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Abstract
A current outbreak of the monkeypox viral infection, which started in Nigeria, has spread
to other areas of the globe. This affects over 28 nations, including the United Kingdom and
the United States. The monkeypox virus causes monkeypox (MPX), which is comparable to
smallpox and cowpox (MPXV). The monkeypox virus is a member of the Poxviridae family
and belongs to the Orthopoxvirus genus. In this work, a novel fractional model for Monkeypox
based on the Caputo derivative is explored. For the model, two equilibria have been estab-
lished: disease-free and endemic equilibrium. Using the next-generation matrix and Castillo’s
technique, if R0 < 1 the global asymptotic stability of disease-free equilibrium is shown. The
linearization demonstrated that the endemic equilibrium point is locally asymptotically sta-
ble if R0 > 1. Using the parameter values, the model’s fundamental reproduction rates for
both humans and non-humans are calculated. The existence and uniqueness of the solution
are proved using fixed point theory. The model’s numerical simulations demonstrate that the
recommended actions will cause the infected people in the human and non-human populations
to disappear.

Keywords : Monkeypox; Caputo Fractional Derivative; Reproduction Number; Stability Anal-
ysis; Fractional Euler’s Method; Fixed Point Theory; Next-Generation Matrix; Existence and
Uniqueness.

1. INTRODUCTION

In May 2022, a monkeypox epidemic was verified,
beginning with a cluster of cases discovered in the
United Kingdom. The first case was verified on May
6, 2022 in a person with a travel history to Nigeria
(where the sickness is widespread), but it has been
hypothesized that infections had been spreading
throughout Europe for months before that. Cases
began to be recorded from a growing number of
nations and areas beginning on May 18, 2022, pri-
marily in Europe, but also in North and South
America, Asia, Africa, and Australia. As of June
8, 1285 cases have been verified from 28 countries
where monkeypox is uncommon or had never been
recorded.

An increasing concern to world health is mon-
keypox, which can spread internationally and be
transmitted further. The monkeypox virus causes
the infectious illness monkeypox.1 A zoonotic virus,
the monkeypox virus mostly affects rural people in
Central and West Africa, especially those who live
close to the tropical rainforest where exposure to
infected animals is more frequent.2 In 1959, Mag-
nus et al.3 discovered that the monkeypox virus,

which is similar to the variola virus, was responsi-
ble for two epidemics of pox illnesses in long-tailed
macaque that were later transported from Singa-
pore to the Statens Serum Institut, Copenhagen,
Denmark.4 The clinical similarities between the two
diseases make human monkeypox and smallpox dif-
ficult to distinguish.2

Even well-resourced healthcare systems with
high consequence infectious diseases (HCID) net-
works have particular difficulties when dealing with
human monkeypox. Prospective research on antivi-
rals is urgently required to treat this condition.5 In
1970, nine months after smallpox had been erad-
icated in that nation, a kid in the Democratic
Republic of the Congo’s (formerly Zaire) area was
diagnosed with monkeypox. For more information,
see Ref. 4.

By coming in touch with animal blood or being
bitten, people can get monkeypox from rodents,
domestic animals, and primates.1,2 The monkeypox
virus is spread when an individual comes in touch
with contaminated material or person.1 The virus
can enter the body through the respiratory sys-
tem, mucosal membranes, and damaged skin (eyes,
nose, and mouth).1 Animals can transmit diseases

2340096-2

Fr
ac

ta
ls

 2
02

3.
31

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 C
A

N
K

A
Y

A
 U

N
IV

E
R

SI
T

Y
 o

n 
06

/0
5/

24
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

September 22, 2023 20:34 0218-348X
2340096

Monkeypox Viral Transmission Dynamics and Fractional-Order Modeling with Vaccination Intervention

to people via biting or scratching, coming in phys-
ical touch with diseased material such as contami-
nated bedding or bodily fluids, or coming in direct
touch with material from wounds or biological flu-
ids, such as compromised bedding, or direct contact
with biological fluids or material from wounds. It is
believed that large respiratory droplets, which can
only move a limited distance and need proximity
for an extended period, are the primary mechanism
of human-to-human transmission.1 Direct contact
with bodily fluids is another mechanism for this
group to transmit.1

Rarely does an illness like monkeypox leave
Africa. Forty-seven confirmed or suspected cases of
a zoonotic pandemic in the US were reported in
2003.6–9 Giant rats, squirrels, and dormice from the
Gambia were imported, and they later transmitted
the virus to pets like prairie dogs, which is why this
outbreak occurred.

The clinical disease manifests as lymphadenopa-
thy, rash, and fever. Possible side effects of mon-
keypox include pneumonia, subsequent bacterial
infections, encephalitis, and sight-threatening ker-
atitis. The United States has approved the use
of two orally ingestible drugs, tecovirimat and
brincidofovir, to treat smallpox in the event of a
bioterrorism attack, despite the fact that there are
currently no licensed therapies for human monkey-
pox.10–12 Although both treatments have demon-
strated effectiveness in animal models against
several orthopoxviruses, no human efficacy studies
have been conducted on either (including monkey-
pox).

