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Abstract
Dynamical features of a coupled memristive chaotic system have been studied using a fractal–
fractional derivative in the sense of Atangana–Baleanu. Dissipation, Poincaré section, phase
portraits, and time-series behaviors are all examined. The dissipation property shows that the
suggested system is dissipative as long as the parameter g > 0. Similarly, from the Poincaré
section it is observed that, lowering the value of the fractal dimension, an asymmetric attrac-
tor emerges in the system. In addition, fixed point notions are used to analyze the existence
and uniqueness of the solution from a fractal–fractional perspective. Numerical analysis using
the Adams–Bashforth method which is based on Newton’s Polynomial Interpolation is per-
formed. Furthermore, multiple projections of the system with different fractional orders and
fractal dimensions are quantitatively demonstrated, revealing new characteristics in the pro-
posed model. The coupled memristive system exhibits certain novel, strange attractors and
behaviors that are not observable by the local operators.

Keywords : Dissipation; Asymmetric Attractor; Adams–Bashforth Method.

1. INTRODUCTION

The presence of a memristor was predicted by Chua
in 1971. It has received a lot of interest in aca-
demic and engineering circles as the fourth electri-
cal device to emerge, following resistance, capaci-
tance, and inductance. Artificial neural morphology
networks, brain-like computation, private commu-
nications, and novel memory are only a few of the
applications.1–3 Because of the memristor’s unique
nonlinear properties, integrating it with other parts
makes it simple to build a chaotic oscillation circuit
and a neural morphology circuit. There seem to be

several methods to build these chaotic oscillatory
circuits.4,5 In recent years, using a mathematical
model of a memristor to examine a coupled mem-
ristive system has become popular. The majority
of research focuses on the synchronization of linked
systems. Nonetheless, memristor-to-circuit coupling
research is uncommon. There are only a few stud-
ies that demonstrate coupling in circuit mode. The
literature6 developed a dynamical system focus-
ing on the linked Chua’s circuit and showed that
chaotic traveling wave solutions occur for that
kind of system. Researchers in Ref. 7 thoroughly
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investigated the circuit behavior of Chua’s cycle
with memory using a series-coupled Chua’s circuit
of similar polarity memristor. By linking a magnetic
flux-controlled memristor with the RCL shunted
junction circuit, as discussed in the source,8 a novel
four-dynamical system is developed. The system
might be applied to control the chaotic circuit,
which consists of a memristor and a Josephson tran-
sistor. Two memristors, one of which is a feedback
coupling memristor, make up the chaotic circuit sys-
tems.9,10

Contrasting the self-excited attractor,11 resear-
chers like Leonov et al. discovered a new form of
attractor called hidden attractors, whose basins do
not meet at an unstable equilibrium point. The
development of this novel sort of attractor has
sparked the interest of academics. For a hidden
chaotic system, there are an unlimited number of
equilibrium points (EPs),12 just one stable equilib-
rium point,13 or no equilibrium point.14 The use
of memristors in nonlinear circuit systems is grow-
ing thanks to the emergence of memristors and the
expanding variety of models available. Nevertheless,
the majority of these investigations15 have concen-
trated on self-excited attractor attractors. In the
memristive hidden chaotic systems, there have been
a few reports of systems lacking an equilibrium
point. A delayed memristive chaotic system with
no equilibrium point was presented in Ref. 16, and
a dynamic behavior investigation was conducted.
A memristive hidden attractor with no equilibrium
point was defined in Ref. 17, and its features, includ-
ing coexisting bifurcation and multistability, were
investigated. However, the existence of a double
memristive hidden circuit system centered on cou-
pled memristors without an equilibrium point has
yet to be revealed. Very recently, Du et al.18 intro-
duced a double memristive model with no equilib-
rium point as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dX(t)
dt

= κY,

dY(t)
dt

= ε(−X − σYZ),

dZ(t)
dt

= ς + γ|Z| + δY2,

dW(t)
dt

= −g(m+ n|V|)W + ZW + e,

dV(t)
dt

= W − V.

