ds :
me XY

(9) Let {m,};2, be a sequence of Bochner integrable functions from [0,T] to X with
I, (V) || < a(t) for almost all t € [0,T] and n > 1, where u(t) € L([0,T], Z"), then ¥(t) =
a({my,(t)},=1) € L([0, T], Z*) and satisfies

t t
a<{/ m,(s)ds:n> 1}) < 2/ W(s)ds.
0 0
Lemma 2.6 ([26]) If % C €([0,T], £5(Y, X)) and w is a Weiner process,

a< f t H(s) dw(s)) < VTa(X (1)),
0

where,

/t,%/(s)da)(s): {/tm(s)dw(s): Vme X ,te [O,T]}.
0 0
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Lemma 2.7 ([26]) Let D be a closed convex subset of X with 0 € D. Suppose W : D — D is
a continuous map of Monch type that satisfies:

M C D countable and M C 5({0} U \IJ(M)) implies that M is relatively compact,
then, V has a fixed point in D.

3 Existence results
Definition 3.1 For a given T € (ty, +00), an X-valued stochastic process {¢(t),t € [to, T]}
is said to be a mild solution of (1.1) provided:

(i) 9 (t) is an J¢-adapted process for t > to;

(ii) ¥ (t) € X has a cadlag path on t € [to, T] almost surely,

(iii) ¥ (t) = n if t € [-6, 0] and for each t € [ty, T], we have

k k

+00 k Sk
(1) = Z[ b:(8)R(t - to)n(0) + > _ [ ;8 " Rt 9, 0,) ds
i=1

k=0 i=1 j=i Sk-1

k k

t Sk
+ / R(t-9)f(s, 0 ds+ Yy [ [ 05 / R(t — )g(s, ) dew(s)
Sk

i=1 j=i Sk-1

t

+ | R(t-s)gs, V) dw(s):|z[§kv§k+1)(t)’

Sk

where ]_[;.(:i(.) =lasi>k, ]_[]l;i b;(8)) = bx(8x) b1 (Bk-1) - - - b:(8;), Zau () is the indicator func-
tion expressed as,

1 ifted,
0 iftes.

Iy (t) =

We may take into consideration the following hypotheses:
(A1) The map f: [to, T] x X — X satisfies
(i) f(,?):[to,, T] = X is measurable for each ¢ € X and f(t,.) : X — Xis
continuous for each t € [ty, T].
(ii) There occurs a continuous function vs(t) : [to, T] = Z* and a continuous
nondecreasing function I'y : Z* — #Z* and |9 ||> <t >

[f& )|* < v;OT;(19 1) < v(OT5().

(iii) 3 a positive function %j(t) € L!([to, T]), #Z* > for any bounded subsets
B1 C X, we have

a(j(t,9) <G sup a(pi(6).

0e(-5,0]

(A2) The function g [to, T] x X — L(Y,X) satisfies
(i) g(, ) :[to,, T] = L3(Y, X) is measurable for each ¥ € X and
f(t,.) : X — £3(Y, X) is continuous for each t € [to, T].

Page 6 of 19
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(ii) There occurs a continuous function vg4(t) : [to, T] = Z#* and a continuous

nondecreasing function 'y : Z* — #* and ||9[* <t >
lat2)]* < vgOT4(I1912) < vg (T4 (x).

(iii) 3 a positive function €, (t) € L1([to, T]), Z* > for any bounded subsets
B> C X, we have

a(g(t,9)) < 64(t) sup a(pa(6)).
6e(-6,0]

(A3) E[max {15, 16;(6)1}] < +00 32> 05

k
E(H}%x{l—[“ [’1’(5;')” }) <% forallsje Z,jeN.
j=i

(A4) 3max{1, BT - to) 22 [lime 400 rfT(t) f; vi(s) ds + lime_, 400 F“T(t) ft:) vg(s)ds] < 1.