1.1. Description of the Model

In this paper, we propose a compartmental deter-
ministic model of the dynamics of monkeypox trans-
mission across two populations: humans and non-
humans (certain wild rodents and/or non-human
primates). The human inhabitant is additionally
separated into different compartments: the sus-
ceptible Sh(t), immunized Vh(t), exposed Eh(t),
infectious Ih(t), quarantined Qh(t), and recovered
populations Rh(t). Four categories — susceptible
Sr(t), exposed Er(t), infected Ir(t), and recovered
Rr(t) — are used to categorize the non-human pop-
ulation. The rate of enrollment into the Homosapien
inhabitant is Λh. A vulnerable individual has two
options: either they can be inoculated from the
monkeypox viral infection at rate αh and advance
to Vh(t) with lifelong antibodies, or they can be

infected with the disease at rate δh after coming
into touch with a contagious human or animal as
follows:

δh = βr2

Ir

Nr
+ βh

Ih

Nh
, (1)

where βr2 is the actual contact rate multiplied by
the likelihood that a human will get an infection
from a contagious non-human per contact, and βh

is the effective contact rate multiplied by the like-
lihood that a human will contract the monkeypox
virus from a contagious human per contact. α1 is
the fraction of exposed people who become highly
infected, whereas the proportion of people who are
detected and sent to isolation is α2. Some suspected
cases are verified after medical diagnosis, whereas
others are not diagnosed and are reintroduced to
susceptible humans at a rate ζ and τ is the rate
at which cases recover from isolation. The recov-
ery rate for humans in the infected class is ρh. The
natural death rate in human and non-human pop-
ulations is μh and μr, respectively. While dh and
dr are the corresponding illness death rates for the
human and non-human populations.

The non-humans are enlisted into the vulnerable
class at a rate Λr a constant, and after coming in
touch with a non-human who is already infected,
they are exposed at a constant rate δr to the mon-
keypox virus which is determined by

δr = βr1

Ir

Nr
, (2)

where βr1 denotes the actual contact rate with the
likelihood of infecting a non-human per encounter
with an infected non-human. Once the virus has
begun to incubate, the exposed class moves forward
at rate α3 into the infected class. ρr represents the
animal recovery rate. All of the values used for the
numerical simulation are strictly non-negative and
are shown in Table 1. Figure 1 depicts the concep-
tual structure of the model used in this paper.

1.2. Model Equations

The following model equations were generated from
the model description and the schematic diagram is
shown in Fig. 1.

S′
h(t) = Λh − (μh + δh + αh)Sh(t) + ζQh(t),

V ′
h(t) = αhSh(t) − μhVh(t),

E′
h(t) = δhSh(t) − (μh + α1 + α2)Eh(t),
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Table 1 Parameter Values Utilized in the Simulations.

Parameter Value/Year Source Explanation

Λh 0.029 Bhunu and Mushayabasa35 Enrollment rate for humans

Λr 2 Bhunu and Mushayabasa35 Enrollment rate for non-humans

βr1 0.0027 Bhunu and Mushayabasa35 Contact rate for non-human to non-human interaction

βr2 0.00252 Bhunu and Mushayabasa35 Non-human contact rate to humans

βh 0.000063 Bhunu and Mushayabasa35 Contact rate for a human to human interaction

α1 0.2 Peter et al.29 Fraction of humans that move from exposed class to infected

α2 2 Peter et al.29 Fraction identified as a suspected case

α3 0.3 Usman et al.34 Fraction of exposed non-human to infected class

αh 0.1 Usman et al.34 Fraction of susceptibles to vaccinated
ζ 0.2 Assumed Fraction not detected after diagnosis

τ 0.52 Peter et al.29 Advancement from isolated to recovered class

μh 0.02 Bhunu and Mushayabasa35 Rate of the natural demise of human

μr 1.5 Bhunu and Mushayabasa35 Rate of natural demise for non-human

δr 0.4 Bhunu and Mushayabasa35 The death rate for non-humans due to disease

δh 0.1 Bhunu and Mushayabasa35 The death rate for humans due to disease

ρh 0.83 Bhunu and Mushayabasa35 Humans recovery rate

ρr 0.6 Bhunu and Mushayabasa35 Non-humans recovery rate

Fig. 1 Schematic model diagram.

Q′
h(t) = α2Eh(t) − (ζ + μh + dh + τ)Qh(t),

I ′h(t) = α1Eh(t) − (μh + dh + ρh)Ih(t),

R′
h(t) = ρhIh(t) + τQh(t) − μhRh(t),

S′
r(t) = Λr − (μr + δr)Sr(t),

E′
r(t) = δrSr(t) − (μr + α3)Er(t),

I ′r(t) = α3Er(t) − (μr + dr + ρr)Ir(t),

R′
r(t) = ρrIr(t) − μrRr(t).

(3)

According to the following prerequisites:

Sh(0) ≥ 0, Vh(0) ≥ 0, Eh(0) ≥ 0,

Qh(0) ≥ 0, Ih(0) ≥ 0, Rh(0) ≥ 0,

Sr(0) ≥ 0, Er(0) ≥ 0, Ir(0) ≥ 0, Rr(0) ≥ 0.
(4)

Sh(t) + Vh(t) + Eh(t) + Qh(t) + Ih(t) + Rh(t)

= Nh(t) and

Sr(t) + Er(t) + Ir(t) + Rr(t) = Nr(t).
(5)

1.3. Fractional Model

To comprehend the assessment, presence, stability,
and control of infectious illnesses more effectively,
it is necessary to study the mathematical mod-
els of these conditions in-depth.13–15 Because con-
ventional mathematical models lack the high level
of precision required to represent these illnesses,
fractional differential equations were developed to
address these issues. They are used extensively
in a variety of practical domains, including cos-
mology, robotics, artificial intelligence, and chal-
lenges with production and optimization. For many
years, mathematical models of biological phenom-
ena have used fractional differential.16,17 This is
because integer-order models cannot adequately
describe or handle various materials’ retention and
heritage qualities, but fractional calculus can. As a
result, several angles have been used to study the
aforementioned topic, including qualitative theory,
numerical analysis, and more (see Refs. 16, 18 and
19). Through the use of fractional-order modeling,
several researchers have extended classical calculus
to the fractional order20–22 because mathematical
models are useful tools for researching infectious ill-
nesses.
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In light of the aforementioned research, we thus
analyze the model (3) here under a fractional
derivative in Caputo sense of order α. Addition-
ally, in order to prevent dimensional mismatching,
we change the fractional operator via the auxiliary
parameter χ > 0.23,24