(1)

Modeling with local operators fails when memory
and complex behavior of a problem are taken into
account. Nonlocal operators have the ability to han-
dle issues related to memory features and complex
behavior of a physical phenomenon. Due to their
tendency to incorporate extra complicated physi-
cal events into mathematical terms, the concept of
fractional operators has drawn numerous scientists
from practically every discipline of applied sciences
at present.19–21 So far, three kernels, such as the
power kernel, exponential decay kernel, and gener-
alized Mittag-Leffler kernel, have all been offered
as prepotent in this discipline. With the use of
these kernels, the three most important operators
were defined in the literature. The most fundamen-
tal one is the Caputo operator, which is defined in
the power-law kernel. After some decades, Caputo
and Fabrizio introduced a nonsingular operator by
using an exponential decay kernel. In 2016, with the
help of the generalized Mittag-Leffler law, Atangana
and Baleanu defined another type of fractional oper-
ator. These operators have been frequently used
in the modeling of different physical problems.
To generalize the nonlocal operators with differ-
ent kernels, in 2017, Atangana constructed new
differential and integral operators by integrating
fractional calculus with fractal calculus,22 which
we call fractal–fractional operators (FFOs). Mem-
ory influence, heterogeneity, and elasto-viscosity of
a medium, as well as the fractal structure of a
dynamic model, are all taken into consideration
by these operators. FFOs have been implemented
to many real-world problems that occur in various
fields of sciences. For instance, a Drinfeld–Sokolov–
Wilson model has been studied via nonsingular
FFOs.23 Aslam et al. proposed a chemistry kinet-
ics hires problem via FFO.24 FFO operator has
also a key role in the analysis of hidden attrac-
tors. For example, Saifullah and coworkers ana-
lyzed the complex hidden attractors of a dynam-
ical model via FFOs.25 The nonsingular FFO was
used in Ref. 26 to demonstrate the hidden attractors
of Bhalekar–Gejji dynamical system. Zhang et al.
investigated some new features of a chaotic system
with one signum function under FFO.27 Some inter-
esting works on fractal–fractional chaotic systems
are given in Refs. 28 and 29. Inspired by the above
literature, we study system (1) under FFO with
the Mittag-Leffler kernel. The above model (1) in
the sense of fractal–fractional operator having the
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Mittag-Leffler kernel is considered as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

MLKD�,�
t (X) = κY,

MLKD�,�
t (Y) = ε(−X − σYZ),

MLKD�,�
t (Z) = ς + γ|Z| + δY2,

MLKD�,�
t (W) = −g(m+ n|V|)W + ZW + e,

MLKD�,�
t (V) = W − V,

(2)

where� and 	 represent fractional order and fractal
dimension, respectively. System (2) has four non-
linear terms including one quadratic nonlinearity.
In the above model, e is constant, m, g, and n
are the positive coefficients of the memristors, and
W(V) = gm+ gn|V|.

In this paper, we study the considered coupled
memristive system using a fractal–fractional oper-
ator under the nonlocal and nonsingular kernel.
We demonstrate the time-series and phase portraits
of the considered system for few values of frac-
tional order and fractal dimension. Also, we study
the existence and uniqueness of a solution and the
numerical results of the considered model. Now, we
give the definitions of FFO with Mittag-Leffler ker-
nel and its associated integral.

Definition 1 (Ref. 30). Let G (t) in (a, b) be
a continuous function, then the fractal–fractional
derivative in the sense of ABC is given as

ABCD�,�(G (t)) =
AB(�)
1 −�

∫ t

0

d

d℘�
G (℘)σ�

×
[ −�
1 −�

(t− ℘)�
]
d℘, (3)

where the normalization function can be AB(0) =
AB(1) = 1.

Definition 2 (Ref. 30). Suppose a function G (t)
in (a, b) be continuous with arbitrary order 0 < � ≤
1 and fractal dimension 0 < 	 ≤ 1 in the ABC sense
that is given as

ABCI�,�
0 (G (t)) =

1 −�

AB(�)
tη−1G (t)

+
	�

AB(�)Γ(�)

∫ t

0
(t− ℘)�−1

×℘�−1G (℘)d℘. (4)

2. EXISTENCE AND UNIQUENESS

Here, we will use the fixed point results to prove the
existence and uniqueness of our proposed model,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ABCD�
t X(t) = 	t�−1

U1(t,X,Y,Z,W,V),
ABCD�

t Y(t) = 	t�−1
U2(t,X,Y,Z,W,V),

ABCD�
t Z(t) = 	t�−1

U2(t,X,Y,Z,W,V),
ABCD�

t W(t) = 	t�−1
U1(t,X,Y,Z,W,V),

ABCD�
t V(t) = 	t�−1

U1(t,X,Y,Z,W,V),

(5)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U1(t,X,Y,Z,W,V) = κY,

U2(t,X,Y,Z,W,V) = ε(−X − σYZ),

U3(t,X,Y,Z,W,V) = ς + γ|Z| + δY2,

U4(t,X,Y,Z,W,V)

= −g(m+ n|V|)W + ZW + e,

U5(t,X,Y,Z,W,V) = W − V.