Theorem 3.1 Assume the conditions (A1)—(A4) hold, then there exists at least one mild

solution for (1.1) provided:

max{1, B°} (T = )16} | 210,11,

1
+max{1, B>} (T —10)2 | Cyll 221t 11,2 < 1- (3.1)

Proof Let us introduce the set Y : PC([ty — 8, T], £L2(R2, X)) equipped with the norm

”0”’2&: sup Ellﬁllf: sup IE( sup ||19(S)H2>.

te(to,T] te(to,T) t-§<s<t

It is obvious that Y is a Banach space and we may define

Yr= {19 € Y1 :9(s) = n(s), fors e [—5,0]},

with the norm || ||2YT' Thus, (1.1) can be transformed into a fixed-point problem. We may

define an operator ® : Y — Y by

(©9)(1) = Z[

k

[ e:: )m(t-to)n(0)+Z]_[b 5)/§ R(t - 5)f(s, 0)) ds

i=1 i=1 j=i

t k k Sk
R(t-9)f(s,0)) ds+ Y _ [ [6;) / R(t - 5)g(s, V5) deo(s)
Sk i=1 j=i Sk-1

E)%(t — S)g(S, 195) dw(S)]I[gk'gkﬂ)(t)’ te [to, T]

Sk

and
(®9) =n(®), tel[-4,0].

Let us divide our proof into several steps.

Page 7 of 19
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Step I: Initially, we have to compute that ® satisfies the property N (B,) C B, B, = {¢ €
Tr: ||z9||%rT < t}. If the result contradicts, for ¥ € B, N'(B;) ¢ B,. Thus, we may find
t € [to, T] satisfying E||(@%)(t)||? > t. By the aforementioned assumptions,

[T o609 -ty o>+21‘[b<5)/ (t - $)7(s,0,) ds

i=1 i=1 j=i Sk-1

E[(©9)@®)| :E[i[

k=0

k k

/ R(t—s)f(s, 05 ds+ Y [ [ bis) / " (e - 9)gls, 9,) deos)
Sk i=1 j=i Sk-1

t

Sk

k 2
<35 ([Tl |) ) ezl
k 2
+3E<nl1yal:x=n’ i(8)) ,1})
j=i

OMaﬂmun$n+m{Gm4

A(t - 5)g(s, ) dw(S)] :|I[§kv§k+1)(t)’

x E([|93(t - 9)g(s, ;) do(s)|*)

<38 7K |n(0)|”

+3max{1, B>} (T - t) /t vi(s)T5(v) ds

to

+ Bmax{l, ,%’2}%2@ — 1) /t Vg (s)ICg(v) ds

to

Dividing the above inequality by t, and letting vt — +00, we have

i) [ Fe(t) [*
3max{1,@2}ff2(T_to)< lim —ft(t) / vi(s)ds + lim gt(t) / vg(s)ds> >1,
t—+00 T—+00 t

to

which contradicts our assumption (A4). Thus, 3 some ¢ € B, 3 N (B.) C B..
Step 2: In order to compute the continuity of the operator ® in B, let ¢, 9, € B, and
¥, — ¥ as n — +00. By condition (ii) of (A1) and (A2), we have

ft,9,) = ft,9), n—+o0,  |§(t0,) -t )| <2001,

2
g(t,9,) — g(t, ), n— +o0, ||g(t, %) —a(t, 9) || < 2vg(H)I4(1).
Using the Dominated Convergence theorem and (A3), we may deduce that

E[(©9,)() - (09)(®)]

+00  k 2

> T o169t - t0) (24(0) — 9(0))

k=0 i=1

<3E
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+3E

Z(Z]‘[bw)/g R(t - 9)[F(s, 0)n) — (s, 95)] ds

k i=1 j=i
2

+ / R(t—s) [f(S, (ﬁs)n) — (s, 195)] ds)I[§k»§k+1)
g

k

+3E

Z <Z 1_[ b ((S ) /g m(t - S)[ (S: (7}5);1) - g(s, 29s)] da)(s)

k=0 \i=1 j=i
2

t
+ / %(t -5) [Q(S, (ﬁs)n) - ( )] dw( )>I§k k1)
Sk

<38 H°E|,00) - 9(0)|*

+3max{1, B2} 2 (t - o) / t1E”f(s, (B5)n) — (s, 95) | ds

t
+3max{1, #*} A7 (t - to)/ Ellg(s, (95)x) — (s, 95) ||2£(2) ds
to

— 0 asn— +o0.