χα−1Dα
t [Sh(t)]

= Λh − (μh + δh + αh)Sh(t) + ζQh(t),

χα−1Dα
t [Vh(t)] = αhSh(t) − μhVh(t),

χα−1Dα
t [Eh(t)]

= δhSh(t) − (μh + α1 + α2)Eh(t),

χα−1Dα
t [Qh(t)]

= α2Eh(t) − (ζ + μh + dh + τ)Qh(t),

χα−1Dα
t [Ih(t)]

= α1Eh(t) − (μh + dh + ρh)Ih(t),

χα−1Dα
t [Rh(t)] = ρhIh(t) + τQh(t) − μhRh(t),

χα−1Dα
t [Sr(t)] = Λr − (μr + δr)Sr(t),

χα−1Dα
t [Er(t)] = δrSr(t) − (μr + α3)Er(t),

χα−1Dα
t [Ir(t)] = α3Er(t) − (μr + dr + ρr)Ir(t),

χα−1Dα
t [Rr(t)] = ρrIr(t) − μrRr(t),

(6)

under starting conditions:

Sh(0) = Sh0, Vh(0) = Vh0, Eh(0) = Eh0,

Qh(0) = Qh0, Ih(0) = Ih0, Rh(0) = Rh0,

Sr(0) = Sr0, Er(0) = Er0, Ir(0) = Ir0,

Rr(0) = Rr0.

(7)

We initially use fixed point theory to establish the
existence for the solution of the proposed model.
The famous modified Euler technique is then
extended for numerical simulations.

The rest of the work is organized as follows:
Section 2 presents the basic definitions of frac-

tional calculus. Section 3 is devoted to the stabil-
ity analysis of the considered model. Additionally,
the existence and uniqueness of the general solu-
tion of the model under consideration have been
examined, as well as the best procedure for doing so
utilizing the fractional Euler’s technique. The sug-
gested model’s graphical representation is described
in Sec. 4. Finally, Sec. 5 concludes.

2. PRELIMINARIES

Definition 1 (Ref. 25). The fractional derivative
in the Caputo sense is defined as follows:

DαΔ(t)

=
1

Γ(m − γ)

[∫ t

0
(t − λ)m−γ−1 dm

dλn
Δ(λ)dλ

]
,

where Δ ∈ C0[0, T ], m = �γ + 1�, and �γ� represent
an integral part of γ.

Definition 2 (Ref. 19). Riemann–Liouville frac-
tional integral corresponding to t may be expressed
as follows:

IαΔ(t) =
1

Γ(α)

∫ t

0
(t − λ)α−1Δ(λ)dλ,

where α, λ ∈ (0,∞),

where Δ ∈ C0[0, T ] on L1([0, T ], R).

3. MAIN WORK

The equilibrium points and their stability, as well
as the non-negativity of the solution, are discussed
in this portion. It will also be demonstrated that
the suggested model’s solution exists and is unique.
In order to arrive at the mathematical solution
to Eq. (6), we will also use the fractional Euler’s
approach.

3.1. Non-Negativity of the Solution

The following theorem shows the required result.

Theorem 3. The closed set

Ω =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(Sh, Vh, Eh, Qh, Ih, Rh)

∈ R
6
+ : 0 ≤ Nh ≤ χ1−α Λh

μh

(Sr, Er, Ir, Rr) ∈ R
4
+ : 0 ≤ Nr ≤ χ1−α Λr

μr

(8)

is positively invariant for the system (6).

Proof. Summation of first six equations of (6) gives

χα−1Dα
t [Nh(t)] = Λh − μhNh − δh(Ih + Qh)

≤ Λh − μhNh (9)

and summation of remaining four gives

χα−1Dα
t [Nr(t)] = Λr − μrNr − δrIr

≤ Λr − μrNr. (10)
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When we utilized the Laplace transform on Eq. (9)
as well as Eq. (10), we got the following results:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Nh(t) ≤ Nh(0)Eα(−μhtα)

+ χ1−α Λh

μh
(1 − Eα(−μhtα))

Nr(t) ≤ Nr(0)Eα(−μrt
α)

+ χ1−α Λr

μr
(1 − Eα(−μrt

α)),

(11)

where Nh(0) and Nr(0) are starting populations
for the human and non-human classes, respectively.
Therefore, 0 ≤ Nh ≤ χ1−α Λh

μh
and 0 ≤ Nr ≤ χ1−α Λr

μr

as t → ∞ due to the asymptotic behavior pos-
sessed by Mittag-Leffler function Eα. This implies
χ1−α Λh

μh
and χ1−α Λr

μr
are, respectively, upper limits

for Nh(t) and Nr(t), provided Nh(0) ≤ χ1−α Λh
μh

and
Nr(0) ≤ χ1−α Λr

μr
. As a result, the model equation’s

(6) possible solution moves towards the positively
invariant set area Ω. The system is therefore prop-
erly presented clinically and mathematically. Since
the trajectory for a given initial point x ∈ Ω resides
in Ω, it is adequate to focus our research on Ω. Thus
Ω is a positive invariant set under the dynamics out-
lined by the model equations.