(6)

With the help of (6), we can express (5) as
ABCD�

t ψ(t) = 	t�−1A(t, ψ(t)), t ∈ [0, T ],

ψ(0) = ψ0, 0 < �, 	 ≤ 1

with the solution

ψ(t) = ψ0 +
	(1 −�)t�−1

AB(�)
A(t, ψ(t))

+
�	

Γ(�)AB(�)

∫ t

0
(t− u)�−1u�−1

×A(t, ψ(t))du, (7)

where

ψ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

X(t),

Y(t),

Z(t),

W(t),

V(t),

ψ(0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

X(0),

Y(0),

Z(0),

W(0),

V(0),

A(t, ψ(t)) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

U1(t,X,Y,Z,W,V),

U2(t,X,Y,Z,W,V),

U3(t,X,Y,Z,W,V),

U4(t,X,Y,Z,W,V),

U5(t,X,Y,Z,W,V).
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Now we define a Banach space B = L×L×L with
a norm

‖ψ‖ = max
t∈[0,T ]

|X(t) + Y(t) + Z(t),W(t),V(t)|.

Consider T is an operator and T : B → B such that

T (ψ(t)) = ψ0 +
	(1 −�)t�−1

AB(�)
A(t, ψ(t)) +

�	

AB(�)

×
∫ t

0
(t− u)�−1u�−1A(t, ψ(t))du. (8)

Also suppose that A(t, ψ(t)) fulfills the Lipschitz as
well as growth conditions:

• For each ψ ∈ B, there exist JA and KA such that

|A(t, ψ(t))| ≤ JA|ψ(t)| + KA. (9)

• For every ψ, ψ̄ ∈ B, there is NA > 0 such that

|A(t, ψ(t)) −A(t, ¯ψ(t))| ≤ NA|ψ(t) − ¯ψ(t)|. (10)

Theorem 3. Let us consider that (9) is satisfied,
we also consider a function (continuous) A : [0, T ]×
B → R, so the model ’s solution is unique.

Proof. Here, we show the complete continuity of
T presented as (8). Since A is a continuous map,
so T is also continuous. In the first part of theo-
rem, we prove T is bounded, and second T is equi-
continuous. Suppose E is a convex set E = {ψ ∈
B : ‖ψ‖ ≤ W,W > 0}, for any ψ ∈ B, then we have

|T (ψ(t))|

= max
t∈[0,T ]

∣∣∣∣ψ0 +
	(1 −�)t�−1

AB(�)
A(t, ψ(t))

+
�	

AB(�)

∫ t

0
(t− u)�−1u�−1A(u, ψ(u))du

∣∣∣∣
≤ ψ0 +

	(1 −�)T �−1

AB(�)
(JA|ψ(t)| + KA)

+ max
t∈[0,T ]

�	

AB(�)

∫ t

0
(t− u)�−1u�−1

× |A(u, ψ(u))|du

≤ ψ0 +
	(1 −�)T �−1

AB(�)
(JA|ψ(t)| + KA)

+
�	

AB(�)Γ(�)
(JA|ψ(t)| + KA)T�+�−1

×B(�, 	)

≤ W.

The above result shows the boundedness of opera-
tor T .

Now, we show that T is equi-continuous. To prove
this, we consider t1 > t2 ∈ [0, T ], so we have

|Tψ(t2) − Tψ(t1)|

=

∣∣∣∣∣ψ0 +
	(1 −�)t�−1

2

AB(�)
A(t2, ψ(t2))

+
�	

AB(�)

∫ t2

0
(t2 − u)�−1u�−1

×A(u, ψ(u))du − ψ0 +
	(1 −�)t�−1

1

AB(�)

×A(t1, ψ(t1)) +
�	

AB(�)

×
∫ t1

0
(t1 − u)�−1u�−1A(u, ψ(u))du

∣∣∣∣
≤ 	(1 −�)t�−1

2

AB(�)
(JA|ψ(t)| + KA)

+
�	

AB(�)Γ(�)
(JA|ψ(t)| + KA)

× t�+�−1
2 B(�, 	) − 	(1 −�)t�−1

1

AB(�)

× (JA|ψ(t)| + KA) +
�	

AB(�)Γ(�)

× (JA|ψ(t)| + KA)t�+�−1
1 B(�, 	)

≤
[
	(1 −�)
AB(�)

(JA|ψ(t)| + KA)
]

× (
t�−1
2 − t�−1

1

)
+

[
�	

AB(�)Γ(�)

× (JA|ψ(t)| + KA)
]

× (t�+�−1
2 − t�+�−1

1 )B(�, 	).