Therefore, © is continuous on B..
Step 3: To prove @ is equicontinuous on [ty, T], for ty < t; <ty < T and ¢ € B,, we

have

(©9)(tz) - (O9)(th)

+00 k k K
Z{]‘[ b:(8)R(t — to)n(0) + Y _ [ [ 0;(8)) / R(ty - 9)f(s, 05) ds
k=0 i=1 j=i Sk-1
+ %(tz —8)f(s, 05)ds + Z 1_[ b;(8 / R(ty — s)g(s, ¥5) dw(s)
Sk i=1 j=i Sk-1
v Rtz - )g(s, ¥5) do(s )}I [awaien) (t2)
Sk

> Hb ()Rt —to)n(0) + Zl_[b (5) /g R(ty - 9)f(s, 95) ds

k=0 i=1 i=1 j=i
k k ok
+ / Rty - 9)f(s, 05 ds + Y [ [ 05(6)) / R(t; - s)g(s, 0) dw(s)
Sk i=1 j=i Sk-1
v [ 9 - 995,00 dols) T 1)
Sk
Z{]‘[ b:(8:)R (12 - to)n(0) + Z]‘[ b;(5) f R(t; - 9)f(s, ) ds
k=0 i=1 j=i

to k k <
v [ R -9)is v ds+ Y []6) / " Rt - 9)a(s, 8) dao(s)

Sk i=1 j=i Sk-1
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k

t
+ / m(tz - S)g(s’ 05) dw(s)} (Z[§l<1§l<+1)(t2) - I[§kv§k+1)(t1))
S|

+00 k
+ Z |:l—[ bi(8:) (R(t2 — to) — R(t2 — 1)) n(0)
i=1

k=0

+an(5)/ (R(ty - 5) - R(ty - 5))

i=1 j=i

k k

x §(s, 05) ds + / (R(ty - 5) - R(ty - 9))f(s, 0 ds + Y _ [ [ 0;(6))
Sk i=1 j=i

t

Sk
X / (R(tz —s) — R(ty —9)) (s, O) doo(s) + / (Rt —s) — R(t; —9))
s

k-1 Sk

X g(s, ) )d(,()(s):|I[§k Ske1)(t1)

= 2E|| /| +2E|| 2P,

where
E| A =E [1‘[ b:(8)R(t2 — to)n(0) + Z]‘[ b;(8 f R(ty - 9)f(s, ;) ds
k=0 i=1 j=i
k k
+ ‘ﬁ(tg — $)f(s, ¥5) ds + Z 1_[ b;(8 / R(ty — s)g(s, ¥5) dw(s)
Sk i=1 j=i Sk-1
to 2
+ [ Rtz -s)als, %) dw(S)} (Tigoaen ) = Lig g (1)
Sk
+00 k
E| 2| =E Z[]‘[ b:(8:) (R (t2 — to) — Rtz - t1))n(0)
k=0 L i=1

+an /gkl R(ty —s) — SR(tl—s))

i=1 j=i

ty kK k
x §(s, 0s) ds + / (%(tz —38) —R(t; — s))f(s, D) ds + Z 1_[ b;(5))
g

K i=1 j=i

Sk t
X f (%(tz —5)—R(t; - s))g(s, ) dw(s) + / (m(tz -5) - Rty - s))
Sk Sk

k-1

2
x 9(s,75) dw(s)}f[;k,gw(tl)

By treating each term separately,

k
E|l 7| < 3E<m§v<{£[H bi(a,-)uz}) |93tz - t0)|*
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xE || T](O) || ’ (I[gkv§l<+1)(t2) - I[§l<;§k+l)(t1))2

k 2 +00 Aty
+3E<n}ix{n” b;(8;) ,1}) E(Z /to Hi)ﬁi(t2 —5) HZHf(s, 195)”2“’3)
Jj=i

k=0

Kk 2
X (I[§kv§k+1)(t2) - I[§1<,§1<+1)(t1))2 +3E (n}ixi 1_[ ” bi(6:) H i1 })
j=i

(3 [ 6 00 009 0T, 60
k=0
-0 ast,—t.
Similarly,
Ell_ %> < 55 |R(t, - to) - Rty — to)|*E[ n(0) |* + 5 max{1, 2%} (t, - to)
. / [R(ts — ) - R(ts ) 2B s, 85) 2 s + 52 ) / 1%t -]
x E|§(s, 0,)||” ds + 5max{1, 2%} (t, - to) /ttl |9(t, — ) - R(ts —5)”
o
< Ea(s, 99 ds + 5(t - t) /t [0t - 9)|E | ats, 0| ds
-0 ast,—t.
Thus, we have
E[(©9)(t) - (©9)t)]|* =0 ast,—t,,
which implies © is equicontinuous on [to, T].