3.2. Equilibrium Points and
Stability Analysis

Equivalence points for the proposed model’s equi-
librium are found by setting the right side of (6)
equal to 0.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Λh − (μh + δh + αh)Sh(t) + ζQh(t) = 0,

αhSh(t) − μhVh(t) = 0,

δhSh(t) − (μh + α1 + α2)Eh(t) = 0,

α2Eh(t) − (ζ + μh + dh + τ)Qh(t) = 0,

α1Eh(t) − (μh + dh + ρh)Ih(t) = 0,

ρhIh(t) + τQh(t) − μhRh(t) = 0,

Λr − (μr + δr)Sr(t) = 0,

δrSr(t) − (μr + α3)Er(t) = 0,

α3Er(t) − (μr + dr + ρr)Ir(t) = 0,

ρrIr(t) − μrRr(t) = 0.

(12)

The disease-free equilibrium is defined as the point
at which no disease is present in the population,
which is represented in the model as E0

h = 0, Q0
h =

0, I0
h = 0, E0

r = 0, I0
r = 0.

The point which is disease-free equilibrium is as
follows:

ε0(S0
h, V 0

h , E0
h, Q0

h, I0
h, R0

h, S0
r , E0

r , I0
r , R0

r)

=
(

Λh

μh + αh
,
Λh

μh

αh

αh + μh
, 0, 0, 0, 0,

Λr

μr
, 0, 0, 0

)
.

(13)

The endemic equilibrium state is the state where the
disease cannot be totally eradicated but remains in
the population. The Immunized Class, the Suscep-
tible Class, the Latently Infected Class, the Isolated
Class, the Infectious Class, and the Recovered Class
must not be zero at equilibrium state for the disease
to persist in the population.

Hence, the endemic equilibrium point

ε∗ = (S∗
h, V ∗

h , E∗
h, Q∗

h, I∗h, R∗
h, S∗

r , E∗
r , I∗r , R∗

r) (14)

can be derived by concurrently solving the equa-
tions in (12), taking into account the condition that
all components of ε∗ are non-zero.

Basic Reproduction Number

The replication number is one of the most crucial
factors in evaluating an epidemic’s long-term behav-
ior. It is the total number of additional cases that
a single infected person causes during the length
of the infectious agent’s existence. We used Diek-
mann et al.’s26 next-generation matrix technique to
obtain the expression of reproduction number R0.
and Peter et al.27 and Van den Driessche et al.28

were the first to present it, and they go into great
depth on how to estimate R0. The next-generation
matrix technique is used in numerous papers in the
literature to estimate the basic replication number
expression.29,30

The mathematical paradigm (6) is expressed as
follows: χα−1Dα

t ξ(t) = F(ξ) − V(ξ), where

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

δhSh(t)

0

0

0

0

δrSr(t)

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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V =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−Λh + (μh + δh + αh)Sh(t) − ζQh(t)
−αhSh(t) + μhVh(t)
(μh + α1 + α2)Eh(t)

−α2Eh(t) + (ζ + μh + dh + τ)Qh(t)
−α1Eh(t) + (μh + dh + ρh)Ih(t)
−ρhIh(t) − τQh(t) + μhRh(t)

−Λr + (μr + δr)Sr(t)
(μr + α3)Er(t)

−α3Er(t) + (μr + dr + ρr)Ir(t)
−ρrIr(t) + μrRr(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(15)

It is not thought of as a fresh infection when a per-
son progresses from Eh to Qh or Ih; rather, it is the
evolution of ill people across several compartments.
In light of this, the transmissions matrix F and the
transitions matrix V are

F =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 βh 0 βr2

0 0 0 0 0
0 0 0 0 0
0 0 0 βr1 0

0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

V =

⎛
⎜⎜⎜⎜⎜⎝

μh + α1 + α2 0
−α2 ρh + dh + μh + τ

−α1 0
0 0
0 0

0 0 0
0 0 0

μh + dh + ρh 0 0
0 μr + α3 0
0 −α3 μr + dr + ρr

⎞
⎟⎟⎟⎟⎟⎠.

For simplicity, let Ψ1 = μh + α1 + α2,Ψ2 = ρh +
dh + μh + τ,Ψ3 = μh + dh + ρh,Ψ4 = μr + α3,Ψ5 =
μr + dr + ρr.

So we have,

V −1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
Ψ1

0 0 0 0

α2

Ψ1Ψ2

1
Ψ2

0 0 0

α1

Ψ1Ψ3
0

1
Ψ3

0 0

0 0 0
1

Ψ4
0

0 0 0
α3

Ψ4Ψ5

1
Ψ5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (16)

So,

FV −1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

βhα1

Ψ1Ψ3
0

βh

Ψ3

βr2α3

Ψ4Ψ5

βr2

Ψ5

0 0 0 0 0

0 0 0 0 0

0 0 0
βr1

Ψ4
0

0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(17)

Hence, R0 of the model is given by

R0 = {R0,h, R0,r},
where Rh and Rr are the numbers of monkeypox-
induced reproduction in humans and non-humans,
respectively, and are given by

R0,h =
βhα1

(μh + α1 + α2)(μh + dh + ρh)
, (18)

R0,r =
βr1

(μr + α3)
. (19)

Stability of Disease-Free Equilibrium

Using the modified version of technique proposed
by Castillo-Chavez et al.31 to determine the require-
ments for global stability for ε0, the model system
(6) may be expressed as follows:

χα−1Dα
t Y = K(Y,U),

χα−1Dα
t U = P (Y,U), P (Y, 0) = 0,

(20)

where U ∈ R
n represents the total number of

infected people, including exposed, contagious, etc.,
and Y ∈ R

m represents the total number of unin-
fected people. This system’s disease-free equilib-
rium is indicated by ε0 = (y0; 0). To ensure local
asymptotic stability, the requirements (S1) and (S2)
must be satisfied.