Here, we examine that, when t1 → t2, the operator
|Tψ(t2) − Tψ(t1)| → 0. Since T is continuous and
bounded, so we obtain that

‖Tψ(t2) − Tψ(t1)‖ → 0 when t1 → t2,

hence it proves the operator equi-continuity of T .
Hence, by using Arzela–Ascoli theorem the com-
plete continuity of T holds. By using Schauder’s
theorem of fixed point result, the proposed model
has a unique solution.
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Theorem 4. Let us consider that (10) is satisfied,
then there exists only one solution of (7), when[

	(1 −�)T �−1

AB(�)
+

�	

AB(�)Γ(�)
T�−1+�B(�, 	)

]

×NA < 1.

Proof. Consider ψ, ψ̄ ∈ B, then from (8), we have

|T (ψ) − T ¯(ψ)|

= max
t∈[0,T ]

∣∣∣∣	(1 −�)t�−1

AB(�)
(A(t, ψ(t))

−A(t, ψ̄(t))) +
�	

AB(�)

×
∫ t

0
(t− u)�−1u�−1du(A(t, ψ(t))

−A(t, ψ̄(t)))
∣∣∣∣

≤ Y ‖ψ − ψ̄‖,
where

Y =
[
	(1 −�)T �−1

AB(�)

+
�	

AB(�)Γ(�)
T�+�−1B(�, 	)

]
NA, (11)

which shows that T is a contraction from (10).
Hence, the solution of Eq. (7) is unique. So the con-
sidered model has only one solution.

3. DISSIPATION

The static space of system (2) is five-dimensional,
hence its vector field can be defined as

P (A) =

⎡
⎢⎢⎢⎢⎢⎢⎣

p1(A)

p2(A)

p3(A)

p4(A)

p5(A)

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

κY

ε(−X − σYZ)

ς + γ|Z| + δY2

−g(m+ n|V|)W + ZW + e

W − V

⎤
⎥⎥⎥⎥⎥⎥⎦
. (12)

From the vector field presented above, the diver-
gence can be obtained as

∇V = εσZ + γ
Z

|Z| − g(m+ n|V|) + Z − 1

= Z

(
εσ + γ

1
|Z| + 1

)

− (g(m + n|V|) + 1), (13)

where ∇V = p1X + p2Y + p3Z + p4W + p5V. From Eq.
(1), it can be seen that system (13) is of dissipative
nature as long as g > 0 which makes ∇V < 0. Also,
we observe that model (1) converges in the expo-
nential form dV

dt = exp(−{Z(εσ+γ 1
|Z| +1)− (g(m+

n|V|) + 1)}t). When t → ∞, all the trajectories of
the model will eventually be constrained to a set
having zero volume, due to this the extreme motion
will converge to an attractor. This proves that there
exists an attractor in the suggested system (1).

4. POINCARÉ MAPS

The Poincaré map is an important technique, which
analyzes the folding properties and bifurcation of
chaos in a dynamical system. Here we take⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
1

= [X,Y,Z,W,V]T ∈ R3|X = 1,

∑
2

= [X,Y,Z,W,V]T ∈ R3|Y = 1,

∑
3

= [X,Y,Z,W,V]T ∈ R3|Z = 1,

∑
3

= [X,Y,Z,W,V]T ∈ R3|W = 1,

∑
3

= [X,Y,Z,W,V]T ∈ R3|V = 1

(14)

as cross sections.
In order to analyze the Poincaré sections for

system (2), we choose the parameter values to be
κ = ε = 1.01, σ = −1, ς = 2, γ = m = n = 1,
δ = −1, and g = e = 20. First, we present the
effects of fractional order on the model dynamics
by fixing the fractal dimension which is considered
to be 	 = 0.98 and for a variety of fractional orders.
In Figs. 1a–1d, the fractional orders for the different
colors are considered as: 0.99 (blue), 0.98 (red), 0.95
(green), and 0.94 (black). These figures show that at
lower fractional orders the system is evolving into a
symmetric limit-cycle attractor. Figures 2a–2b show
the effects of varying fractal dimension 	 on the
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(a) (b)

(c) (d)

Fig. 1 The Poincaré sections of different state variables of system (2) with varying fractional order � and fixed fractal
dimension � = 0.98.