Step 4: Now, to compute the Monch condition, let y C Tt be anonempty setand 9,9, €
v, by probability 1, we have

d(©9,(1), 00 (1)) = d(Oth (1), ©D,(1)),
where

(©9)(t)

= max({1, B} Z[ * R(t - s)f(s, 05) ds + /t R(t - 8)f(s, ) ds]I[gk,gkﬂ)(t)
S

k=0 LY sk1 k

+00 t
+ max{1, ¥} Z[ * R(t-s)g(s, 0) ds + / R(t-s)g(s, V) ds]I[gk,gkﬂ)(t)
13

k=0 Sk-1 k

:@1 +@2.

Page 11 of 19
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By a similar procedure to that used in Lemma 2.3,

a((©9)(1) = a((©)V).

Let A C B, be countable and A C co({0} U ®(A)). By proving a(A) = 0 the Monch condi-
tion is verified. Set A = {#"}32,, then it is well defined that A C co({0} U ©(A)) is equicon-

tinuous on [ty, T] by step 3.
By Lemma 2.2 and Lemma 2.3,

a({@lﬁn(t)}zl)Smax{l,%}%(T—to)/ %i(t) sup a({9"(0 - u©®)} ")) ds

6e(-6,0]

<max{L, BYA(T - )Gl 1m0y sup o ({9"®)) ),

telto,T]

a({8:9" (1)) < max{1, BYA(T - t0)2 [ Goll 2y money sup ({9 @)

n=1
te(to,T]

By using Lemma 2.3,

(o 0)7,) ~a (@0 0],
<e({@0"(0},) +a({620"®)},,)
< [max{1, B} A (T — to) 16} || 11ty 01+ + Max{L, B} (T —to)?

x 1%l c2(tomarn Je ({97 ())-
It follows that
a(A) <a(co({0} UB(A))) =a(O(A)) < a(A),

implying o(A) = 0 and then A is a relatively compact set. Thus, © has a fixed point in A
that is the mild solution of (1.1). This completes the proof. d

4 Stability
4.1 Continuous dependence of solutions on initial conditions
(A5) 3 constants €1, %> >

litto) —jto)| <Glp -l |ot?) - gt )| g < GlY - o .
Theorem 4.1 Let 9(t) and ¥ (t) be mild solutions for (1.1) with initial values 1(0) and

7(0), respectively. Assuming (A3), (A5) holds, then the mild solution of (1.1) is stable in the

mean-square.

Proof
Elv -]
+oo  k 2 5 +00 k k Sk
<3E| Y 06| [Rt-1t0)]" +3E Z[Z]‘[b,(s,) / R(t - 5) (s 05)
k=0 i=1 k=0 L i=1 j=i Sk-1

Page 12 of 19
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t 2

— (s, Ks)) ds + /

R(t—s) (f(s, V) — (s, Ks)) d5i| Zigeeen)(®)

Sk
+00 k k K .
+3E Z{ [ Tois) / Rt - 5)(als, 9) - 0(s, 05)) ds
k=0 L i=1 j=i Sk-1

2

+ / R(t-s)(als, %) — gls, ?s)) dS:|I[§1«§k+1)(t)
g

k

<38 °E|(0) - 7(0)|)* + 3max{1, #}(T - to)[/tE”f(s, 9) — (s, 95)||* ds

t
+ f ]EHG(S’ﬂs)—G(S,ﬁ_s)szs}
to
which implies

sup Ell9 — 9> < 382K 5(0) - 7(0)|*

telto,T]

t
+3max{1, B} (T -1o)(¢1 +6) | sup E||9 -9} ds.

to s€(to,t]

By Gronwall’s inequality

sup E|¢ —5”? < &%’ZL%”ZEHn(O) -7(0) ||2exp{3jf2 max{l,%’z}(T —1t0)(%1 + ‘52)}.

telto,T]

For € > 0, there exists a positive number

€

= O:
LT 3B 2 exp3BA max(l, BT —to)(G1 + Co)}

> E|[n(0) - 7(0)||? < 7, then

sup E||9 - 97 <e.

tefto,T]

This completes the proof. O
4.2 Hyers-Ulam stability

Definition 4.1 Suppose @ (t) is a Y-valued stochastic process and there exists a real num-
ber ¢ > 0 > for arbitrary € > 0 satisfying