(S1) For χα−1Dα
t Y = K(Y, 0), Y ∗ is globally

asymptotically stable,
(S2) P (Y,U) = BU − P̂ (Y,U); P̂ (Y ;U) ≥ 0 for

(Y,U) ∈ Ω, where B = DUP (Y 0, 0) is a
matrix whose elements other than elements on
the diagonal of B are positive or zero and is the
domain in which model makes medical sense.

Lemma 4. The point ε0 = (y0, 0) is an asymptotic
stable equilibrium globally of (20) given that R0 < 1
and that (S1) and (S2) hold.
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We may use this lemma for fractional derivatives
by altering the derivatives. The global stability of
the DFE ε0 for the suggested model is shown by the
theorem below.

Theorem 5. The ε0 DFE is asymptotically stable
globally provided R0 ≤ 1.

Proof. First, we will prove S1 as follows:

K(Y, 0) =

⎡
⎢⎢⎢⎢⎢⎢⎣

Λh − (μh + αh)Sh

αhSh − μhVh

−μhRh

Λr − μrSr

−μrRr

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The characteristic polynomial is

(μh + λ)2(μh + αh + λ)(μr + λ)2 (21)

⇒ λ1 = λ2 = −μh, λ3 = −(μh + αh), λ4 = λ5 = −μr. Hence, Y = Y 0 is globally stable.
Now, we have

P (Y,U) = BU − P̂ (Y,U)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−(μh + α1 + α2) 0
βhS0

h

Nh
0

βr2S
0
r

Nr

α2 −(ζ + μh + dh + τ) 0 0 0

α1 0 −(μh + dh + ρh) 0 0

0 0 0 −(μr + α3)
βr1S

0
r

Nr

0 0 0 α3 −(μr + dr + ρr)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎢⎢⎣

Eh

Qh

Ih

Er

IR

⎤
⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

βr2(Sr − S0
r )

Nr
Ir +

βh(Sh − S0
h)

Nh
Ih

0

0

βr1(Sr − S0
r )

Nr
Ir

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (22)

Here, one can easily observe that B satisfies condition S2.

Stability of Endemic Equilibrium

The Routh–Hurwitz criteria32 will be used to prove the endemic equilibria’s local stability. In this case, it
will be determined under what conditions the epidemic equilibrium is asymptotically stable. The following
is the Jacobian matrix for the endemic equilibrium ε∗:

J =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(1,1) 0 0 a(1,4) a(1,5) 0 0 0 a(1,9) 0
a(2,1) a(2,2) 0 0 0 0 0 0 0 0
a(3,1) 0 a(3,3) 0 a(3,5) 0 0 0 a(3,9) 0

0 0 a(4,3) a(4,4) 0 0 0 0 0 0
0 0 a(5,3) 0 a(5,5) 0 0 0 0 0
0 0 0 a(6,4) a(6,5) a(6,6) 0 0 0 0
0 0 0 0 0 0 a(7,7) 0 a(7,9) 0
0 0 0 0 0 0 a(8,7) a(8,8) a(8,9) 0
0 0 0 0 0 0 0 a(9,8) a(9,9) 0
0 0 0 0 0 0 0 0 a(10,9) a(10,10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (23)
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Here,

a(1,1) = −(μh + δh + αh), a(1,4) = ζ,

a(1,5) =
−βhSh

Nh
,

a(1,9) =
−βr2Sh

Nr
a(2,1) = αh, a(2,2) = −μh,

a(3,1) = δh,

a(3,3) = −(μh + α1 + α2), a(3,5) =
βhSh

Nh
,

a(3,9) =
βrSh

Nr
,

a(4,3) = α2, a(4,4) = −(ζ + μh + dh + τ),

a(5,3) = α1,

a(5,5) = (μh + dh + ρh), a(6,4) = τ,

a(6,5) = ρh,

a(6,6) = −μh, a(7,7) = −(μr + δr),

a(7,9) =
−βr1Sr

Nr
,

a(8,7) = δr, a(8,8) = −(μr + α3),

a(8,9) =
βr1Sr

Nr
,

a(9,8) = α3, a(9,9) = −(μr + dr + ρr),

a(10,9) = ρr,

a(10,10) = −μr.

The characteristic equation of J is given as follows:

(λ − a(10,10))(λ − a(2,2))(λ − a(6,6))

× (λ4 + (−a(5,5) − a(1,1) − a(4,4) − a(3,3))λ
3

+ ((a(5,5) + a(3,3) + a(1,1))a(4,4)

+ a(5,5) + a(3,3))a(1,1) − a(3,5)a(5,3)

+ a(3,3)a(5,5))λ
2 + (((−a(5,5) − a(3,3))a(1,1)

+ a(3,5)a(5,3) − a(3,3)a(5,5))a(4,4) + (a(3,5)a(5,3)

− a(3,3)a(5,5))a(1,1) − a(3,1)(a(5,3)a(1,5)

+ a(1,4)a(4,3)))λ + ((−a(3,5)a(5,3) + a(3,3)a(5,5))

× a(1,1) + a(5,3)a(3,1)a(1,5))a(4,4) + a(3,1)a(1,4)

× a(4,3)a(5,5))(λ
3 + (−a(7,7) − a(9,9) − a(8,8))λ

2

+ ((a(8,8) + a(9,9))a(7,7) + a(9,9)a(8,8)

− a(9,8)a(8,9))λ + (−a(9,9)a(8,8) + a(9,8)a(8,9))

× a(7,7) − a(7,9)a(9,8)a(8,7)). (24)

Changing Eq. (24) to the standard form, we get

x10 +B1x
9 + B2x

8 + B3x
7 + B4x

6 + B5x
5 + B6x

4

+ B7x
3 + B8x

2 + B9x + B10. (25)

Theorem 6 (Ref. 29). The endemic equilibrium
point is locally asymptotically stable provided R0 >
1 and if the real component of every root of the char-
acteristic equation is negative.