(a) (b)

Fig. 2 The Poincaré sections of different state variables of system (2) with varying fractal dimension � and fixed fractional
order �.
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(c) (d)

Fig. 2 (Continued)

dynamics of system (2) with fixed � = 0.98. The
values of 	 for different colors are taken to be: 0.98
(blue), 0.97 (red), 0.96 (green), and 0.95 (black).
Lowering the value of the fractal dimension, we see
the emergence of the asymmetric attractor in the
suggested system (2). It can also be observed that
branches are integrated, which in turn connect as a
single attractor in the Poincaré section.

5. NUMERICAL SCHEME FOR
DOUBLING MEMRISTORS
MODEL

Here, we approximate the solution of the system
numerically with Newton’s Polynomial Interpola-
tion scheme,31⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

FFM
0 D�,�

t X(t) = κY,

FFM
0 D�,�

t Y(t) = ε(−X − σYZ),

FFM
0 D�,�

t Z(t) = ς + γ|Z| + δY2,

FFM
0 D�,�

t W(t) = −g(m+ n|V|)W + ZW + e,

FFM
0 D�,�

t V(t) = W − V.

(15)

Using integration and doing some manipulation, we
get

X
k+1 = X0 +

1 − ν

AB(ν)
�t�−1

k h1(tk,Xk,Yk,Zk,

W
k,Vk) +

ν(Δt)ν

AB(ν)Γ(ν + 1)

×
k∑

p=2

�t�−1
p−2 h1(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

× [(k − p+ 1)ν − (k − p)ν ]

+
ν(Δt)ν

AB(ν)Γ(ν + 2)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎣
�t�−1

p−1 h1(tp−1,X
p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

−�t�−1
p−2 h1(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎦

×
[

(k − p+ 1)ν(k − p+ 3 + 2ν)

−(k − p+ 1)ν(k − p+ 3 + 3ν)ν

]

+
ν(Δt)ν

2AB(ν)Γ(ν + 3)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�t�−1
p h1(tp,Xp,Yp,Zp,Wp,Vp)

− 2�t�−1
p−1 h1(tp−1,X

p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

+�t�−1
p−2 h1(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎣

(k − p+ 1)ν [2(k − p)2 + (3ν + 10)

× (k − p) + 2ν2 + 9ν + 12]

− (k − p)ν [2(k − p)2 + (5ν + 10)

× (k − p) + 6ν2 + 18ν + 12]

⎤
⎥⎥⎥⎦,

(16)
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Y
k+1 = Y0 +

1 − ν

AB(ν)
�t�−1

k h3(tk,Xk,Yk,Zk,

W
k,Vk) +

ν(Δt)ν

AB(ν)Γ(ν + 1)

×
k∑

p=2

�t�−1
p−2 h3(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

× [(k − p+ 1)ν − (k − p)ν ]

+
ν(Δt)ν

AB(ν)Γ(ν + 2)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎣
�t�−1

p−1 h3(tp−1,X
p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

−�t�−1
p−2 h3(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎦

×
[

(k − p+ 1)ν(k − p+ 3 + 2ν)

−(k − p+ 1)ν(k − p+ 3 + 3ν)ν

]

+
ν(Δt)ν

2AB(ν)Γ(ν + 3)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�t�−1
p h3(tp,Xp,Yp,Zp,Wp,Vp)

− 2�t�−1
p−1 h3(tp−1,X

p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

+�t�−1
p−2 (tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎣
(k − p+ 1)ν [2(k − p)2 + (3ν + 10)

× (k − p) + 2ν2 + 9ν + 12]

− (k − p)ν [2(k − p)2 + (5ν + 10)

× (k − p) + 6ν2 + 18ν + 12]

⎤
⎥⎥⎥⎦,

(17)