E

+00 k k k «
wt)-)y {1‘[ b:(8)R(t—t0)n(0) + > [ ] bs(5)) / " Rt 955wy ds

k=0 L i=1 i=1 j=i Sk-1

k k

t k
+ / R(t - 8)f(s, s) ds + Z 1_[ b;(5)) ’ R(t - s)g(s, my) dw(s)
Sk i=1 j=i Sk-1
2
<€

+ tm(t —8)g(s, ) dw(s)}z[gk,gw(t) . Vte [t TI. (4.1)

Sk

Page 13 0of 19
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For each solution e (t) with the initial value @y, = ¥, = 1, if 3 a solution ¥ (t) of (1.1) with
E|w (t) — #(t)||> < Ce, for t € [to, T]. Then, (1.1) has Hyers—Ulam stability.

Theorem 4.2 Assume conditions (A3) and (A5) are satisfied, then (1.1) has Hyers—Ulam
stability.

Proof Let ¥(t) be a mild solution of 1.1 and @ (t) a Y-valued stochastic process to satisfy
(4.1). Obviously, E||z (t) — #(t)||> = 0 for t € [-8,0]. Moreover, for t € [to, T], we have

Elo - 0|7

k k

Z|:l_[b R(t-to)y Zl_[b / R(t - 8)f(s, ) ds

k=0 i=1 j=i

<2E|w

f R(t - 9)f(s, ws)ds+21—[b (8)) / R(t - 5)g(s, ;) da(s)

i=1 j=i Sk-1
2
+2E

t

Z[ZHW /(lm_s)

k=0 L i=1 j=i

m(t - S)g(S, ws) dw(s)}z[gk:ﬂul (t

Sk

t
X (f(sr @) — f(sr ﬁs)) ds + R(t-s) (f(& @) — f(S’ ﬁs)) ds

Sk

+an(8) * E}it—s)(g(s,ws) g(s, s ds+/9% —5)

i=1 j=i Sk-1
2

x (a(s, ) - 9(s,9;)) dS]I[gkvsm)(t)

<2e+2E| 7%

Now, we consider

+00 K K Sk
E|l 7| = 2E Z[Z]‘[b(é)/ R(t - 9)(F(s, @) — (s, 9,)) ds
k=0 L i=1 j=i
k k Sk
?}{(t—s)(f(s,ws) f(s, ) ds+ZHb(8)/ R(t-s)
Sk i=1 j=i Sk-1

t

x (905, @) — g(5,9) ds + / R(t - )(als, )

Sk
2

- g(s, %)) dS} Tigoa,0®
< 2max{1, %2}%2(2[‘ —1to) /tEHf(s, ;) — f(s, ﬂs)Hz ds

t
+ 2max{1,%2}%2/ E”g(s, @) - 9(s, ﬁs)HZ ds.
to
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Taking the supremum on both sides and using (A5),

t
sup E||w—z?||t2526+4max{1,%2}%2(T—t0)‘€1/ sup Ellw—ﬁ”szds
t

te(to,T] 0 telto,T]

t
+4max{1,%2}%2<€2/ sup EHW—l}”?d&

to te[to,T]
By following Gronwall’s inequality, there occurs a constant
€ = 26xp{max{1, %2}%2[@ —t0)61 + %2]} > 0.
This implies that

sup E|w — 9|2 < Ce.

te[to,T]

This implies the Hyers—Ulam stability of (1.1). Thus, the proof is complete. O

4.3 Mean-square exponential stability
In order to prove the theorem we may take into consideration the following lemma

Lemma 4.1 [26] For p > 0, 3 some positive constants v,v’ > 0 2 if V' < p, the following
inequality

ve Pt-t0), te [-5,0]
w(t) = .
ve P10 4y Jo e supy s @(s+0)ds, t>t

holds. Then, we have w (t) < .Ze "), where t > 0 satisfying

’
v er(6+t0) -1

o—T
and

v
F = max{—/(p - t)e‘f‘s,p}.
v

Theorem 4.3 Assume (A3), (A5) is satisfied, then the mild solution of (1.1) is mean-square
exponentially stable.