3.3. Existence and Uniqueness of
the Solution

To verify that the solution of the fractional model
(6) exists and is unique, we shall apply the fixed
point theory. For this reason, the fractional system
(6) is written as follows:{

χα−1Dα
t l(t) = X(t, l(t)),

l(0) = l0, 0 ≤ t ≤ T ≤ ∞.
(26)

The vector l(t) = (Sh, Vh, Eh, Qh, Ih, Rh, Sr, Er,
Ir, Rr) in the system (26) contains state vari-
ables and G represents a continuous vector function
defined as follows:

X =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

X1

X2

X3

X4

X5

X6

X7

X8

X9

X10

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Λh − (μh + δh + αh)Sh(t) + ζQh(t)

αhSh(t) − μhVh(t)

δhSh(t) − (μh + α1 + α2)Eh(t)

α2Eh(t) − (ζ + μh + dh + τ)Qh(t)

α1Eh(t) − (μh + dh + ρh)Ih(t)

ρhIh(t) + τQh(t) − μhRh(t)

Λr − (μr + δr)Sr(t)

δrSr(t) − (μr + α3)Er(t)

α3Er(t) − (μr + dr + ρr)Ir(t)

ρrIr(t) − μrRr(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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The beginning state for state variables is l0(t) =
(Sh(0), Vh(0), Eh(0), Qh(0), Ih(0), Rh(0), Sr(0),
Er(0), Ir(0), Rr(0)). The Lipschitz requirement is
also met by X as follows:

‖X(t, l1(t)) − X(t, l2(t))‖ ≤ N‖l1(t) − l2(t)‖. (27)

The following theorem will be used to verify the
existence and uniqueness of the solution for the frac-
tional model system (6):

Theorem 7. If the condition given below holds, the
proposed model (6) has a unique solution:

χα

Γ(α)
NTα

max < 1. (28)

Proof. To get the Volterra integral equation, we
use fractional integral (2) on both sides of the model
(26):

l(t) = l0 +
χ1−α

Γ(α)

∫ t

0
(t − λ)α−1X(λ, l(λ))dλ. (29)

Let W = (0,T) and the function Σ : C(W, R10) →
C(W, R10) is stated as follows:

Σ[l(t)] = l0 +
χ1−α

Γ(α)

∫ t

0
(t − λ)α−1X(λ, l(λ))dλ.

(30)

Equation (29) becomes

l(t) = Σ[l(t)]. (31)

The norm ‖.‖W is

‖l(t)‖W = sup
t∈W

‖l(t)‖, l(t) ∈ C. (32)

A Banach space is formed by C(W, R10) with the
norm ‖.‖W . Also, the following inequality holds:∥∥∥∥

∫ t

0
H(t, λ)l(λ)dλ

∥∥∥∥ ≤ T‖H(t, λ)‖W ‖l(t)‖W , (33)

with l(t) ∈ C(W, R10),H(t, λ) ∈ C(W 2, R) such that

‖H(t, λ)‖W = sup
t,λ∈W

|H(t, λ)|. (34)

Using Eq. (31), we get

‖Σ[l1(t)] − Σ[l2(t)]‖W

≤
∥∥∥∥χ1−α

Γ(α)

∫ t

0
(t − λ)α−1(X(λ, l1(λ))

−X(λ, l2(λ)))dλ

∥∥∥∥
W

. (35)

Equation (35) may be simplified as follows with the
use of Eqs. (27), (33), and also triangular inequality:

‖Σ[l1(t)] − Σ[l2(t)]‖W

≤ χ1−α

Γ(α)
NTα

max‖l1(t) − l2(t)‖W . (36)

Hence, we get the result

‖Σ[l1(t)] − Σ[l2(t)]‖W ≤ D‖l1(t) − l2(t)‖W , (37)

where

D =
1

Γ(α)
NTα

max.

The operator Σ follows the condition in Eq. (28),
therefore it is a contraction mapping. Hence, the
solution is unique for the system (26).

4. NUMERICAL SIMULATION
AND GRAPHS

4.1. Numerical Scheme

Here, we develop the general technique for our
model under consideration using the fractional-
order Euler method. Rewriting (6) as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

χα−1Dα
t [Sh(t)] = Θ1(t, Sh(t)),

χα−1Dα
t [Vh(t)] = Θ2(t, Vh(t)),

χα−1Dα
t [Eh(t)] = Θ3(t, Eh(t)),

χα−1Dα
t [Qh(t)] = Θ4(t,Qh(t)),

χα−1Dα
t [Ih(t)] = Θ5(t, Ih(t)),

χα−1Dα
t [Rh(t)] = Θ6(t, Rh(t)),

χα−1Dα
t [Sr(t)] = Θ7(t, Sr(t)),

χα−1Dα
t [Er(t)] = Θ8(t, Er(t)),

χα−1Dα
t [Ir(t)] = Θ9(t, Ir(t)),

χα−1Dα
t [Rr(t)] = Θ10(t, Rr(t),

(38)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Θ1(t, Sh(t))