Z
k+1 = Z0 +

1 − ν

AB(ν)
�t�−1

k h3(tk,Xk,Yk,

Z
k,Wk,Vk) +

ν(Δt)ν

AB(ν)Γ(ν + 1)

×
k∑

p=2

�t�−1
p−2 h3(tp−2,X

p−2,Yp−2,Zp−2,

W
p−2,Vp−2)[(k − p+ 1)ν − (k − p)ν ]

+
ν(Δt)ν

AB(ν)Γ(ν + 2)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎣
�t�−1

p−1 h3(tp−1,X
p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

−�t�−1
p−2 h3(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎦

×
[
(k − p+ 1)ν(k − p+ 3 + 2ν)

−(k − p+ 1)ν(k − p+ 3 + 3ν)ν

]

+
ν(Δt)ν

2AB(ν)Γ(ν + 3)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�t�−1
p h3(tp,Xp,Yp,Zp,Wp,Vp)

− 2�t�−1
p−1 h3(tp−1,X

p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

+�t�−1
p−2 h3(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎣
(k − p+ 1)ν [2(k − p)2 + (3ν + 10)

× (k − p) + 2ν2 + 9ν + 12]

− (k − p)ν [2(k − p)2 + (5ν + 10)

× (k − p) + 6ν2 + 18ν + 12]

⎤
⎥⎥⎥⎦,

(18)

W
k+1 = W0 +

1 − ν

AB(ν)
�t�−1

k h4(tk,Xk,Yk,

Z
k,Wk,Vk) +

ν(Δt)ν

AB(ν)Γ(ν + 1)

×
k∑

p=2

�t�−1
p−2 h4(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

× [(k − p+ 1)ν − (k − p)ν ]

+
ν(Δt)ν

AB(ν)Γ(ν + 2)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎣
�t�−1

p−1 h4(tp−1,X
p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

−�t�−1
p−2 h4(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎦

×
[

(k − p+ 1)ν(k − p+ 3 + 2ν)

− (k − p+ 1)ν(k − p+ 3 + 3ν)ν

]

+
ν(Δt)ν

2AB(ν)Γ(ν + 3)
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×
k∑

p=2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�t�−1
p h4(tp,Xp,Yp,Zp,Wp,Vp)

− 2�t�−1
p−1 h3(tp−1,X

p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

+�t�−1
p−2 h3(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎣

(k − p+ 1)ν [2(k − p)2 + (3ν + 10)
× (k − p) + 2ν2 + 9ν + 12]
− (k − p)ν [2(k − p)2 + (5ν + 10)
× (k − p) + 6ν2 + 18ν + 12]

⎤
⎥⎥⎥⎦,
(19)

V
k+1 = V0 +

1 − ν

AB(ν)
�t�−1

k h5

× (tk,Xk,Yk,Zk,Wk,Vk)

+
ν(Δt)ν

AB(ν)Γ(ν + 1)

k∑
p=2

�t�−1
p−2 h5

× (tp−2,X
p−2,Yp−2,Zp−2,Wp−2,Vp−2)

× [(k − p+ 1)ν − (k − p)ν ]

+
ν(Δt)ν

AB(ν)Γ(ν + 2)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎣
�t�−1

p−1 h5(tp−1,X
p−1,Yp−1,Zp−1,

W
p−1,Vp−1)

−�t�−1
p−2 h5(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎦

×
[

(k − p+ 1)ν(k − p+ 3 + 2ν)

−(k − p+ 1)ν(k − p+ 3 + 3ν)ν

]

+
ν(Δt)ν

2AB(ν)Γ(ν + 3)

×
k∑

p=2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�t�−1
p h5(tp,Xp,Yp,Zp,Wp,Vp)

− 2�t�−1
p−1 h5(tp−1,X

p−1,Yp−1,

Z
p−1,Wp−1,Vp−1)

+�t�−1
p−2 h3(tp−2,X

p−2,Yp−2,

Z
p−2,Wp−2,Vp−2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎢⎣

(k − p+ 1)ν [2(k − p)2

+ (3ν + 10)(k − p) + 2ν2

+ 9ν + 12] − (k − p)ν [2(k − p)2

+ (5ν + 10)(k − p) + 6ν2

+ 18ν + 12]

⎤
⎥⎥⎥⎥⎥⎦,

(20)

where

h1(tq,Xq,Yq,Zq,Wq,Vq) = κY
q,

h2(tq,Xq,Yq,Zq,Wq,Vq) = ε(−X
q − σY

q
Z

q),

h3(tq,Xq,Yq,Zq,Wq,Vq)

= ς + γ|Z| + δY2p,

h4(tq,Xq,Yq,Zq,Wq,Vq)

= −g(m+ n|Vq|)Wq + Z
q
W

q + e,

h5(tq,Xq,Yq,Zq,Wq,Vq) = W
q − V

q,

(21)

where q = p, p− 1, and p− 2, respectively.