Proof Together with the assumed hypotheses and Holder’s inequality,

E||»(t)

k 2 k 2
<3E (ml?xi[l[H b:(8;) ||2}> H R(t—1to) ||21E|| 1(0) ||2 +3E (nlrﬁx{l;l b,(S,-)}, 1)

t 2 k 2
< IE( / [ -] s, 95 ds> . 3]E<m?x{n b,(s,)}, 1)

I
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t 2
<5( [ Ie-9lats.00] o))
o
t
=< 3%2%26—/1@40)[5”,7(0)”2 . gmax{l’%Z}%Q/ 0 e’p(t*to)]E“f(s, 15‘5)”2615
t

t t 1
x / e P(t-to) ds+3max{1,932}%2/ eP(t-t0) dsfoe’”(t’tO)E”g(s, 19s)||2ds
t

to to

< 3B "R | (0)

HOC +6r) /t
t

p sup IE||z9(s+0)||2ds

0 0e[-8,0]

+3max{1,.@2}

Fe Pt yte[-5,0],

IA

where .7 = max{3>5¢°E|n(0)||*, supgc(_s 0 EllnlI*}.
Thus, by Lemma 4.1, Vt € [ty — 8, +00],

E|o®]* < Ze
This completes the proof. d

5 Illustration
In order to validate the abstract theory, let us take into account the system on a bounded
domain Q C %" with the boundary 9Q:

2 t 2 t
d[z(t;ﬁ)]_ 8—Z(t,l9)+/(; (X(t—S)%Z(S,l?)dS"’/ [KI(Q)Z(t‘l'H)dG]

ot - 9v? .

+ /t [K2(9)z(t + G)dG] do(t), t>38,t+c,

T

2(s09) = h(k)Skz(si, ), D €Q (5.1)
z(to,®) =n(0,9) = {n(®) <0 <0}, ¥ €Q,0€[-4,0]

z(t,9)=0, v eI

Let 2" = L2(Q), a : Z, — R.. K1,k be positive functions from [-§,0] to Z. Assuming §;
to be a random variable defined on Z = (0,0;) with 0 < 9 < +o0 for k = 1,2,.... Without
loss of generality, we may assume that {6;} follows an Erlang distribution. §;, §; are mutually
independent with i #j for i,j = 1,2,.... b is a function of k, ¢x = ¢x_1 + &k, where {cx} forms
a strictly increasing process with independent increments and ty € [0, T] is an arbitrary
real number.

52
Let 2l be an operator on 2 by 2z = 5%,

P2() ={ze€ Z :zand zy are absolutely continuous, zyy € £,z =0 on 92}.
Also, let the map B : Z(A) C & — 2 be the operator defined by

B()(z) =a(t)Az fort>0andze P2
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The operator 2 can be expressed as

Az = Zuz(z,zn)zn, ze D,

n=1

where z,(w) = (%)% are the corresponding eigenvectors of . Obviously, z, () form an
orthonormal system in X. Moreover, 2 is the infinitesimal generator of an analytic semi-
group (R(t))>o in X, satisfying

||9‘{(t) || < exp{—nz(t - to)}, t>to.

Also, we have the following additional conditions:

(i) [5x1(6)*d0 < 00,/ k2(6)*db < oo,

(if) E(max;{[T5; 16G)(6)11}?) < oo,
Using the aforementioned conditions, (5.1) can be modeled as the abstract random im-
pulsive stochastic differential equation of the form (1.1),

f(t,zt):/ k1(0)z(t + 6) do,

g(t,z) = /t Kk2(0)z(t +6) do,
bi(8x) = b(k)dx.

Condition (i) implies that (A5) holds with
0
% = / k}0)dh, fori=1,2,
T

along with condition (ii), implying (A3). This shows that (5.1) has a mild solution. More-
over, we achieve the stability results [continuous dependence of solution on initial condi-
tions and Hyers—Ulam stability] as in Sect. 4. Finally, if A" < 7, i.e.,

Smax{l,ﬂz}(%l + (52)/(7r2) <72
then (5.1) is mean-square exponentially stable under the assumptions (A3) and (A5).

6 Outlook

In this paper, the random impulsive stochastic delay differential system with resolvent
operator (1.1) has been proposed and the existence and various stabilities including the
continuous dependence of solution on initial conditions, Hyers—Ulam stability, and mean-
square exponential stability results are carried out with the use of stochastic analysis tech-
niques and functional analysis. Significantly, this system can be further extended to neutral
problems, fractional stochastic differential systems with random impulses.
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