= Λh − (μh + δh + αh)Sh(t) + ζQh(t),

Θ2(t, Vh(t)) = αhSh(t) − μhVh(t),

Θ3(t, Eh(t))

= δhSh(t) − (μh + α1 + α2)Eh(t),

Θ4(t,Qh(t))

= α2Eh(t) − (ζ + μh + dh + τ)Qh(t),
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Θ5(t, Ih(t)) = α1Eh(t) − (μh + dh + ρh)Ih(t),

Θ6(t, Rh(t)) = ρhIh(t) + τQh(t) − μhRh(t),

Θ7(t, Sr(t)) = Λr − (μr + δr)Sr(t),

Θ8(t, Er(t)) = δrSr(t) − (μr + α3)Er(t),

Θ9(t, Ir(t)) = α3Er(t) − (μr + dr + ρr)Ir(t),

Θ10(t, Rr(t) = ρrIr(t) − μrRr(t).

(39)

To create an iterative method, we proceed as follows
with Eq. (1) of the mathematical model (6):{

χα−1Dα
t [Sh(t)] = Θ1(t, Sh(t)),

Sh(0) = Sh0, t > 0.
(40)

Let [0, a] represent the set of points at which we are
trying to solve Eq. (40). Actually, we are unable
to evaluate the function Sh(t), which is required
to solve Eq. (40). Instead, a collection of points
(tm, tm+1) is formed and utilized as the basis for
an iterative process. To do this, let us use the
nodes tm = mh for m = 0, 1, 2, ..., k to split the
interval [0, a] into k parts [tm, tm+1] with identi-
cal length h = ak. Sh(t), Dα

t [Sh(t)], and D2α
t [Sh(t)]

are assumed to be continuous on [0, a]. Extend the
generalized Taylor formula’s Sh(t) to the value of
t = t0 = 0. There is a value C1 for every value t
ensuring that

Sh(t) = Sh(t0) + Dα
t [Sh(t)]t0

tα

Γ(α + 1)

+ D2α
t [Sh(t)]C1

t2α

Γ(2α + 1)
, (41)

when Dα
t [Sh(t)]t0 = χ1−αΘ1(t0, Sh(t0)) and t =

h = t1 are substituted in (41), the resulting expres-
sion is

Sh(t1) = Sh(t0) + χ1−αΘ1(t0, Sh(t0))
hα

Γ(α + 1)

+ D2α
t [Sh(t)]C1

h2α

Γ(2α + 1)
.

We can disregard the second-order term (h2α) if
h is negligible and get

Sh(t1) = Sh(t0) + χ1−αΘ1(t0, Sh(t0))
hα

Γ(α + 1)
.

(42)

A series of points that approximates the answer is
generated by repeating the process in the same way.
The following is a general formula for fractional

Euler’s method about tm+1 = tm + h,

Sh(tm+1) = Sh(tm) + χ1−αΘ1(tm, Sh(tm))

× hα

Γ(α + 1)
. (43)

We will now derive the fundamental algorithm for
solving Eq. (40) numerically. Taking the fractional
integral and applying it to both sides of (40), we get

Sh(t) = Sh(0) + Iα[χ1−αΘ1(t, Sh(t))]. (44)

To obtain the solution point (t1, Sh(t1)), we substi-
tute t = t1 into (44) and we get

Sh(t1) = Sh(0) + Iα([Θ1(t, Sh(t))])(t1). (45)

Now, if (Iα([Θ1(t, Sh(t))])(t1) is approximated using
the modified trapezoidal method with step size h =
t1t0, Eq. (44) becomes

Sh(t1) = Sh(0) +
αhα[χ1−αΘ1(t0, Sh(t0))]

Γ(α + 2)

+
αhα[χ1−αΘ1(t1, Sh(t1))]

Γ(α + 2)
. (46)

It is important to note that the right side of Equa-
tion (46) contains Sh(t1). As a result, we use an esti-
mate for Sh(t1). Substituting (42) into (46) yields

Sh(t1) = Sh(0) +
αhα[χ1−αΘ1(t0, Sh(t0))]

Γ(α + 2)

+

hα[χ1−αΘ1(t1, Sh(t0))]

+ hα
Γ(α+2)χ

1−αΘ1(t0, Sh(t0))

Γ(α + 2)
. (47)

Until a collection of points that resembles the Sh(t)
is obtained, the procedure is repeated. Our algo-
rithm’s general formula is as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sh(tm) = Sh(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ1(t0, Sh(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

((m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1)Θ1

× (ti, Sh(ti)) + χ1−α hα

Γ(α + 2)
Θ1

×
(

tm, Sh(tm−1) +
hα

Γ(α + 2)
Θ1

× (tm−1, Sh(tm−1))
)

.