6. NUMERICAL SIMULATIONS
AND DISCUSSION ON
FINDINGS

This section provides a detailed analysis of the dou-
ble memristor model (2) with ranges of different
fractional orders � and fractal dimensions 	. The
evolution, projection, and emergence of different
attractors are observed with different values of �
and 	. In the simulation of the numerical approxi-
mation of system (2), we have considered the time
t = 200 with a step size h = 0.001 making the
number of iterations to be 2 × 105. The parameter
values considered for the numerical illustrations are
κ = ε = 1.01, σ = −1, ς = 2, γ = m = n = 1, δ =
−1, and g = e = 20, and the initial values are used
as [X,Y,Z,W,V] = [1,−1, 2, 1, 1].

First, we are interested to observe and under-
stand how the system dynamically changes with
variations in the fractional order while keeping
the fractal dimension constant. So, we present the
dynamics in different state variables’ phase planes.
From Figs. 3–7, the evolutions of the attractors
in the proposed system are demonstrated with 	
to be 1, 0.98, 0.96, 0.94, and 0.90, respectively.
In Figs. 3a, 4b, 5b, 6b, and 7a the projections in
Y–V-plane are presented. In Figs. 3c, 4c, 5c, 6c,
and 7b, the dynamics in X–W-plane is projected.
Similarly, in Figs. 3c, 4c, 5c, 6c, 7c and 3d, 4d, 5d,
6d, 7d, the dynamics in Y–Z- and Z–W-planes are
depicted, respectively. Moreover, in Figs. 3e, 4e, 5e,
6e, 7e and 3f, 4f, 5f, 6f, 7f, the 3D behaviors of
the system’s phase planes t–Y–Z and t–Y–Z, respec-
tively, are depicted. In Fig. 3a, it is observed that
the numerical technique used above for the numer-
ical approximations is quickly convergent, showing
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(a) (b)

(c) (d)

(e) (f)

Fig. 3 The behaviors of different state variables of system (2) with fractional order � = 1 and fixed fractal dimension � = 1.

the dynamics of the system as observed with the
integer-order derivative, here � = 	 = 1. Now
at � = 0.98, one can see that the emergence of
limit-cycle attractor has occurred in Fig. 4. Further
decreasing � to 0.96, the system converges to the
attractor more rapidly as compared to� = 0.98, i.e.
at t = 50 it can be seen that the attractor appears

and the trajectories evolve toward it. At � = 0.96
and � = 0.94, the system seems to reduce its com-
plex nature and converge to the attractor at t = 30
and t = 20, respectively. Finally at � = 0.90, it is
observed that the system converges to the attrac-
tors as soon as t = 10 with regular oscillations
of same amplitudes, showing that the system is

2340087-11
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(a) (b)

(c) (d)

(e) (f)

Fig. 4 The behaviors of different state variables of system (2) with � = 0.98 and fixed fractal dimension �.

dynamically restricted to a specific region due to
which one can predict about the existence of a point
at some t. Overall, we observe that the fractional
order shows a significant impact on the dynamics
which reduces the extreme complex nature of the
suggested double memristor model (2) to a more
simpler one by decreasing the amplitudes of oscilla-
tions and restricting the trajectories toward a limit-
cycle attractor.

In Figs. 8a–8f, the dynamics of the system is illus-
trated with fixed � = 0.98 and different fractal
dimensions. The colors used in these figures rep-
resent the dimensions as: blue: 0.99, magenta: 0.98,
green: 0.97, red: 0.96, and black= 0.95. Figure 8a
shows the effects of different fractal dimensions on
the system’s phase plane X–Z. Figure 8c demon-
strates the effects of various values of 	 in the Y–
Z-plane. Similarly, Figs. 8d–8f depict the nature of
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(a) (b)

(c) (d)

(e) (f)

Fig. 5 The behaviors of different state variables of system (2) with � = 0.96 and fixed fractal dimension �.

the dynamical variations in the planes Y–W, t–Y–Z,
and t–X–Z, respectively.

Further, Figs. 9a–9e show the oscillations ver-
sus time t in the system classes X, Y, Z, W, and
V, respectively, with different fractional orders. In
Fig. 9a, one can observe that at lower order the sys-
tem is oscillating with the same amplitudes which

makes the system to converge to an attractor. Fur-
thermore, in other classes it is also observed that
the system is evolving toward an attractor and the
random oscillations are no more present in the sys-
tem with lower fractional orders.

Figures 10a–10e show the dynamics versus time t
in the system states X, Y, Z, W, and V, respectively,
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(a) (b)

(c) (d)

(e) (f)

Fig. 6 The behaviors of different state variables of system (2) with � = 0.94 and fixed fractal dimension �.

with various values of fractal dimension. Here, we
see that the number of oscillations is more as com-
pared to that with varying �. From the variations
in 	, it is observed that when we decrease the fractal
dimension self-similar pattern is observed together
with a decrease in the amplitudes of the oscillations
of different classes.

Figure 11 shows the sensitive dependence of
different state variables of model (2), where the
red-colored curves represent the dynamics with the

initial values [X,Y,Z,W,V] = [1,−1.4, 2, 1, 1] and
the black-colored curves present the dynamics with
initial values [X,Y,Z,W,V] = [1,−1, 2, 1, 1]. Fur-
ther, Fig. 11a shows the sensitivity of the state
variable X toward the initial values. Similarly, Figs.
11b and 11c are provided to observe the evolutions
in the dynamics of system’s state variables Y and
Z, respectively. Finally, Figs. 11d and 11e show the
dynamics of system’s state variables Y and Z versus
time t with different initial conditions. We observed
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(a) (b)

(c) (d)

(e) (f)

Fig. 7 The behaviors of different state variables of system (2) with � = 0.90 and fixed fractal dimension �.

that even a slight change in the initial values pro-
duces great change in the behavior of the system,
which shows the chaotic nature of the considered
system.

Remark 5. The robustness and novelty of the
proposed approach are discussed in Fig. 12. Fig-
ures 12a and 12b show the dynamics of Z–X and
Z–Y classes for integer and fractional orders of 0.92,

respectively. Similarly, Figs. 12c and 12d portray
the behaviors of Z–X and Z–Y classes for integer
and fractal orders of 0.9, respectively. From these
simulations, we conclude that the considered model
(2) gives the hidden chaotic dynamics of the cou-
pled memristive model, which are not visible in the
classical case. So, the model (2) is superior and gen-
eralizable than the classical model.
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(a) (b)

(c) (d)

(e) (f)

Fig. 8 The behaviors of different state variables of system (2) with different � and fixed fractional order � = 0.98.
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(a) (b)

(c) (d)

(e)

Fig. 9 The behaviors of different state variables of system (2) versus time t with different � and fractal dimension � = 0.99.
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(a) (b)

(c) (d)

(e)

Fig. 10 The behaviors of different state variables of system (2) versus time t with different � and fractional order � = 0.98.
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(a) (b)

(c) (d)

(e)

Fig. 11 The sensitive dependence of different state variables of system (2) on the initial conditions: (i) black ([X, Y, Z, W, V] =
[1,−1, 2, 1, 1]) and (ii) red ([X, Y, Z, W, V] = [1,−1.4, 2, 1, 1]).
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(a) (b)

(c) (d)

Fig. 12 Comparison between some phase portraits of classical model (1) and the considered model (2).

7. CONCLUSION

In this paper, we studied a coupled memristive
model in the framework of fractal–fractional deriva-
tive involving the Mittag-Leffler kernel. The exis-
tence as well as uniqueness of the solution are pre-
sented utilizing the fixed point theorems. Different
properties of the system are also analyzed includ-
ing dissipation, Poincaré section, phase portraits,
and time-series behaviors. The dissipation prop-
erty shows that the suggested system is dissipative
as long as the parameter g > 0. Similarly, from
the Poincaré section it is observed that, lowering
the value of the fractal dimension, an asymmetric
attractor emerges in the system. Further, we con-
clude that the fractional order shows a significant
impact on the dynamics which reduces the extreme

complex nature of the suggested model. Similarly,
from the time-series analysis it is observed that at
lower fractional orders and fractal dimensions, the
system evolves into a limit-cycle attractor, which
attracts all the trajectories toward it.
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