(48)
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Using the same method as described above, we gen-
erate the numerical estimate for the model (6)’s
remaining compartments.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vh(tm) = Vh(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ2(t0, Vh(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ2

× (ti, Vh(ti)) + χ1−α hα

Γ(α + 2)
Θ2

×
(

tm, Vh(tm−1) +
hα

Γ(α + 2)
Θ2

× (tm−1, Vh(tm−1))
)

,

(49)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eh(tm) = Eh(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ3(t0, Eh(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ3

× (ti, Eh(ti)) + χ1−α hα

Γ(α + 2)
Θ3

×
(

tm, Eh(tm−1) +
hα

Γ(α + 2)
Θ3

× (tm−1, Eh(tm−1))
)

,

(50)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Qh(tm) = Qh(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ4(t0, Qh(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ4

× (ti, Qh(ti)) + χ1−α hα

Γ(α + 2)
Θ4

×
(

tm, Qh(tm−1) +
hα

Γ(α + 2)
Θ4

× (tm−1, Qh(tm−1))
)

,

(51)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ih(tm) = Ih(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ5(t0, Ih(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ5

× (ti, Ih(ti)) + χ1−α hα

Γ(α + 2)
Θ5

×
(

tm, Ih(tm−1) +
hα

Γ(α + 2)
Θ5

× (tm−1, Ih(tm−1))
)

,

(52)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Rh(tm) = Rh(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ6(t0, Rh(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ6

× (ti, Rh(ti)) + χ1−α hα

Γ(α + 2)
Θ6

×
(

tm, Rh(tm−1) +
hα

Γ(α + 2)
Θ6

× (tm−1, Rh(tm−1))
)

,

(53)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sr(tm) = Sr(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ7(t0, Sr(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)

×Θ7(ti, Sr(ti)) + χ1−α hα

Γ(α + 2)
Θ7

×
(

tm, Sr(tm−1) +
hα

Γ(α + 2)

×Θ7(tm−1, Sr(tm−1))
)

,

(54)
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Fig. 2 Plotting numerical scheme given by Refs. 48–57 using different values of α.
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Fig. 2 Continued

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Er(tm) = Er(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ8(t0, Er(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ8

× (ti, Er(ti)) + χ1−α hα

Γ(α + 2)
Θ8

×
(

tm, Er(tm−1) +
hα

Γ(α + 2)
Θ8

× (tm−1, Er(tm−1))
)

,

(55)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ir(tm) = Ir(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ9(t0, Ir(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ9

× (ti, Ir(ti)) + χ1−α hα

Γ(α + 2)
Θ9

×
(

tm, Ir(tm−1) +
hα

Γ(α + 2)
Θ9

× (tm−1, Ir(tm−1))
)

,

(56)
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Rr(tm) = Rr(0) + χ1−α hα

Γ(α + 2)
(
(m − 1)α+1

− (m − α − 1)mα
)
Θ10(t0, Rr(t0))

+ χ1−α hα

Γ(α + 2)

m−1∑
i=1

(
(m − i + 1)α+1

− 2(m − 1)α+1 + (m − i − 1)α+1
)
Θ10

× (ti, Rr(ti)) + χ1−α hα

Γ(α + 2)
Θ10

×
(

tm, Rr(tm−1) +
hα

Γ(α + 2)
Θ10

× (tm−1, Rr(tm−1))
)

.

(57)

4.2. Results and Discussion

In this section, we take into account model (6)
and generate the graphical output by applying
the parameter values from Table 1. Prior articles
on the monkeypox virus only covered the model
using integer-order differential equations; however,
this paper uses fractional-order derivatives which
provide greater accuracy and predictability. The
fractional-order derivative gives us the freedom to
adjust the order to an arbitrary value, whichever
fits the real data better. Furthermore, the model
used in this paper can also be used for smallpox or
chickenpox-like diseases.

In the case of fractional-order derivatives, we can
change the α according to our requirements and can
obtain a better approximation that is more in line
with the real data. α = 1 represents the first-order
derivative, but since the real data does not always
follow integer-order derivatives or the approxima-
tion done by integer-order derivatives is not that
accurate. The graphs in Fig. 2 depict the same that
we can adjust the outcome simply by altering the
order of the derivative, allowing us to select an order
that is consistent with the actual data, which is not
possible with integer-order derivatives.

We run numerical simulations to evaluate the
presented model on MATLAB version R2022b33

using the corresponding preliminary values: Sh(0) =
8000, Vh(0) = 5000, Eh(0) = 2000, Qh(0) = 1000,
Ih(0) = 2000, Rh(0) = 2000, Sr(0) = 250, Er(0) =
125, Ir(0) = 75, Rr(0) = 50. All initial values are
obtained from Ref. 34. The approximations pro-
vided in Refs. 48–57 are shown as graphs with var-
ious fractional orders in Table 1.

In Fig. 2, We have provided the approximations
for the various compartments’ solutions to the given
data and fractional orders.

5. CONCLUSION

To better explain the spread of monkeypox ill-
ness, a fractional compartmental model has been
developed. Ten divisions make up the suggested
paradigm, all of which are exclusive. Six sections
have been created for the human species, with the
vaccinated (Vh), exposed (Eh), and isolated human
(Qh) compartments joining the conventional sus-
ceptible population (Sh), infected humans (Ih), and
recovered humans (Rh) compartments. In the same
way, the non-human population is split into four
categories: exposed (Er), susceptible (Sr), infected
(Ir), and recovered (Rr).

We have also established the suggested model’s
fundamental features. The basic replication num-
ber was calculated using the next-generation matrix
method. The suggested model has two equilibrium
points: an endemic equilibrium point and a disease-
free equilibrium point.

The stability requirements for both equilibria
have been determined. With the assistance of fixed
point theory, we have also analyzed the solution’s
existence and uniqueness. The numerical technique
that was utilized to plot the graphs was gener-
ated using fractional Euler’s method and a modified
trapezoidal rule.

The predictability of the model can be further
improved by using delay differential and modi-
fied Caputo fractional derivative in addition to the
fractional-order derivative that has been utilized
here.

As a result of the simulation, it is clear that isola-
tion of infected persons, as well as vaccination, plays
an important role in managing and controlling the
monkeypox virus.
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